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Synopsis
CsPblg is obtained from aqueous solutions as yellow, orthorhombic crystals 

belonging to space group No. 62 Prnnb. The unit cell contains 4 molecules, and 
a = 4.797 Å, b = 10.462 Å, c = 17.78s Å. Heated to 305—308° C. these crystals 
are transformed into a black modification which has a monoclinically distorted 
perovskite-like structure: a = b = 6.152 Å, c = 6.228 Å, ß = 88?15. A'-ray analysis 
by Fourier methods of the yellow crystals shows that distorted Pb I6-octahedra 
sharing I-atoms form one-dimensional, polynuclear complex ions, (Pbl3_)w, running 
parallel to the a-axis. The Pb-I distances vary from 3.01 Å to 3.42 Å. Nine I- 
atoms belonging to three different complex ions of this type are nearly di-tri- 
gonally arranged around each Cs-atom, with CsI-distances 3.87—4.19 Å. This 
structure is analogous to that of APCdGlg.

Printed in Denmark 
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Introduction

Divalent lead is known to form complex ions with the halogen ions 
which together with alkali metal ions give compounds of the general com
positions1’ 2

1 N. V. Sidgwick, Chemical elements and their compounds. Vol. I p. 626. Oxford Univ. Press.
2 Gmelin-Kraut, Handbuch d. anorg. Chemie. IV. Band, 2. Teil, pp. 358, 376, 551, 555.
3 See e. g. R. W. G. Wyckoff, Crystal Structures. Volume I. Interscience Publishers, New 

York 1948, where references can be found. See also A. F. Wells, Structural inorganic chemistry. 
Oxford 1945. Chapters 8 and 16.

4 H. M. Powell and H. S. Tasker, J. Chem. Soc. London 1937, p. 113.

MjPbX6, MTPbX3, and ApPbaXg.

Some of these compounds crystallize with crystal water—apparently the 
size of the alkali metal ion is of importance in this connection—but the 
Cs-salts, as far as they are known, form crystals which do not contain water.

From an interest in the stereochemistry of divalent lead in simple com
pounds it was decided to investigate some of these crystals, as, with spherical 
anions all of the same kind and no water in the lattice, one might hope to 
discover the “intrinsic” symmetry of the Pb++-ion and also obtain reliable 
interatomic distances.

It is true that the PbX2-compounds have been investigated long ago,3 
but only PbBr2 and PbCl2 are similarly built, and they have rather unusual 
structures, from which it seems difficult to extract information about the 
symmetry of the electronic arrangement in the Pb++-ion in general. Also 
compounds of the type MPb2X5 have been investigated by Powell and 
Tasker4 and will not be discussed here; suffice it to say that these authors 
find that in crystals of RbPb2Br5 there are chains of Rb+ and Br_-ions, 
whereas the Pb-atoms tend to form molecules PbBr2 with interatomic 
distances rPb_Br = 2.89 ± 0.04 Å.

In this paper the structure of CsPbI3 will be described. The structures 
of CsPbCl3, CsPl)Br3, and Cs4PbCl6 will be dealt with in later publications.
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Preparation

According to H. L. Wells and coworkers5 yellow crystals of composition 
CsPbI3 can be obtained by dissolving Pbl2 in a hot aqueous solution of Csl 
and then leaving it to cool. As Pbl2 is only slightly soluble in a Csl solution 
only poor yields can be obtained in this way. Accidentally it was found that 
yellow crystals with composition CsPbI3 can be obtained by the following 
procedure: Pbßr2 is dissolved in a hot, rather concentrated solution of 
CsBr and Csl (in about equal amounts, but apparently this is not important). 
On addition of water to this solution small yellow needle- or lath-shaped 
crystals precipitate. Qualitative tests on these crystals for Cs, Ph, and 1 
were all positive. Instead of making a quantitative analysis the composition 
has been ascertained in the following way. Equimolar quantities of very 
pure Csl and Pbl2 after weighing have been fused in a crucible and cooled. 
The black reaction product changes to a yellow substance during some 
hours without change in weight, and the latter gives the same X-ray powder 
diagram as that obtained from powders of the yellow crystals precipitated 
in aqueous solution.

Properties and polymorphism

The yellow CsPbI3 crystals are very slowly decomposed by water under 
precipitation of Pbl2. Under the polarizing microscope they show bire
fringence and parallel extinction. When heated on a hot stage under the 
microscope they can be seen to undergo a phase change at 305—308° C. : 
the crystals become black and lose their transparency. When the product 
is left to cooling again the yellow crystals reappear, but only slowly, and 
in fact it has been possible to undercool the black substance to room tem
perature for several days before the yellow crystals appeared again.

When equimolar quantities of Csl and Pbl2 are fused together a deep 
purple liquid is obtained which solidifies to a black graphite-like mass. Left 
to itself in the open air this black substance changes to the yellow form of 
CsPbI3, and no change in weight can be observed. When kept in a desic
cator the black form can sometimes be preserved for several months so 
that it looks as if the humidity in the air has a catalytic effect on the trans
formation. If the black form is heated to temperatures a little above 310° C. 
it gradually changes to another yellow product, which has a different crystal 
structure, but it has not been further investigated.

6 H. L. Wells, Z. anorg. Chem. 3, 195 (1893).
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X-ray examination. Unit cell dimensions

X-ray powder diagrams of crushed yellow CsPbI3-crystals obtained from 
aqueous solutions and the low temperature yellow conversion product of 
black CsPbI3 from the melt were taken in a Guinier type focusing camera 
with monochromatic CuKa-radiation and were found to be identical within 
the accuracy of our measurements. In order to obtain accurate sin2#-values 
powdered NaCl was added to the powder specimen and a calibration curve 
was drawn each time from which corrections to the measured sin2 #-values 
could be obtained (Table 1). As the black form of CsPbI3 is not very stable 
its X-ray powder diagram was obtained on a GE XRD-3 diffractometer. 
The substance was melted on a stainless steel holder, brought into position

'Fable 1. Observed and calculated sin2#-values for yellow 
CsPbI3. CuKa-radiation

br = broad, diff = diffuse, m = medium, s = strong, v = very, w = weak.

Indices Estimated 
intensity

104-
sin2 & obs.

104- 
sin2# calc. Indices Estimated 

intensity
104-

sin2 # obs.
104-

sin2 # calc.

Oil in 0072 0073 042 1 I 0944.5
> VW? 0943 '002 m 0075 0075 125 / 0944

012 m-s 0129 0129 035 vw; diff. 0959 0958
020 VW? 0217 0217 116 w 0988 0988
013 VW 0223 0223 200 m; diff. 1031 1033
021 w 0236 0236 134 m 1045 1047
022 VW? 0293 0292 027 VW 1137 1137
11 1 s-m 0332 0331 142 1202 1202014 m 0355 0355 008 1 w-m

023 m-s 0387 0386 117 m-s 1232 1232
120 w 0475 0475 143 w 1296 1296
113 m-s 0481 0481 037 vw; diff. 1412 1409
121 s 0494 0494 052 vw 1432 1433
024 w-m 0518 0518 118 vw? 1513 1514
015 m 0524 0524 215 I ( 1551w-m, br 1553 '122 vs 0550 0550 224 1556
123 VW 0644 0644 232 f 1597
105 I m-s, diff. 0728 / 0727.5 145 J vw 1596 ’ 1596.5
016 / 1 0730 216 vw 1760 1763
131 VW 0765 0766 154 19161918 '034 (v)w 0789 0789 241 | vw, br, diff. 1921
132 III 0821 0822 048 w 2068 2071
133 VW 0915 0916 313 vw, br, diff 2550 2548

322 vw, br, diff 2616 2615
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while still hot (~200°C.), and during the following hours several runs 
were made of the powder diagram of the same sample. Immediately after 
mounting, the specimen gave a very simple diagram, hut this gradually 
changed and finally—usually after two hours—a diagram characteristic of 
the yellow CsPbI3 was obtained. Simultaneously the colour of the specimen 
had changed from black to dirty yellow. From the accurate sin2^-values

Table 2. Observed and calculated sink-values for black 
C s P b 13. CuKa -radiation

Indices Estimated 
intensity

104- 
sin2 f) obs.

104-
sin2 & calc. Indices Estimated 

intensity
104- 

sin2 & obs.
IO4- 

sin2 ft calc.

001 ! s 0164 1 0153 102 } VW 0791 / 0785
100 f 0157 210 I 0790
101 i ( 0300 112 VW 0912 0907
011 J w-m 0307 0310 112 1

> VW 0948 0947
110 1 1 0314 121 /
10Ï (V)W 0327 0320 202 w-m 1206 1201

1 :t 12 2 2 (v)w 0438 0431 022 w-m 1234 1241
111 w-m 0454 0457 202 w 1285 1281
111 w-m 0475 0477 212 w 1362 1358
U i (v)w 0548 0546 222 w-m 1816 1829
002 s 0613 0613 222 w 1899 1909
020 vs 0628 0628 004 VW 2445 2451

3 3 0 VW 0714 0707 400 VW 2515 2512

obtained for the yellow CsPbI3 in the Guinier camera a calibration was 
made for the diffractometer readings and so sink-values could be determined 
for the black variety, too. However, the accuracy of the latter sin2^-values 
is not high as the scanning had to be fast (Table 2).

Oscillation and Weissenberg diagrams were also taken of single crystals 
of the yellow CsPbI3 and orthorhombic symmetry was established for these 
crystals. Preliminary values of the axes were determined from these 
photographs (camera diameter: 57.3 mm), and were used as basis of a 
first indexing of the powder photographs. By trial and error refined values 
were finally obtained from the quadratic form:

sink = 0.02583 7i2 + 0.005430 F + 0.001878 I2, (1)

which gave satisfactory agreement between observed and calculated sink
values (Table 1).
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The unit-cell dimensions derived from the coefficients in (1) are with 
2(CuKa) = 1.5418 Å:

a = 4.797 ±0.005 Å; b = 10.462 ±0.01 Å; c = 17.788± 0.02 Å.

Unit-cell volume : 892.3Å3. Molar volume of unit cell : 892.3 1()~24- 6.0228 • 1023 
= 537.4 cm3.

The strongest lines on the powder diagram of the black CsPbI3 indicated 
a tetragonal lattice with cell dimensions a = 6.15 Å, c = 6.23 Å. Bid in 
order to account for the observed splittings of the weaker lines, it proved 
necessary to use a monoclinic quadratic form :

sin2# = 0.01570 (h2 + k2) + 0.01532 /2-0.001071 1 (2)

corresponding to a unit cell with dimensions:

a = b = 6.152±0.03 Å; c = 6.228 ± 0.03 Å ; ß = 88.°15 ± 0?5 .

Unit-cell volume : 235.6Å3. Molar volume of unit cell : 235.6 • 10~24 • 6.0228 • 1023 
= 141.0 cm3.

Even so a few (very) weak lines still persisted and it seems only possible 
to include them in the above indexing by assuming a doubling of the cell 
dimensions. A similar doubling has also been found in the perovskite-like 
crystals of CsPbBr3 and can there be explained in terms of a superstructure.6 
It seems reasonable that the same explanation applies to CsPbI3 as well.

For convenience the black form of CsPbI3 will be referred to the small 
monoclinic unit cell with the dimensions given above—although this mono
clinic indexing is not quite without ambiguities, mainly due to inaccurate 
data. The weak lines, which require a doubling of cell dimensions, there
fore appear with fractional indices in Table 2.

The molar volumes of CsI and Pbl2 calculated from the molecular 
weights and the density of the crystals of Csl and Pbl2 are 57.6 cm3 and 
74.8 cm3, respectively. Assuming additivity of molar volumes, we should 
expect a crystal molar volume 132.4 cm3 for CsPbI3 or on an average a 
volume 132.4 ± 6.0228 • 1023 = 2 1 9.8 Å3 per single molecule of CsPbI3. 
From this we infer that the yellow CsPbI3 has four molecules in the unit

G. K. Møller, Nature 182, 1436 (1958). 
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cell, whereas the black variety has only one in the small unit cell referred 
to above.

The black CsPbI3 thus appears to have a monoclinically distorted 
perovskite structure and the intensity distribution on the powder diagram 
lends further support to this statement. As the general features of this type 
of structure will be discussed in another paper this modification will not 
be further considered here.

Space group of the yellow CsPbI3

Weissenberg diagrams were taken of a single crystal of yellow CsPbI3, 
45 ft thick, of nearly circular cross section, length 0.10 mm. Visually estim
ated intensities were obtained by a multiple film technique and by using 
an intensity scale, prepared by taken a series of photographs of a strong 
reflection with increasing exposure limes. When taking diagrams for in
tensity measurements, care was taken to keep film material, temperature, 
developer, fixer, X-ray intensity, and speed of lhe Weissenberg goniometer 
as constant as possible. The absorption has been neglected, or rather, it 
has been included in the isotropic part of the temperature factor, as it turns 
out that these two factors nearly cancel for the zeroth layer line.7 Otherwise 
the usual corrections for polarization and Lorenlz-factors have been ap
plied8 and approximate relative | F(hkl) |2-values thus obtained. With the 
orthorhombic unit cell given above it was found that reflections of the type 
hOl were only present for h + I even and similarly hk() only for k even, 
whereas Okl and hkl in general were not subjected to any systematic re
strictions. These conditions arc characteristic of space group No. 62 Pmnb 
and No. 33 I^nb.9

Furthermore, alternating layer lines taken about the «-axis were found 
to be identical, showing that | F(h + 2 n, k, 1) | = | F(hkl) |, where n is an 
integer. This shows that lhe scattering matter must lie in planes separated 

u
by lhe distance — . The space group No. 62, with 4 molecules per unit 

cell and with the atoms in special positions, does in fact require intensity 
relations of lhe type observed, whereas No. 33 does not. Hence there is 
strong evidence for space group No. 62 with all lhe atoms in special po
sitions a, b, or c.

7 Compare C.W. Bunn, Chemical Crystallography, p. 207. Oxford Univ. Press 1946.
8 W. Cochran, J. Sei. Instr. 25, No. 7 (1948).
9 Internat. Tables for X-Ray Cryst. I. London 1952.
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Patterson and electron projections

A Patterson projection on the 6c-plane was next calculated on a Hägg- 
Laurent Fourier machine10 from the observed | F(hkl) |2. The appearance 
of this projection showed that the special positions designated a and b in 
Ref. 9, p. 151, under space group No. 62 could be ruled out, as these po-

z----------

1Å
Fig. 1. Patterson projection of yellow CsPbI3 on the 6c-plane. Contour lines are drawn at the 

relative densities 0, 40, 60, 80, 100, 125, 150, 200, 600, 800.

sitions require high vector densities on the projection in places where either 
no such peaks appear or only rather small peaks show up. (Fig. 1).

We are thus left with the special positions c: 

(3)

for the 5-4 atoms. It can easily be seen that c.g. four Pb-atoms in these 
positions give rise to vector peaks on the Patterson projection on the de
plane in

10 V. Frank, J. Sei. Instr. 34, 210 (1957).
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(0, 2 y, ±2z). (4)

Therefore the three strongest peaks on the Patterson projection which fulfil 
the relations expressed in (4), having been found, they were identified as 
Pb-Pb-maxima and the parameters y and z for the Pb-atoms could be 
determined straightforwardly, (.r, y, r) = Lp 0.163, 0.059 j.

As the structure has a centre of symmetry in (), the structure factors all 
have phase angles 0 or zi so that F(hkl) = ± | F(hkl) |. We must determine 
these signs before a calculation of an electron projection can be undertaken. 
Hence the following considerations.

The highest measured | F |-value is that of 039. With the Pb-parameters 
obtained above the contribution from Pb to this structure factor is found 
to be nearly maximum and positive. If we assume that all the atoms in 
the unit cell give nearly maximum positive contributions to this structure 
factor a rough estimate shows that all the structure factors not less than 
half of F (039) must have the same sign as the Pb-contribution alone, 
provided that the latter is appreciable. In this way signs were unambi
guously determined for 16 structure factors. An electron projection calculated 
on the basis of these sixteen structure factors together with the Patterson 
projection gave the parameters of two 1-atoms, and then signs could be 
obtained for 46 structure factors by a reasoning similar to that above. A 
second electron projection with these terms next revealed all the atoms so 
that all the parameters could now be determined and structure factors 
calculated. With signs obtained from this last calculation ail the experi
mentally determined structure factors were finally used in a third calculation 
of the electron projection on the yr-plane (fig. 2).

New structure factors calculated from atomic scattering factors corrected 
for dispersion effects11 and the atomic parameters from this last projection 

11 Atomic scattering factors were taken from W. H. Bragg and W. L. Bragg, The Crystal
line State Vol. I, pp. 330—333 (London 1949), and corrections for dispersion effects from C. II. Dau
ben and D. H. Templeton, Acta Cryst. 8, 841 (1955). See also R.W. James, Optical Principles 
of X-Rays, p. 608 (London 1948).

12 H. Lipson and W. Cochran, Determination of Crystal Structures, p. 61. London 1953.

were brought on an absolute scale by plotting log10
Fobs- 
4^calc.

versus sin2??.

As, theoretically,12 F(#)obs< = A• F($)calc.• exp (-Bsin2#) this plotting should 
approximately give a straight line with slope -B and intersect the ordinate
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Fig. 2. Electron projection of yellow CsPbI3 on the ôc-plane. Contour lines are drawn at the 
relative electron densities 0, 100, 200, 300, 400, 500, and 600.

axis in log A, thus providing the conversion factor —. (It has then been 
A

assumed that the effect of absorption can be included in the exponential 
term, the “temperature factor”.13 For the zeroth layer line we lind in this 
way B ~ 0).

13 Ref. 7. See also B. Jerslev, Studier over Oximernes Struktur, p. 25—26. Dissertation, 
Copenhagen 1958.

Having brought observed and calculated F’s on the same absolute scale 
corresponding to F(000) = 288.8, a difference synthesis was calculated from 
F(() kl)obs - F(()kl)cale and corrections to the atomic parameters obtained 
from

4„_Jd(@obs. ^calc.^I / £*obs.|
l är Jr_r. / I dr*  jr.r;
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where approximate values for the denominators were estimated from the 
last electron projection (£>obs.) and for the numerators from the difference 
projection ((?Obs. ~£caic.)- After these corrections had been applied to the 
atomic parameters, a definite improvement in the agreement between ob
served and calculated structure factors was obtained. (For the observed 
F-valucs Ii decreased from 0.17 to 0.11). Further refinement was not at
tempted, as we did not consider our measured intensities accurate enough 
for this purpose.

In order to ascertain the factors for

the first layer line were also measured and calculated. Although a reason
ably good agreement is obtained also in this case, it is not quite so good as 
for the zero-th layer line—presumably due to the neglect of absorption, 
which is more serious for the non-zero layer lines. (Table 3).

(brought on an absolute scale corresponding to F(000) = 289)

(To be continued)

Table 3. Comparison of calculated and observed structure factors for 
yellow CsPbI3

Indices 0. layer line
7i = 0

1. layer line 
h = 1 Indices 0. layer line

h = 0
1. layer line

h = 1

k I ^calc. 1 Fobs. 1 Fcalc. 1 ^obs. 1 k I Fcalc. 11 ob s. 1 Fcalc. 1 l'obs. 1

2 0 22 27 54 40 1 5 ÏÏ8 97 Ï2
4 0 49 39 52 45 1 6 85 73 53 43
6 0 77 83 22 1 7 39 42 ÏÏÏ 128
8 0 64 58 154 135 1 8 46 51 55 53

10 0 24 25 3 1 9 13 59 58
12 0 46 35 Ï3 1 10 0 86 85

0 2 37 28 1 11 53 53 49 53
0 4 20 16 1 12 66 83 39 60
0 6 21 18 1 13 43 50 19
0 8 33 37 1 14 47 44 10
0 10 43 35 1 15 18 35 10
0 12 8 1 16 35 35 9
0 14 39 51 1 17 17 25 16
0 16 64 64 1 18 12 26
0 18 115 120 1 19 3 19
0 20 3 1 20 47 48 4
1 1 23 27 39 28 1 21 64 70
1 2 37 32 6 2 1 22 23 98 133
1 3 15 15 73 60 2 2 17 20 131 110
1 4 40 39 4 2 3 60 57 33 28
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Table 3 (continued)

Indices 0. layer line
7i = 0

1. layer line
7i = 1 Indices 0. layer line 

h = 0
1. layer line

71 = 1

k I ^calc. 1 FObs.1 ^calc. 1 Fobs.1 k I Fcalc. 1 Fobs. 1 I'calc. 1 ^obs. 1

2 4 93 87 25 18 4 2 52 48 75 75
2 5 26 23 5 4 3 ÏÔ5 99 70 65
2 6 12 37 35 4 4 38 39 23 28
2 7 74 74 3 4 5 5Ö 50 31 23
2 8 38 41 26 18 4 6 29 30 45 50
2 9 17 27 20 4 7 44 43 29 33
2 10 3 5 4 8 41 55 48 55
2 11 Ï13 102 24 30 4 9 2Ö 6
2 12 9 11 4 10 30 34 48 43
2 13 6 25 4 11 21 4
2 14 9Ï 101 52 68 4 12 59 67 92 90
2 15 41 35 21 4 13 31 25 35
2 16 4 80 85 4 14 33 39 15 25
2 17 13 21 4 15 43 48 34 35
2 18 4 38 40 4 16 4Ï 43 65 73
2 19 49 53 53 60 4 17 3Ï 34 15
2 20 34 37 41 28 4 18 24 23 39 30
2 21 3Ï 28 4 19 2Ï 21 26 20
3 1 20 21 33 40 4 20 7 2
3 2 72 66 63 60 4 21 37 43
3 3 24 25 41 43 5 1 30 28 30
3 4 63 60 Töö 95 5 2 89 92 5Ï 58
3 5 64 69 23 20 5 3 24 28 26 25
3 6 8 19 5 4 44 46 75 63
3 7 73 78 31 40 5 5 54 55 42 43
3 8 5 6 5 6 4 9
3 9 146 147 4Ï 40 5 7 19 91 88
3 10 3 32 48 5 8 12 21
3 11 43 39 30 38 5 9 66 71 85 80
3 12 28 28 33 5 10 33 35 22
3 13 7 Ï5 5 11 16 60 65
3 14 6 44 78 5 12 21 34 35
3 15 5 38 35 5 13 Ï7 ÏÔ
3 16 31 35 40 63 5 14 37 46 9
3 17 ÏÏ 55 60 5 15 34 39 29 35
3 18 3 5Ö 60 5 16 42 35 16
3 19 40 32 13 5 17 63 60 21
3 20 36 37 36 43 5 18 39 37 17
3 21 2Ö 5 19 23 18
4 1 38 34 3 5 20 56 58 32 33

(To be continued)
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Table 3 (continued)

(To be continued)

Indices 0. layer line
71 = 0

1. layer line 
h = 1 Indices 0. layer line

7i = 0
1. layer line

71 = 1

k I ^calc. 1 Fobs. 1 Fcalc. 1 FObs. 1 k I p1 calc. 1 Fobs. 1 p1 calc. 1 Fobs. 1

5 21 6 8 2 14 35 33
6 1 57 60 47 60 8 3 4 2
6 2 91 85 22 28 8 4 Ï4 3
6 3 ÏÏ 28 45 8 5 84 80 34
6 4 41 46 56 55 8 6 Ï4 8
6 5 9 31 35 8 7 27 9
6 6 42 39 20 8 8 27 25 14
6 7 21 30 68 65 8 9 23 11
6 8 14 41 53 8 10 To 26
6 9 16 32 23 8 11 32 39 19
6 10 15 12 23 8 12 Ï9 7
6 11 50 43 63 68 8 13 78 71 46 40
6 12 15 1 8 14 19 27 20
6 13 34 39 17 8 15 36 34 16 20
6 14 78 76 55 63 8 16 3 60 68
6 15 3 Ï2 8 17 20
6 16 66 71 16 9 1 18 3
6 17 18 4 9 2 8 7
6 18 43 37 1 9 3 Ï8 27 25
6 19 25 35 53 48 9 4 0 27 35
6 20 48 32 Ï2 9 5 40 35 82 83
7 1 36 37 34 30 9 6 14 47 35
7 2 15 4 9 7 77 59 6
7 3 65 50 24 30 9 8 58 55 6
7 4 2 40 53 9 9 47 43 14
7 5 5 58 68 9 10 71 59 29
7 6 74 78 50 55 9 11 43 37 24
7 7 69 71 65 75 9 12 15 44 53
7 8 13 4Ï 43 9 13 16 31 28
7 9 5Ï 55 0 9 14 27 28 28
7 10 5Ö 58 16 9 15 Ï7 6
7 11 22 50 63 10 1 55 35 7
7 12 53 58 50 58 10 2 76 60 47 53
7 13 14 37 33 10 3 44 39 40 35
7 14 7 39 33 10 4 Ï 54 43
7 15 38 19 10 5 3 16
7 16 17 41 35 10 6 12 18
7 17 15 11 10 7 Î4 33
7 18 3 10 8 16 15
8 1 5 ÏÏ 10 9 15 1
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Table 3 (continued)

Indices 0. layer line
h = 0

1. layer line
h = 1 Indices 0. layer line

h = 0
1. layer line

h = 1

k I ^calc. 1 ^obs. 1 ^calc. 1 l’obs. 1 k I I'calc. 1 ^obs. 1 Fcalc. 1 Elbs. 1

10 10 13 11 12 3 Î9 20 67 63
10 11 13 62 68 12 4 37 36 28
10 12 29 5 12 5 4 39 28
10 13 0 Tl 12 6 31 32 3
10 14 14 73 60 12 7 5 28
11 1 Ï9 4 12 8 37 35
11 2 23 25 35 12 9 7
11 3 32 23 2 0 1 0
11 4 82 67 4 0 3 14
11 5 ÏÏ 33 23 0 5 130 150
11 6 22 8 0 7 31 35
11 7 Ï6 37 35 0 9 35 43
11 8 0 11 0 11 28 38
11 9 8 115 85 0 13 112 115
11 10 10 18 0 15 52 63
11 11 2Ö 16 0 17 26 35
12 1 32 20 Ï9 0 19 9
12 2 51 47 ÏÔ 0 21 51 63

Atomic arrangement

The final atomic parameters obtained for the yellow CsPbI3 are re
produced in Table 4.

Interatomic distances between atoms with parameters (xq y± zA) and 
(,r2 y2 -2) bave been calculated from

c? = {(æj - x2)2 a2 + (t/i - y2)2 b2 + (z± - z2)2 c2}7’

with a = 4.797 Å, 6 = 10.462 Å, c= 17.788 Å, and are given in Table 5. 
They are presumably accurate to ±0.05 Å.

Now that the structure has been resolved it turns out to be quite similar 
to that of NH4CdCl3 and RbCdCI3 investigated long ago14’15 only with 
different interatomic distances. Each Pb-atom is surrounded by six I-atoms 
which form a distorted octahedron and five of these I-atoms are shared by

14 C. H. MacGillavry, H. Nijveld, S. Dierdorp, and J. Karsten, Rec. trav. chim. 58, 
193 (1939).

15 H. Brasseur and L. Pauling, J. Am. Chem. Soc. 60, 288 (1938).



16 Nr. 1

Table 4. Atomic parameters in yellow CsPbI3

All the atoms are in the special positions:

and for

3 1 1 1
4

1Cs x = -4

Pb x = -4

y = 0.081

y = 0.162

y = 0.339

y = 0.031

y = 0.298

z = 0.328

z - 0.062

z = Ö7ÖÖ1

z =07114

z = 0.211

two or even three octahedra so that they form bridges between the Pb-atoms. 
Thus the result is extended chains of Pb-I-octahedra parallel to the a-axis 
of the crystal. The bonding in such a polynuclear ion (Pbl3—)w can be 
pictured in the following way.

Fig. 3. (Pbl3 )n. Black, solid “bonds” point forward, light ones backward.
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Table 5. Comparison of measured and calculated interatomic 
distances in yellow CsPbI3

Distance From this 
investigation

From Pauling’s 
ionic radii

From Gold
schmidt’s radii

Pb1—I1........ 3.23 Å 3.37 Å 3.52 Å
Pb1—I2........ 3.42 - 3.37 - 3.52 -
Pb1—I3........ 3.27 - 3 37 - 3.52 -
Pb1—I4........ 3.01 - 3.37 - 3.52 -
Pb1—Pb2 . . . 4 70 -
Pb—Cs........ 5.37 -
Cs1—P........ 3.96 - 3.85 - 3.85 -
Cs1—I1........ 3.99 - 3.85 - 3.85 -
Cs1—P........ 3.98 - 3.85 - 3.85 -
Cs1—I3........ 4 19 - 3.85 - 3.85 -
Cs1—P........ 3.90 - 3.85 - 3.85 -
Cs1—I7........ 3.87 - 3.85 - 3.85 -
I1—I1............ 4.795 - 4.32 - 4.40 -
I1—P.......... 4.49 - 4.32 - 4.40 -
I1—P .......... 4.38 - 4.32 - 4.40 -
P—I4.......... 4.49 - 4.32 - 4.40 -

The Cs-ions are distributed between these chains of polynuclear com
plexes in such a way that each Cs-ion is at the centre of an almost equilateral 

triangle formed by three I-atoms in the planes x = 7 or *T= “71 S1X other 

I-atoms form two almost equilateral triangles below and above the one 
which is co-planar with Cs, and rotated 60° with respect to this so that 
Cs obtains a coordination number 9.

It would appear interesting to compare the observed interatomic distances 
with those obtained from the sum of the ionic radii. However, as there are 
two rather different empirical values for rPb++, namely 1.21 4 (Pauling) 
and 1.32 Å (Goldschmidt) this comparison has been made for both Pauling 
and Goldschmidt ionic radii.16

For the Cs-I distances both sets of ionic radii give calculated distances 
only slightly smaller than the observed ones. The Pb-I distances calculated 
from the Goldschmidt ionic radii are considerably longer than those ob
served and would thus indicate some “covalency” or strong polarization 
of the Pb-I-bond. The Pauling radii here give expected distances closer to 
the observed ones, but also in this case the calculated distance between

18 Landolt Börnstein. I. Band, 4. Teil, p. 523. Springer Verlag 1955.
Mat.Fys.Medd.Dan.Vid.Selsk. 32, no. 1. 2
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Pb-atoms and the I-atoms which are nol bridging the Pb-atoms is consider
ably longer than the measured value. This again points to strong polarization 
of the I-ions and it is likely that the colour of these crystals can be explained 
in terms hereof. That one of the Pb-I-distanccs is larger than expected from 
the Pauling radii may be explained as being due to mutual repulsion be
tween neighbouring Pb-ions sharing I-ions.

In the earlier work on compounds of the type MCdCI3 referred to above 
it seemed difficult to draw any definite conclusion as to whether the dif
ferences found for the Cd-Cl-distances were significant or not. Although 
they did show the same trend as observed here for the Pb-1-distances the 
differences themselves were not much larger than the uncertainty of the 
measurements. From the present work it can be definitely stated that the 
Pb-1-distances arc not equal and by analogy it may be concluded that the 
observed differences in the Cd-Cl distances are real.

Conclusion

The result of the present investigations can be summarized by saying 
that divalent lead in yellow CsPbI3 shows a great similarity to divalent Cd 
in similar compounds. Both form one-dimensional polynuclear complex ions 
where these metal ions have a coordination number 6 and where halogen 
bridging between the divalent metal ions is a characteristic feature. This 
type of complex ions indicates that the electrostatic attraction between the 
divalent ions and the halide ions is strongly modified by polarization, and 
it would be expected that somewhat similar complex polynuclear ions 
should exist also in aqueous solutions in equilibrium with these crystals.
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Synopsis
Crystalline compounds of composition CsPbX3, where X = Cl or Br, may be 

prepared either from aqueous solutions or by fusing CsX and PbX2. The pale 
yellow CsPbCl3 has cubic perovskite structure above 47° C. (a = 5.605 Å), the 
orange-coloured CsPbBr3 above 130°C. (a = 5.874 Ä). Below these temperatures 
the structures are slightly distorted, but apparently without changes of volume 
at the transition points. CsPbBr3 below 130°C. (and possibly also CsPbCl3 below 
47° C.) exhibits a superstructure, but not above this temperature. Application of 
Fourier methods shows that above as well as below the transition points, both 
the halogen atoms and the Cs-atoms are a little displaced from those positions 
expected for an ideal perovskite structure. Structure factors have been calcu
lated on the assumption that each halogen atom occupies one of four, each Cs- 
atom one of six close-lying potential-minima at random; they show excellent 
agreement with the observed structure factors. It is suggested that such a de
localization of certain atoms may be a common feature in cubic perovskite struc
tures where the tolerance factor t 4= 1. The PbCl-distances are 2.86 Â and the 
PbBr-distances 2.99 Â, i.e. considerably shorter than the sum of the corresponding 
ionic radii.

Printed in Denmark 
Bianco Lunos Bogtrykkeri A-S



Introduction

It has been demonstrated in a previous paper1 that CsPbI3 can exist 
in a black perovskite-like modification besides the yellow, orthorhombic 
form stable under ordinary conditions. It will be shown in the present 
study that CsPbCl3 and CsPbBr3 also form perovskite-like structures which 
in this case are the stable modifications. CsPbF3 has already been found by 
(). Schmitz-Dumont and G. Bergeriioff to belong to this structure type2 
with the unit cell edge a = 4.80 kX.

Ideally, crystals with perovskite structure are cubic with one molecule 
in the unit cell,3 but very often small deviations from cubic symmetry are 
found. However, in such cases there usually is a transition temperature 
above which the structure is strictly cubic.4 With only one molecule ABX3 
in a cubic unit cell one would expect that all the atomic positions were 
fixed by symmetry. This argument has been widely used, but may not 
always be applicable for the following reasons. It is known that alloys exist 
which exhibit a cubic structure, but where the cubic symmetry is of a sta
tistical nature so that the distribution of atoms within only one unit cell at 
definite lattice sites need not at all conform to the observed “average sym
metry”.5

Secondly, it is generally agreed that crystals with perovskite structure 
belong to the so-called defect structures,3 and as far as the author is aware, 
the nature of the defects in this case is not yet understood.

If we imagine the ions to be solid spheres with definite ionic radii rA, rB, 
and rx the following relation can easily be demonstrated for the ideal 
perovskite structure:

1 C. K. Moller, The Structure of CsPbI-3, Mat. Fys. Medel. Dan. Vid. Selsk. 32, No. 1 (1959).
2 O. Schmitz-Dumont und Günther Bergeriioff, Z. anorg. u. allgem. Chem. 283, 314—329 

(1956).
3 See e. g. (a). R. C. Evans, Crystal Chemistry p. 204—214, Cambridge 1939. (b) A. F. 

Wells, Structural Inorganic Chemistry p. 112, p. 330, Oxford 1945.
4 FI. D. Megaw, Ferroelectricity in crystals, Chapters 4 and 5. Methuen, London 1957.
5 See e.g. Ref. 3a p. 109.

1*
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rA + rx
Fx + i'x (O

where t = 1. However, for many crystals with perovskite structure t will 
be found to be different from 1 —usually in the range 0.8<t<l when we 
insert the generally accepted ionic radii.1

We can interpret this either as an observable effect of the defect nature 
of these crystals, or as an indication that the ions are not solid spheres with 
fixed ionic radii. In fact, it has been proposed to use special ionic radii 
for ions when they form crystals of this type,2 but from the observations 
to be described in what follows this procedure does not seem to be recom
mendable. It is presumably true that the bonding between the atoms in 
perovskite structures is mainly ionic and may be modified by polarization 
so that the interatomic distances will be shorter than calculated from the 
ordinary ionic radii, but this can scarcely justify the use of separate “perov
skite ionic radii”.

In order to clarify some of the problems connected with the perovskite 
structure a detailed investigation has been made of CsPbCl3 and CsPbBr3, 
as will now be described.

Preparation and general properties

As has been shown by ILL. Wells3 and coworkers crystals with the 
compositions CsPbCl3 and CsPbBr3 can be prepared by dissolving PbCl2, 
resp. PbBr2, in a hot aqueous solution of CsCl, resp. CsBr, of suitable 
concentration and then left to cooling. Besides this method of preparation 
we have found that compounds of the type CsPbX3, where A" = Cl, Br, or 
I can also be obtained by fusing CsX and PbX2 in the correct stoichiometric 
proportion. The identity of the crystalline compounds prepared by either 
method was proved by the identity of their A'-ray powder diagrams and 
transition temperatures (see below).

The crystals grown in solution are quadratic or rectangular in shape, 
those of CsPbClg pale yellow and those of CsPbBr3 orange coloured. Their 
refractive indices are high, above 1.74.

Although the crystals are decomposed by water it was possible to deter
mine the density of CsPbCl3-crystals by the flotation method in a Clerici’s

1 V. M. Goldschmidt, Z. tech. Phys. 8, 256 (1927).
2 S. Geller, Acta Cryst. 10, 248 (1957).
3 H.L. Wells, Z. anorg. Chem. 3, 195 (1893).
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solution1 of known density: d = 4.21 g/cm3. With a rather coarse powder 
of CsPbCl3 a pycnometer method gave d = 4.24 g/cm3 in reasonable agree
ment with the first result.

Examination with the polarizing microscope, transition temperatures

Under the polarizing microscope the coloured crystals of CsPbCl3 and 
CsPbBr3 appear biréfringent and both show parallel extinction. By use 
of the quartz-wedge strong evidence was found from observation on a single 
crystal of CsPbCl3, where the directions and the lengths of the axes had 
been determined by X-ray methods, that this crystal was (uniaxial) positive. 
Between crossed niçois very often thin twin lamellae can be observed, 
which form angles of 45° with the external edges. Twin formation with (110) 
as composition plane can easily be observed on thin crystals which between 
crossed niçois show first order grey as interference colour: On insertion 
of the gypsum plate (parallel to the extinction direction) one side of the com
position plane gives yellow, the other side blue as the resulting interference 
colour. When these crystals of CsPbCl3 or CsPbBr3 are heated under the 
polarizing microscope with crossed niçois, the interference colours change 
continually, first slowly and then faster and faster, till they finally disappear 
at 46.9°C. or 130°C., respectively. This shows that the crystals become 
optically isotropic above these temperatures and attain cubic symmetry. 
Qualitatively one gets an impression that the interference colours, which 
for the same crystal is a measure of its birefringence, depend on the tempe
rature in much the same way as the axial ratio in fig. 1. On cooling, the 
interference colours reappear at the same temperatures, so that the changes 
are completely reversible. (Temperature calibration was made by determi
ning the known melting points for substances such as urea, benzoic acid, 
etc.).

X-ray investigations. Unit cell dimensions

Powder diagrams- of CsPbCl3 and CsPbBr3 have been obtained in a 
Guinier type focussing camera with CuKa-radiation. Whenever accurate 
sin2 -^-values had to be determined, the powders were mixed with NaCl 
(Kahlbaum, geschmolzen) which served as a standard calibration sub
stance—due regard been paid to the dependence of its lattice constant on 
the temperature.2

1 H. E. Vassar, Am. Mineral. 10, 123 (1925).
2 II. V. Bergen, Ann. Phys. 39, 553—72 (1941).
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In order to obtain diagrams of the powders at elevated temperatures 
the sample was fixed with the smallest possible amount of Canada balsam 
on a thin cover glass. This was squeezed into position between the circular 
metal holder and a piece of perforated mica with 6-7 turns of a 0.2 mm 
thick Ni-Cr-wire which could be electrically heated. It was found that the 
hot wire did not seriously affect the X-ray diagrams when it was kept 
perpendicular to the cylinder axis of the curved quartz-monochromator, 
and hence the samples were kept stationary, not rotated as is usual during 
the exposures. The temperatures were estimated from measurements of the 
resistance of the hot wire during operation, the transition temperatures 
determined by the optical investigation above being used as fix points.

Indices could be assigned to the “reflections” on the powder diagrams 
by application of the general formula 

where in our case y was either 90° or very close to 90° and a = b ~ c. The 
lattice constants for the crystals at different temperatures were finally eva
luated from the coefficients to 7?2, I2 and hk in (2) giving best agreement 
between observed and calculated sin2 values. They are reproduced to
gether with indices, estimated intensities, and sin2#-values in Tables 1 and 2 
(A (CuKa) = 1.5418 Å).

A few diffuse lines on the Guinier-diagrams of CsPbßr3 below the transi
tion temperature (130°C.) cannot be accounted for with the indexing in 
Table 2 unless the unit cell axes are doubled. However, in order to maintain 
the connection with the cubic unit cell, instead of doubling the axes we have 
chosen to use fractional indices for these reflections. It is characteristic 
of these lines that they decrease in intensity as the crystalline powder is 
heated above room temperature, and practically disappear when the unit 
cell axes become of equal length at 130°C., only very faint diffuse bands 
being left in their place on the diagrams taken of the cubic form. From 
this behaviour one would infer that the lines mentioned are due to a super
structure which “melts” in the crystal at 130°C., only leaving some degree 
of “local order” reminiscent of the superstructure.

Also CsPbClg in the tetragonal form shows a few lines of this type, but 
it is difficult to decide whether they really disappear at 47°C., and besides 
there are some rather sharp, very weak lines as well, which completely 
persist above 47°C. However, it has turned out that the latter originate from 
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the compound Cs4PbCl6 which then apparently is present as an impurity 
in CsPbCl3 prepared both from aqueous solution and by fusing CsCl and 
PbCl2.

From the density, unit cell dimensions, and molecular weight of CsPbCl3 
we calculate that there is one molecule in the small cubic unit cell above 
47°C. By analogy and from the similarity of the compounds and their unit

Table 1. Comparison of observed and calculated sin2#-values 
for CsPbCl3 at room temperature and at about 50°C.

Indices 
h k I

Room temperature Temp, about 50° C.

Intensity 
estimated

104- 
sin2 dobs.

104- 
sin2 #ca|c.

Intensity 
estimated

104- 
sin2 #obs.

104- 
sin2dcalc.

001 w 0187 0188 1 0190 0190100 Ill 0191 0190 / m
Cs4PbCl6 VW? 0330 (0330)

011
110

(v)s 
s-m

0378
0381

0378
0380

} vs 0379 0379
Cs4PbCl6 VW 0409 (0411) VW 0409 (0411)

i 0 1 
i o i

j ™ 0474 /
1

0474
0475

1 3 1y u
Cs4PbCl6

I 9
J

0526 1
I

0522
(0526)

0 1 * I ( 0612
0 i 1 > VW 0613 1 0614

Cs4PbCl6 1 1 (0614)
1 | 1 1 0662
111 - VW 0663 J 0664

Cs4PbCl6 1 1 (0662)
002
020

(v)w
in

0752
0761

0750
0761

; . 0758 0758
012 (v)w 0940 0940
021
210

} "■ 0950 / 0949
0951

1 w
0947 0948

112 w-(m) 
m-s

1130 1130 1 1138 1138121 1139 1139 j m-s
202 W-1I1 1513 1511 1518 1516220 w 1523 1522 j w-in
003
122

— — — 1 VW 1704 1706
013 — —- — w 1897 1896
222 — — — VW 2274 2274
123 w 2639 2639 1
132 w 2651 2652 j (V)w 2656 2654
231 w 2660 2661
033 I 3410 3412114 — — — > VW

a = b = 5.590 Â, c = 5 630 Å a = b = c = 5.605 Â
Unit cell « = ß = y = 90° a = ß = y = 90°

Volume: 175.9 Å3 Volume: 176.1 Å3
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Table 2. Comparison of observed and calcul;

Indices 
h k I

—

Room temperature Temp, about 120° C.

Intensity 
estimated

104-
sin2

104-
Sin2 tfcalc.

Intensity 
estimated

104- 
sin2 #„bs.

104-
Sill2 deal

001 m 0172 0172 m 0172 0171
100 (m-)s 0175 0175 m 0173 0173
011
110

} 0347 f
I

0347
0348

i s 0345 [ 0344
0346

1T0 w 0352 0352 1

1 3 H w 0437 0436 VW 0433 0433
1 21 1 1 1 0476.5 _ _ _
5 2 2 } 0474 J

(1 i 1) 1 (0479.s) — — —
in 
in

w
VW

0520
0524

0520
0524

} w 0518 0517
1 3 1 w 0610 0609 VW 0604 0604
“002 (m-)s 0687 0687 m 0683 0684
200 s 0700 0700 m-s 0693 0693
012 w 0862 0862 VW 0857 0857
021
120 m-w 0871 1 

I
0869
0871

j " 0864 j 0864
0866

120 VW 0880 0879 1

112 m 1038 1039 w 1029 1030
211 m 1043 1043 I w-m 1038 1037211 m 1053 1051
022 m-s 1386 1387 m 1377 1377
220 VW? 1409 1408 VW 1385 1386
212 VW 1565 1566 (v)w 1550 1550
130 VW 1744 1744 VW 1731 1732
013 VW 1721 1721 — — —
222 — — — VW 2068 2070
123 — — — — — —

Unit 
cell.

a = b = 5.827 Å c = 5.891 Å a = b = 5.859 Å c = 5.895 Å
a = = 90° V = 89?65 a = ß = y = 90 o

Volume: 200.0 Å3 Volume: 202.3 Å3

cell dimensions it may be concluded that CsPbBr3 also has only one molecule 
in the cubic unit cell. Perovskite structure is then very likely for these com
pounds, but, as will be shown below, intensities calculated on the basis of the 
atomic parameters required by the appropriate symmetry only in a rough 
qualitative way agree with the observed ones. The “tolerance factor’’ t 
from equation (1) is about 0.8.

Temperature dependence of the axes

Powder diagrams of CsPbBr3 taken at four different temperatures have 
been indexed and the results together with the lattice constants deduced 
from them are reproduced in Table 2. It is seen that as the crystals are cooled
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#-values for Cs Pb 15 r3 at different temperatures.

Temp about 125°C. Temp. about 135°C.

itensity 104- 104- Intensity 104- 104- h k I
timated sin^obs. Sin2 flcalc. estimated sin2 #obs. Sill2 tfcalc.

m-s 0172 0172 in 0172 0172 001
100

s 0344 { 0345
0346 } s 0345 0344 Oil

110
1T0

— — — JL Å 02 2 v
13 1
2 5 2

— — /i 8 1 \

m-w 0516 0517 w 0516 0516 111
1T1

_ _ _ 1 3 12 -L

m 0688 0687 I s 0689 0689 0Ô2
m-s 0692 0691 / 200
(v)w 0861

0865

0860

0864 m 0862 0861
012
021

w 120
120

/ (1033) 1 1T2
m-s 1036 I 1036 I m-s 1035 1035 211

1 211
m-s 1379 { 1378

1382 } m-s 1379 1378 022
220

VW 1551 1551 w-m 1546 1550 212
VW 1725 1728 1 VW 1721 1722 130

013
VW 2069 2067 VW 2065 2066 222
VW c. 2400 2408 VW 2411 2411 123

= b = 5.864 Â
= ß = y = 90°

c = 5.881 Å a
a

= b = c = 5.874 Å
= ß = y = 90° Unit 

cell.lume: 202. 2 A3 Volume: 202.7 A3

from temperatures above 130°C. the unit cell changes from cubic through 
tetragonal to monoclinic symmetry at room temperature. Although the 
changes of the axes are easily demonstrated, the change of volume of the 
(pseudo-)unit cell when the transition point at 130°C. is passed, presum
ably is not significant.

Instead of making a similar investigation on powders of CsPbCl3 at several 
different temperatures, which would be rather time-consuming, it was chosen 
to measure the changes of the axes of a single crystal. The crystal was care
fully adjusted on a Weissenberg goniometer and a series of 3° oscillation 
photographs were taken of the reflections 071 and 017, which have 2# = 
155° for CuKa-radiation. The layer-line screen was used to separate the 
zeroth layer line, and the film cylinder (diameter 57.3 mm) was kept 
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stationary for each pair of exposures: 071 at the “top” and the “bottom” 
of the film. Then the film cylinder was displaced 3.0 mm (the width of the 
slot in the layer-line screen) and the oscillation regions of the crystal changed 
so that now two similar exposures could be taken of 017 at the same tempe
rature. After that the temperature was changed, the film cylinder displaced 
3.0 mm, and a set of four exposures taken at the new temperature, and so 
on. Exposure times were about 10 minutes.

The crystal could be heated by a controlled stream of N2 from a cylinder, 
passing a flowmeter and a very small, electrically heated “oven”, which 
was placed immediately in front of the crystal. Temperature control was 
afforded by a copper-constantan thermocouple in connection with a milli
voltmeter. The oven-current could be read on an ammeter. Calibration was 
made in the following way. Two small polaroids were placed on either side 
of the crystal, “crossed”, but with maximum light passing through the crystal 
when it was illuminated with a beam of light through the pin-hole system 
of the goniometer, and the crystal was watched through the microscope 
attached to the goniometer. With constant N2-flow the oven-current was 
slowly increased till the crystal just became dark (optically isotropic). The 
temperature must then be 47°C. For the same rate of flow of N2 and nearly 
constant room temperature it was then assumed that there was linear 
dependence between the thermoelectric power of the thermocouple and 
the temperature of the crystal for not too wide a range of temperatures.

The relation between the changes in glancing angles & measured on 
the film and the changes in axial lengths is obtained from (2) by differ
entiation. For 071 and 017 and with A c ~ -‘2 A a it approximates to

A a = — 1.06 a cot ü-Afi and A c = - 1.03 a cot $ -d#, (3)

where, with sufficient accuracy, a ~ c ~ 5.60 Å, as the total uncertainty on 
A a and Ac is of the order of 10 per cent.

Similarly the change of the axial ratio is given by

d (£) = -(Ac-Aa). (4)
\az a

The results obtained are shown in the graphs figs. 1 and 2, where the 
values of the axes at room temperature and at 50°C. have been adjusted 
so as to coincide with the values from the Guinier diagrams mentioned 
above. It appears that neither for CsPbCl3 is there any discernible change 
of the volume, V, at the transition point from the tetragonal to cubic struc-
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Figs. 1 and 2. Axial ratio and unit cell dimensions as functions of temperature for CsPbCl3; 
solid circles refer to measurements from Guinier-diagrams.

ture. On the other hand it does look as if V1'3 plotted as a function of tem
perature changes abruptly at the transition point, which would imply that 
the coefficient of thermal expansion has a discontinuity there. Unfortunately 
our measurements are not accurate enough to make a definite statement.

1 H. D. Megaw, Proc. Roy. Soc. A. London 189, 261 (1947).
2 II.F. Kay and P. Vousden, Phil. Mag. Series 7, 40, 1019 (1949).

A similar temperature dependence has been found for the axes of 
BaTiOg,1 but here more recent experiments2 have revealed that the curves 
near the transition point at 120°C. from tetragonal to cubic structure have 
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discontinuities and also that thermal hysteresis plays a rôle. It is possible 
that a more refined technique will disclose similar irregularities also in 
the case of CsPbCl3.

Intensity measurements

In order to study the atomic arrangement in more detail, intensity 
measurements of the X-ray reflections on Weissenberg diagrams have been 
made on single crystals of CsPbCl3 and CsPbBr3, by means of CuKa-radia- 
tion. The reflections were photographed on sets of multiple films and relative 
intensities were visually estimated by comparison with an intensity scale 
prepared by taking a series of photographs of a particular reflection, each 
time increasing the exposure time by about 30 per cent. The intensities 
of these spots were then assumed to be proportional to their exposure 
times. Care was taken that X-ray intensity, temperature, speed of the Weis
senberg motor, developer, fixer, and film material were kept as constant 
as possible. A new intensity scale was made for each crystal.

In order to check the reliability of this method two independent sets 
of measurements were made of the 0. and 1. layer lines of two different 
crystals of CsPbCl3 at room temperature. One had the dimensions 100x50 
X 40 u and the other 100 X 40 X 30/.i. fhe longest edge was the rotation axis. 
The agreement was found to be good, only in one case of 45 reflections 
measured was the deviation above 30 per cent, on an average it was about 
12 per cent, of the measured intensity.

The reflections from a single crystal of CsPbCl3 (and similarly of CsPbBr3) 
were photographed with CuKa-radiation both at room temperature (20° C.) 
and at 7—10 centigrades above the transition point on the same set of mul
tiple films. This was achieved by displacing the film cylinder 3.0 mm in 
its carriage between the two exposures. In this way intensity changes which 
might be observed of the reflections, should be influenced least possible 
by film material and development. Heating and temperature control was 
performed as explained above. The “high-temperature” reflections gave 
small, well-defined spots on the film, with a uniform blackening. But on 
the room-temperature exposures of CsPbBr3, these spots had broken up 
into 3—4 smaller spots lying close together, so that it was necessary to add 
up the intensities of the separate spots belonging to the same reflection. 
On heating the crystal to temperatures above 130°C. these spots again 
coalesced, showing that it is a reversible phenomenon. The reason for its 
occurrence is that when the crystals are cooled from temperatures where 
the unit cell is strictly cubic to room temperature the unit cell is slightly 
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modified by expansion of, say, the original a-axis and shrinkage of its 
two other axes. However, in other parts of the “single crystal” the expansion 
may be along the original b or c-axis (and shrinkage along the two others) 
and thus the result is a repeated twinning and microheterogeneity.1 A 
similar effect could be observed on some of the diagrams of CsPbCl3, but 
was there much less pronounced. For the particular crystal used it could 
also be inferred from the fact that on heating from room temperature to 
about 55° C. the reflections of type OÀ’O were always displaced towards 
smaller, those of type 00/ towards higher ^-values, that twinning could not 
be of major importance here.

The atomic scattering factors depend on the wavelength of the X-ray 
radiation used (dispersion), as do also the absorption corrections, and so 
it is conceivable that a more shortwaved radiation would give results dif
ferent from those obtained with CuKa-radiation. Therefore photographs 
were also taken of CsPbBr3 at 140°C. with MoKa-radiation for intensity 
measurements.

Correction of the directly measured intensities for the Lorentz-polariza- 
tion factors was made graphically as described by Cochran.2 It was pre
viously found that the absorption of X-radiation in CsPbI3 was compensated 
for by the temperature factor and could be included in the latter.3 As this 
result presumably will also be valid here, we have made no direct corrections 
for the absorption. We thus finally obtain relative \F(hkl) |2-values of which 
the uncertainty is assumed not to exceed 20—30 per cent.

As no piezoelectric effect has been detected in these crystals, neither 
with a dynamical4 nor with a static method, it seems reasonable to con
clude that they have centres of symmetry and consequently F(hkl) = 
± \F(hkl)\.

Application of Fourier methods

With only one molecule CsPbX3 in a cubic unit cell the atomic positions 
should be determined by symmetry. Thus we may have:

Ph in (0, 0, 0); Cs in X in 0, Oj; (o,|, oj; (o, 0, (a)

or Ph in (0, 0, 0); Cs in (|, |, ij; X in (o, |, (|, 0, oj. (b)

1 Compare V. K. Semenchenko, J. Cryst. U.S.S.R. 2, 145 (1957).
2 W. Cochran, J. Sei. Instr. 25, No. 7 (1948).
3 C. K. Møller, loc. cit. p. 11.
4 V. Frank, Unpublished work.
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Structure factors calculated on the basis of (a) with atomic scattering fac
tors corrected for dispersion1 do not give a very good agreement with the 
experimentally determined structure factors (Tables 3 and 4; Column 2 
to be compared with Columns 4 and 5; see also figs. 8 and 9). The second 
possibility, (b), which is also equivalent to an interchange of Cs and Pb 
in (a), is even less satisfactory, and, furthermore, Pb would here acquire 
a coordination number 12, which seems rather unlikely.

1 Atomic scattering factors were taken from W. H. Bragg and W. L. Bragg, The Crystal
line State. Vol. I p. 330—333 (London 1949), corrections for dispersion from C. H. Dauben 
and D. H. Templeton, Acta Cryst. 8, 841 (1955).

2 C. K. Moller, loc. cit.

Let us assume that Pb is correctly placed in (0, 0, 0), which is a centre 
of symmetry. As the atomic scattering factor of lead for the reflections of 
type 0Å7 exceeds the sum of the atomic scattering factors of Cs and 3 X, 
the structure factors F (Ok!) must be positive. Hence we can calculate (he 
electron projection on the ôc-plane directly from the observed |Z?(0/»7)|. This 
has been done for both CsPbCl3 and CsPbBr3 above their transition tem
peratures, i.e. in their cubic form, and the result is shown in figs. 3 and 5.

It is seen that the electron clouds surrounding the halogen atoms are 
drawn out at right angles to the unit cell edges. As for the Cs-atoms, their 
peak heights come out much too low as compared with the peak height 
of the Pb-atoms, and on the projection of CsPbCl3 their electron clouds 
seem to have “spikes” towards the Cl-atoms.

To estimate the contribution of diffraction effects to these somewhat 
unexpected results another projection on the bc-plane was calculated for 
CsPbCl3, but now using the structure factors calculated for this compound 
with the atoms in position (a), instead of the observed F(0Â7) as coefficients 
in the Fourier series.

This “theoretical” projection faithfully reproduces the atoms in the 
expected positions, and with reasonable peak heights. It is also seen that 
there is a definite correlation of the “diffraction errors” in figs. 3 and 4, 
and it seems evident that they cannot be made responsible for the peculiar 
features of the “experimental” projections.

An electron projection of CsPbBr3 calculated from structure factors 
obtained with MoKa-radiation gives mainly the same result as that based 
upon CuKa-radiation. It is thus unlikely that the latter kind of projection 
should be seriously distorted by dispersion and absorption. This conclu
sion gets further support from the fact that in the earlier work on CsPbI32 
the interpretation of the electron projections derived from intensities with 
CuKa-radiation was in no way obscured by any of the effects mentioned 
above, although they would be expected to be of greater importance in 
this case.
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Figs. 3 and 4. Electron projections on (100) of cubic CsPbCl3 based on observed F(0kl) (top), 
and on F (0W) calculated for ideal perovskite structure (bottom). The same relative scale has 
been used for the electron densities and contour lines have been drawn at the levels 0 (broken 

lines) 15, 30, 50, 75, 100, 150, 200, 250, 300, 350, and 400.
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Fig. 5. Electron projection on (100) of cubic CsPbBr3. Relative, arbitrary scale for electron 
density. Contour lines drawn as in figs. 3 and 4.

Finally a projection of tetragonal CsPbCl3 has been calculated front 
its observed |F(0Å7)|. The result is almost indistinguishable from that of 
the cubic form. Difference synthesis with the Fourier-coefficients F(()Â7)tetr 
— F(0Å7)cub obtained from the experimentally determined intensities for 
the cubic and tetragonal modifications of both CsPbCl3 and CsPbBr3 also 
show near identity of the two forms; in fact, the only observable changes in 
the electron distributions on going from the tetragonal to the cubic struc
tures seem to be a reduction in peak height of the Cs-atoms and a small 
displacement of the halogen atoms towards the unit cell edges (about 0.05 Å 
in CsPbClg).

For the interpretation of the above results it should be remembered 
that an electron projection derived from experimental data represents a 
superposition of the electron distributions in a huge number of unit cells. We 
have so far been referring structures to the small unit cells given in Tables 1 
and 2. The existence of a superstructure below the transition temperatures 
shows that this cannot be correct for the tetragonal form, but above the 
transition points both optical and X-ray evidence compel us to accept the
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Fig. 6. Experimental electron density in the plane x = - of cubic CsPbCl3. Contour lines are 
drawn at the levels 5 (broken line), 10, 15, 30, 60, and 90e/Å3. The dotted lines near the corners 

indicate the maximum electron density in the Cl-regions (nearly 15e/Å3).

small unit cell combined with cubic symmetry. That the halogen peaks do 
not appear in the expected ideal positions (a) in projections of the latter 
may then either be explained as a result of the thermal movements, or we 
may assume that the true potential minima for Cs and the halogen atoms 
do not coincide with the ideal sites given in (a). Due to the limitations 
in resolution we cannot see the Cs- or Br-atoms in these subsidiary minima 
as separated peaks on the projections. Nor will it be possible to distinguish 
between the two mentioned possibilities from X-ray work alone.

To be more specific we shall assume that each Cl-(or Br-)atom in the 
unit cell has the choice between four potential minima lying along diagonals 
in sections perpendicular to the unit cell edges, about 0.5 Å away from the 
“ideal positions”, and similarly that Cs can “choose” between 6 (or 12) 
minima displaced about 0.5 Å from the centre of the unit cell. Above the 
transition temperatures the kinetic energy of these atoms is higher than 
their mutual interaction energy, and there will be a constant diffusion of 
a halogen atom or a Cs-atom from one of its “private” potential minima

Mat. Fys.Medd. Dan.Vid. Selsk. 32, no. 2. 2
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to another, thus simulating free rotation around the unit cell axes. Below 
the transition points, on the other hand, their kinetic energies are loo small 
to prevent their being locked up in a particular configuration.

On these assumptions structure factors have been calculated for both 
CsPbCl3 and CsPbBr3 (see next section) and their signs have been transferred 
to the experimentally determined \F(hkl)\. Fourier syntheses of the electron 

distributions in the planes x = 0 and x = — have been made with these 

coefficients for CsPbCl3. The section through x = - is reproduced in fig. 6, 

where the dotted curves represent the maximum electron density in the 
Cl-aloms. Fig. 7 represents a plot of the electron density along a radius 
vector from the unit cell corner in this section and illustrates how small 
the differences are between the tetragonal and the cubic form in this respect.

Three-dimensional difference syntheses in these planes have also been 
calculated, but apart from confirming the above observations they show 
nothing new.
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Comparison of calculated and observed structure factors

Further evidence that the assumption of random distribution of the Cs- 
and the halogen atoms on certain selected sites is compatible with the X-ray 
work comes from a comparison of calculated and observed structure factors.

These calculations have been made on the basis of the formula

F (hkl) (hkl) • cos 2 ti (hxf + kyt + lzt), 
i (5)

where xt, yt, zt are the atomic parameters, f\ the atomic scattering factors, 
and the summation is over all the atoms “i” in the unit cell. The ft(hld) 
have been obtained for the different reflections hkl by a graphical method 
and this may give rise to small errors of the order of a few per cent of the 
F(hkl), which, however, is small as compared with the experimental un
certainty.

against
h obs.

E'id. 
r calc.

Nearly all the structure factors corresponding to reflections within the 
limiting sphere for CuKa-radiation have been calculated for both CsPbCl3 
and CsPbBr3 with the atoms in the “ideal positions” (a) and isotropic 
atomic scattering factors, i.e. f(hkl) = f(&). It is evident from Tables 3 and 
4 that the structure factors calculated in this way are not in very good agree
ment with the experimental ones and in several places there are real dis
crepancies. The differences between weak and strong reflections are much 

less accentuated in the latter than in the former. Plots of log 

h2 + k2 + l2 should theoretically approach a straight line,1 but this is not 
very obvious as seen from the example of CsPbBr3 in figs. 8 and 9.

Next we have calculated the structure factors on the assumption that 
the Cs- and halogen atoms are randomly displaced from their ideal posi
tions. For the X-ray analysis it makes no difference whether the small 
displacements of the atoms are of a stationary character or whether they 
are caused by thermal vibrations of the lattice. This allows the two possibili
ties to be treated exactly alike and we can take over the whole treatment 
of the influence of thermal vibrations on the X-ray intensities.2

The result of these considerations is that if the displacement amplitude 
for the atoms of species “z” is given by the vector u = m & + uzc, their 
atomic scattering factor appropriate for the reflection hkl with X-ray radia-

1 See e.g. H. Lipson and W. Cochran, Determination of Crystal Structures, p. 61. Lon
don 1953.

2 See e.g. R.W. James, The Optical Principles of the Diffraction of X-Rays. Chapters 
1 and V. London 1948.

2*
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Fig. 8. log10

tion

0. layer line

versus h2 + Å"2 + Za for the zeroth layer line of cubic CsPbBr3.F'calc
-Fobs

tion of wavelength 2 should be multiplied by exp { - 2 tt2 (S’«)2}, where 
_______ /2 sin $\2
(Su)2 is I I times the mean-square displacement parallel to the reci

procal vector S = h a*  + />■&*  + le*.
For each halogen atom we have assumed four displaced positions as 

explained above. Hence, e.g. for the atom displaced u|/2 from the ideal posi- 
-,(), oj along the diagonals in the plane x = -, the “effective” atomic 

scattering factor becomes f(fl) exp {-2 rr2u2 (Å2 +/2)j, and analogously for 
the two other halogen atoms by cyclic replacement. For the Cs-atoms we 
have assumed that there are six possible displacements U, viz. towards the
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Fig. 9. log™ -Fcalc
■Fobs

/. layer line

versus 7i2 + 7c2 + P for the first layer line of cubic CsPbBr3.

centres of the unit-cell faces, but there might equally well be twelve such 
displacements towards the unit-cell edges. Formally this only changes the 
interpretation of U. Altogether the expression for the structure factor is 
then given by:

[ 2ti2U2 1F (hid) = /WPb + /Wcs-exP ! —(A2 + À’2 + Z2)|-cos7r(h + £+Z)

+/($)x texp{ ~ 2tï2u2(/c2 + Z2)}- costUi + exp{- 2tt2u2(7i2 + Z2)} - cos tcå 
+ exp {- 2 n2u2(li2 + À2)} • cos n I] ;

(6)

With this formula calculations of structure factors have been made for 
a certain range of values of u and U. The best agreement with the experi-



22 Nr. 2

Table 3. Comparison of observed and calculated F-values for CsPbCl3. 
(0., 1., 2., and 3. layer line)

Indi
ces

h k I

Calculated
F-values

Observed
Cubic 

structure

F-valucs
Tetragonal 
structure

Indi
ces

h k I

Calculated
F-values

Observed
Cubic 

structure

F-values
Tetragonal 
structure

Ideal 
perov
skite

Dis
placed 
perov
skite

F obs. 
at 

about 
54° C.

F obs. 
temp.
corr.

Fobs.
at 

about 
20° C.

F„bs. 
temp.
corr.

Ideal
perov
skite

Dis
placed 
perov
skite

Fobs, 
at 

about 
54° C.

Fobs, 
temp, 
corr.

F obs. 
at 

about 
20° C.

Fobs, 
temp.
corr.

010 38 37 37 37 36 36 441 20 35 25 30 29 33
020 148 133 117 117 118 118 451 58 43 34 43 37 44
030 29 29 34 35 33 34 551 7 32 24 31 24 29
040 112 83 77 84 81 86
050 23 27 25 29 24 26 012 32 38 32 33 33 34
060 89 55 46 56 49 57 022 130 108 96 too 92 95
070 18 27 24 31 26 32 032 27 32 33 36 36 38
110 103 100 91 91 89 89 042 104 72 69 77 70 75
120 32 38 38 38 39 40 052 22 29 28 33 28 32
130 85 74 65 68 67 70 062 86 50 41 51 45 53
140 26 40 42 46 39 42 112 93 91 81 83 84 86
150 66 49 53 62 48 53 122 29 38 39 40 41 42
160 20 40 35 42 33 39 132 79 69 64 69 66 69
170 56 35 28 37 33 41 142 24 38 38 42 39 42
220 130 107 93 96 94 97 152 64 47 41 48 44 50
230 27 32 31 33 31 32 162 19 37 30 37 31 36
240 104 72 62 69 61 67 222 119 91 85 90 80 85
250 22 29 25 30 21 23 232 25 34 33 36 30 32
260 86 50 39 49 42 49 242 99 64 54 62 58 64
330 74 61 49 54 53 57 252 21 31 25 30 28 32
340 22 35 28 32 33 37 262 84 47 38 47 40 48
350 62 46 37 44 42 48 332 70 57 48 54 50 54
360 19 36 25 32 25 30 342 22 35 29 34 29 33
440 92 54 39 47 44 50 352 60 44 34 42 41 47
450 19 32 25 32 29 34 362 18 34 25 33 28 34
550 56 40 34 44 39 48 442 89 50 39 48 38 44

452 18Oil 103 100 91 91 89 89
021 32 38 40 41 36 37 013 85 74 57 60 60 63
031 86 75 72 73 74 75 023 27 32 34 37 34 36
041 26 40 43 47 41 44 033 74 61 60 65 63 68
051 66 49 49 57 51 56 043 23 35 34 39 35 39
061 20 39 39 47 42 49 053 61 45 37 44 35 41
071 56 35 31 41 37 46 063 19 36 29 37 31 37
111 18 6 — — .— — 113 To 16 18 19 22 23
121 93 91 77 79 70 72 123 79 69 61 66 62 66
131 10 16 — — — — 133 8 25 27 30 29 31
141 74 70 66 73 68 73 143 66 57 53 61 52 58
151 8 25 —- — — — 153 8 29 26 32 26 30
161 60 52 43 52 46 54 163 57 44 35 45 38 46
171 7 28 — — — — 223 25 33 34 37 33 36
221 29 38 40 42 34 35 233 70 57 49 55 48 52
231 79 69 61 66 63 66 243 22 35 30 35 32 37
241 24 38 33 37 34 37 253 60 44 34 42 39 45
251 64 48 43 50 45 51 263 18 34 25 33 28 34
260 19 38 26 33 31 36 333 8 29 25 28 26 29
331 8 25 — — — — 343 61 49 39 46 40 46
341 66 56 46 54 51 56 353 8 31 25 32 24 29
351 8 30 — — — — 443 19 34 28 35 26 31
361 57 44 36 46 34 41 453 56 40 33 43 35 43
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(0. and 1.

is obtained with latter is0.070and ii

3

B obs.

(7)

the
The corres-

against h2 + k2 + I2 now show rather good approxima

tif the type

U = 0.075

Plots of log

tions to straight lines

logio
calc.

7*  obs.

mental |F(/iÀ7)|
also derived directly from the electron projection of CsPbCl3. 
ponding displacements in A-units are for CsPbCI3: 0.42 Å and 0.39 a; and 
for CsPbBi’a 0.435 A and 0.405 A, respectively.

jjdisp.
1 calc.

Table 4. Comparison of observed and calculated F-values for CsPbBr3. 
layer line)

Indi
ces

Calculated
F-values

Observed
Cubic 

structure

F-values
Monoclinic 
structure

Indi
ces

Calculated
F-values

Observed
Cubic 

structure

F-values 
Monoclinic 
structure

h k I
Ideal 

perov
skite

Dis
placed 
perov
skite

Fobs.
at 

about 
140°

C.

Fobs 
temp, 
corr.

F obs 
at 

about 
20° C.

Fobs. 
temj). 
corr.

h k I
Ideal 

perov
skite

Dis
placed 
perov
skite

F obs- 
at 

about
140° 

C.

Fobs 
temp, 
corr.

Fobs, 
at 

about 
20° C.

Fobs, 
temp.
corr.

010 54 50 46 47 48 49 011 86 82 71 74 76 78
020 192 170 126 136 128 137 021 47 50 50 55 51 55
030 42 27 26 31 23 26 031 74 63 56 68 52 60
040 145 100 79 109 96 124 041 37 50 45 64 46 59
050 33 19 — — — 051 58 43 23 39 31 45
060 116 65 32 67 47 81 061 28 48 22 46 18 32
070 26 20 — — — — 071 49 29 14 37 — -—
110 88 84 81 84 95 97 111 Ü4 14 43 46 46 48
120 47 50 49 5 1 53 57 121 79 86 75 85 79 86
130 74 63 50 62 59 69 131 38 3 — — — —
140 37 51 41 58 49 64 141 65 75 50 73 65 85
150 58 41 26 44 32 47 151 36 17 11 20 — —
160 28 48 25 53 31 54 161 53 59 22 47 40 70
170 49 29 14 (37) 21 46 171 3Ö 22 8 22 — —
220 172 133 110 130 126 142 221 43 48 41 49 50 57
230 39 33 26 34 24 30 231 69 65 39 51 55 68
240 137 84 55 83 58 79 241 34 46 34 52 46 63
250 31 25 15 28 15 23 251 56 43 23 42 38 60
260 112 57 24 55 27 51 261 28 43 19 43 — —
330 65 55 37 53 37 48 331 40 16 9 13 — —
340 33 39 21 36 24 34 341 58 58 29 50 41 60
350 54 42 15 30 23 38 351 34 25 12 24 -— —
360 27 40 15 38 19 37 361 50 48 17 44 24 48
440 120 59 26 50 24 39 441 30 39 22 42 49 80
450 26 30 14 32 13 25 451 52 43 16 38 — -—
550 49 39 17 16 18 40 551 3Ü 31 12 35 — —

where A and B are constants which can easily be evaluated from the graphs. 
The experimentally determined relative | F(hkl) |-values have then been 
brought on absolute scales corresponding to F(OOO) = 186 for CsPbCl3 and 
F(000) = 234 for CsPbBr3 by multiplication with the factors A. They are 
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given in Tables 3 and 4 in the 4th and 6th column. The last term in (7) 
is due to the isotropic thermal movements of the atoms but also includes 
the absorption correction. In order to eliminate its influence on the experi
mental F(hkl) they have finally been multiplied by the factor 10Bcub (A2 + fc2 + z2). 
This final version of the observed structure factors, which is reproduced 
in Columns 5 and 7 of Table 3 and 4 shows almost perfect agreement 
with the structure factors calculated from (6), thus proving our assumptions 
to be appropriate.

Similar conversions and corrections have been applied to the structure 
factors measured for the tetragonal or monoclinic form of these crystals and 
the constants, Btetr have also been determined. As pointed out above, the 
intensities here are more difficult to measure, and hence there is a greater 
uncertainty on the Fexp . However, the Btetr -values determined for different 
layer lines of the same crystal at constant temperature are identical within 
the accuracy of the measurements.

Although the B-values do include a term contributed form the absorp
tion, the differences Btetr — Bcub by our method of comparing the inten
sities depend only on the temperatures and the possible changes of the 
atomic arrangement. If we could be sure that only the changes in thermal 
movements of the atoms were of importance the following relation should 
be approximately true:1

1 Cf. R.W. James, loc. cit. p. 219-38.

3h2-N 1
A B = 0.4343-------- 9 (8)2 k O2D Ma2 J

where 0D is the “characteristic” or Debye-temperature. Inserting h = 6.623 
•IO-27, k = 1.380-IO“16, N = 6.025-IO23, and rearranging we get with a, the 
unit-cell edge, in Å units:

35.32 1/1
a\31'A B) (9)

In this formula 4/ is the molecular weight of the vibrating particle; in our 
case we may presumably insert the molecular weight of the unit-cell con
tents, i.e. CsPbX3, thus asking for a lower limit of &D and considering 
the influence of the acoustic waves only.

Neglecting the existence of the superstructure we can then calculate 
the 0D compatible with the decrease in intensity of the X-ray reflections 
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on heating the crystals from room temperature to above their transition 
points, the results being

(-) D = 12° K for CsPbClg and &D = G()°Ar for CsPbBr3.

As the characteristic temperatures obtained in this way do not seem 
unreasonable these calculations indicate that very little happens to the 
atoms at the transition from cubic to tetragonal structure apart from their 
preferred occupation of one particular set of their possible potential minima.

On the same assumption we may also estimate an average value for the 
root-mean-square displacements of the atoms, due to thermal movements, 
from the approximate formula:

(10)rr / 0.8686 ' A T

We find for CsPbCl3 | ii2 ~ 0.25 Â, and for CsPbBr3 |/u2~ 0.28 Å - values 
which seem quite reasonable.

Discussion

One of the aims of the present investigations was to determine the 
configuration of the lead-halogen complexes, and at first sight it seemed that 
a very good argument could be given for the regular octahedron from the 
existence of perovskite-like structures with one molecule CsPbX3 in the 
unit cell. However, the X-ray analysis shows that this cannot be true, and 
if we accept the interpretation given above, it seems doubtful whether it 
is at all possible to speak of a fixed configuration of a particular PbX6-unit, 
— or indeed of such units, in the cubic crystals.

In the tetragonal crystals, on the other hand, it appears that there is 
a fixed configuration, but this is not that of a regular octahedron although 
it is closely related to it. It is interesting that distorted PbX6-octahedra are 
also found in the yellow, orthorhombic CsPbI3 and in the compounds 
Cs4PbX6.1

Although the displacements of the atoms from their ideal positions in 
the cubic crystals could have been described in terms of thermal movements 
we have here preferred to assume the existence of several possible potential 
minima for the Cs and X-toms, because the vibrational amplitudes in the

1 C. K. Moller. To be published in this series. 
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former description become rather large. Nor can we exclude the possibi
lity of free rotations of these atoms in the cubic crystals, but whenever 
this has been assumed to explain certain transition phenomena in crystals, 
it has been shown that they may equally well, if not better, be explained 
by order-disorder transformations.1

It is tried to get a decision of this question from measurement of the. 
entropy change at the transformation (CsPbCl3)tetr ^±(CsPbCl3)cub .

On the above assumption there cannot be one single characteristic Cs-A' 
distance in the cubic crystals, but rather a certain range of discrete values. 
The Pb-X distances on the other hand are well-defined, but they are con
siderably shorter than the distances to be expected from the sum of ionic 
radii.2 (See Table 5).

This has also been observed for other crystals which contain lead and 
halogen atoms, and it may mean either that the ionic radius for Ph needs a 
revision or (more likely) that polarization (“covalency”) is of importance 
in these compounds. The colour of the crystals also strongly suggests the 
latter explanation.

On the whole the perovskite-like crystals of the type CsPbX3 show so 
many analogies to the crystals of mixed oxides of the BaTiO3-tvpe that it 
is tempting to apply also to the latter the interpretation given here of the 
transformation from tetragonal to cubic structure. In this way there would 
be a close analogy of dielectric phenomena in solids to those in gases: 
The situation at temperatures above the transition to cubic structure where 
“free” diffusion of anions and some cations among selected potential minima 
creates a structure with maximum disorder of the kind described above, 
corresponds to a polar gas at very high temperatures in a very weak electric 
field (no orientation). Below the transition temperature the preferred occupa
tion of certain potential minima (also present in the cubic state) may result 
in a multiple cell with no dipole moment, in which case we have an anti
ferroelectric phase. This corresponds to a non-polar gas of associated dipolar 
molecules (internal compensation). — Or the result of the transformation 
may be a unit cell with a dipole moment, whose electric field will help 
to create a preferred configuration all through the crystal, thus giving a 
ferroelectric. The analogy here, of course, is a gas of polar molecules in 
an electric field and at not too high temperatures.

Based on ideas of this kind Mason and Matthias3 have developed a
1 J. Frenkel, Kinetic Theory of Liquids. Chapter II. Oxford 1948. See also J. P. Mathieu, 

Yearbook. Phys. Soc. G.B., 23—29 (1956).
2 Landolt-Börnstein, I. Band, 4. Teil p. 523.
3 W.P. Mason and B. T. Mathias, Phys. Rev. 74, 1622 (1948).
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Table 5. Some interatomic distances in the perovskite-like 
crystals of CsPbCl3 and CsPbBr3

Pb-.Y Cs-Xmax. Cs -Xprob.

i From the present work........................ 2.86 Å 3.76 Â 3.68 Å 3.13 Ä
CsPbCl3 ' From Pauling’s ionic radii .................. 3.02 - 3.50 -

1 From Goldschmidt’s ionic radii.......... 3.13 - 3.48 -

f From the present work ........................ 2.99 - 3.94 - 3.85 - 3.28 -
CsPbBr3 ' From Pauling’s ionic radii.................... 3.16 - 3.64 -

1 From Goldschmidt’s ionic radii.......... 3.28 - 3.63 -

theory for ferroelectricity in BaTiO3 which, however, has been severely 
criticized by Jaynes1 mainly for the following reason. An order-disorder 
transition involving 6 close-lying Ti-positions (as assumed by Mason and 
Matthias) will require an entropy change /Mog 6~ 3.6 cal mol-1deg-1, 
but the measured value is only about 0.1 cal mol-1 deg-1. However, it does 
not seem quite obvious how the entropy measurements should be inter
preted, nor whether the simple calculation of the entropy is strictly valid. 
It is hoped that measurement of the corresponding entropy change in 
CsPbCl3 may help to clarify some of these problems, and it is also suggested 
that it might be interesting to make a thorough neutron or X-ray investiga
tion of BaTiO3 at temperatures above 120°C.
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Synopsis
Crystalline compounds of composition Cs4PbX8, in which X = Cl, Br, or I 

may be prepared either from aqueous solutions or by fusing CsX and PbX2 
together. X-ray investigations show that the crystals are rhombohedral and 
belong to space group No. 167 R3c. The hexagonal unit cells have dimensions 
it = 13.18, A, c = 16.64! A for Cs4PbCl8; a = 13.732 Å, c 17.324 Â for Cs4PbBr8; 
<t =■- 14.528 A, c = 18.31 g Å for Cs4PbI8, and contain six “molecules”. The molar 
volumes of Cs4PbX8 are larger than the sum of I he molar volumes of CsX and 
PbX2 by c. 6 cc. per gram-atom halogen. — Atomic parameters can be obtained 
from fairly well resolved Patterson- and electron-projections on (1210). The Pb- 
and X-atoms form isolated, slightly distorted PbX8-octahedra; the PbCl-distances 
are 2.93 Å and the PbBr-distances are 3.12 A, i. e. in both cases a little longer 
than in the CsPbX3-compound, but shorter than the sum of the ionic radii. The 
agreement between calculated and observed structure factors is not so good as 
wanted. This may in part be due to a small delocalization around their average 
positions of the Cs-atoms having an irregular 8-coordination.
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Introduction

In the course of a systematic study of the structure of the plumbo-halogen 
complex ions it became of interest also to examine the crystalline compounds 
with the general formula Cs4PbX6. The interpretation of the Guinier diagram 
of CsPbCl3 had already made it necessary to investigate the powder diagram 
of Cs4PbCl61 and from this start we have continued work on structures of 
this type. When it had progressed so far that most of the facts mentioned 
in the present article could materialize it was understood from a footnote 
in a paper by G. Bergerhof and O. Schmitz-Dumont2 that these authors 
had also been engaged on the same problem. However, they have not, 
apparently, published any results of their investigations, and we have 
therefore taken the opportunity to give an account of our own work on 
these compounds as they are closely related to the previously investigated 
structure of type CsPbX3.

Preparation and some general properties

The crystalline compounds Cs4PbCl6 and Cs4PbBr6 can be made in two 
ways: (1) By dissolving PI1X2 in a boiling aqueous solution which is almost 
saturated with CsX at room temperature, filtering while still hot and then 
leave to slow cooling.3 (2) By fusing CsX and PbX2 together in the correct 
stoichiometric proportion. — As for Cs4Pbl6 this compound had not been 
prepared before; it was obtained (unintentionally) by boiling PbBr2 in an 
aqueous solution nearly saturated with a fifty—fifty mixture of CsBr and 
CsI. It does not seem possible to obtain it in a pure state by melting Pbl2 
and CsI together in the stoichiometric proportion: The powder diagrams of 
such products besides lines of Cs4PbI6 invariably also show the presence of

1 C. K. Møller, The Structure of Perovskite-like Cæsium Plumbo Trihalides. Mat. Fys. 
Medd. Dan. Vid. Selsk. 32, No. 2 (1959).

2 G. Bergerhof u. O. Schmitz-Dumont. Z. anorg. u. allgem. Chem. 284, 10 (1956).
3 H. L. Wells. Z. anorg. Chem. 3, 195 (1893).

1*  
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CsI-lines. Apart from this the identity of compounds obtained in the dif
ferent ways was shown from their X-ray powder diagrams.

The crystals grown from solutions were colourless and their most pro
minent faces were parallelogram-shaped with angles 72°—60° and 108°—120°. 
Under the polarizing microscope the Cl- and Br-compounds showed diagonal 
extinction with a’ bisecting the acute angles. The refractive indices were 
high, but the birefringence low. On the assumption that the crystals were 
hexagonal (proved from the X-ray work) it could be inferred from cono- 
scopic examination that they were uniaxially positive in all three cases.

The density was determined on single crystals of Cs4pbC16 by flotation 
in Clerici solutions of different densities to be 3.70 ± 0.07 g/cm3,

4 W. Frank, Unpublished work.

No changes of the crystals could be observed on heating them to about 
320° C.

Space group and unit cell dimensions

X-ray investigations on powders of Cs4PbC16, Cs4PbBi’6, and CS4PM6, 
and on single crystals of the first two were made along the same lines as 
in the previous paper (1).

The Weissenberg diagrams taken about twofold axes of the single crystals 
could be indexed on a hexagonal lattice. Reflections of type hkil were only 
observed for -h+k+l = 3n, and hhOl only for I = 2n, so that the space 
group can be either No. 167 R3 c or No. 161 7?3c, but as no piezoelectric 
effect could be detected by a dynamical method,4 the former seems most 
likely. The Guinier diagrams could be indexed by application of the general 
quadratic form:

sin2v9 = ^2(h2 + A-2 + hA-)+/c2/2= 4 -.s + 4 Z2 (1)

The result of this together with the unit cell dimensions derived from the 
coefficients to s and Z2 are given in Table 1 (Â = 1.5418 Å).

The number of molecules per hexagonal unit cell of Cs4PbCl6 is found 
from the unit cell volume, density of the crystals and molecular weight to 
be 5.9, i. e. 6. As it is beyond doubt that Cs4PbBr6 and Cs4Pbl6 are both 
isomorphous with Cs4PbCl6, it is concluded that they also have 6 molecules 
per hexagonal unit cell (or 2 molecules per rhombohedral unit cell).
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(to be continued)

Table 1. Comparison of observed and calculated sin2 ^-values for 
Cs4PbCl6, Cs4PbBr6 and Cs4PbI6

Cs4PbCl6 Cs4PbBr6 Cs4PbI6

Indices Intensity 104- 10*- Intensity 104- 104- Intensity 104- 104-
hkil estimated Sill2 #obs. sin2#caic. estimated sin2#obs. sin2#caIc. estimated sin2#ol)S. sin2^caic.

1012 m-s 0132 0132 m 0120 0121 m 0109 0109
1120 m-s 0137 0137 m-(w) 0126 0126 m-w 0113 0113
1123 s 0330 0330 m 0304 0304 VW? 0270 0273
2131 (v)w 0341 0340
2Ï32 VW 0373 0373 (v)w 0335 0334
10Ï4 w-m 0389 0388
3030 (v)s 0411 0410 (m)-s 0378 0378 in(-w) 0339 0338
2024 m-s 0526 0525 m-s 0485 0485 m 0435 0434
2240 VW 0547 0547
3141 m 0614 0614 m-s 0566 0566 m-(s) 0506 0506
3033 VW? 0496 0498
2134 (m)-s 0662 0662 s 0611 0611 m-s 0547 0547
3142 (w)-m 0679 0678 w-m 0626 0625 m 0560 0560
2243 (m)-s 0740 0740 s 0683 0682 (m)s 0610 0610
0006 w 0772 0772 w-m 0712 0713 w 0639 0639
4042 VW 0815 0815
2Ï35 w 0856 0856 VW 0789 0789 VW 0706 0707
3251 VW? 0888 0888
1126 w-m 0909 0910 w-m 0838 0839
3144 w-m 0936 0935 w 0862 0863 VW 0772 0772
4150 w-m 0957 0957 m-w 0882 0882 w 0788 0789
4044 w 1072 1072 VW 0989 0989 VW? 0885 0886
3145 w-(m) 1130 1128 w 1042 1041 w 0932 0932
4153 w-m 1150 1150 v-w 1061 1060
3036 w 1183 1182
3254 s-m 1209 1209 m-s 1116 1115 m 0996 0997
3360 m 1229 1230 w 1135 1134.5 (v)w 1012 1013.5
4261 w 1298 1298
2246 w-m 1319 1320 w 1216 1217 w 1090 1089
4262 w 1362 1362
Ï018 w 1419 1418 w 1310 1309 w 1173 1174
5161 w 1434 1434 (v)w 1323 1323 w 1179 1182
5054 w 1481 1482 VW 1366 1367
2028 w 1556 1555 VW? 1433 1435 VW ? c. 1284 1286
4264 w 1621 1619
3147 w-m 1645 1644
6060 w 1512 1513 m-w 1353 1351
2138 w 1692 1692 VW 1562 1561 VW 1399 1399
4156 w 1729 1730 1 ••

i
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Table 1 (continued).

Cs4PbCl6 Cs4PbBr6 Cs4PbI6

Indices Intensity 104- IO4- Intensity 104- 104- Intensity 104- 104-
hkil estimated sin2#obs. sin20Caic. estimated sin2 i?o|)S. sin2#caIc. estimated sin2 ÿobs. Sin^eale.

5164 v-w 1755 1756
5270 1 1776 / 1777 VW 1638 1 639 1 1460 J 1464

; w 1772 > vw
4372 / 1 1 1 1460
4265 VW ? 1814 1812 s 1495 1494
1129 (v)-w 1875 1875
5165 VW 1948 1950 VW 1796 1798 vw 160fi 1608
6171 (v)-w 1985 1981 vw 163, 1632
6172 (v)-w 2044 2046 1880 / 1886

2028
; V»

4374 v-w 2029 1872
4048 VW 2102 2102

10Ï10 1 2193 f 2192 1 181- J 1813
VW 2190 vw?5057 f 1 1 I 1807

3258 in 2241 2239 VW 2067 2065 vw 1848 1849
2249 w 2283 2285 VW 2111 2108 vw? 1887 1888
6175 m-s 2298 2302
5058 vw ? 2318 2317 vw 2075 2072.J
5384 1

> W-Ill 2122 2122.-,7074 1
I ’nit « = 13.187 A; c = 16.64j A a = 13.73 2 A; c = 17.324 A a = 14.528 A; c = 18.313 A
cell: Vol: 2506 A3 Vol: 2829 A3 Vol : 3447 A3

Volume increments

It would seem interesting to compare the molar volumes of the compounds 
Cs4PbX6 and CsPbX3 obtained from X-ray analysis with the (crystal) molar 
volumes of CsX and PbX2. The latter have been calculated from the mole
cular weights and the densities of the simple, crystalline compounds, but 
practically the same values are obtained from X-ray determination of the 
unit cell dimensions.5 Table 3 shows the result of this comparison. The 
“calculated” molar volumes are those to be expected from the molar volumes 
of CsX and PbX2 if the rule about additivity of molar volumes were valid.

In all cases of formation of these compounds from simpler ones there 
is thus seen to be an increase in volume. It amounts to roughly 6 cc per

8 G. Wagner u. L. Lippert. Z. phys. Chem. B. 31, 263, (1936). R. W. G. Wyckoff: Crystal 
Structures Vol. I Chapter IV. New York 1948.
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Table 2. Molar volumes and volume increments per gr.-atom halogen

Compound X = Cl X = Br X = J

CsX . . . 42.4 cc 48.0 cc 57.6 cc
PhX.. 47.6 - 55.0 - 74.8 -

Calculated. . . . 90.0 - 103.0 - 132.4 -
Observed........ 106.0 - 120.5 - 141.9 cc 134.1 cc

CsPbXa (perovskite) (orthorh.)
Increment per X. . . . 5.3 - 5.8 - 3.2 cc 0.6 cc

Calculated . . . . 217.2 - 247.0 - 305.2 cc
Cs4PbX6 Observed........ 251.5 - 283.9 - 346.0 -

Increment per X. . . . 5.7 - 6.2 - 6.8 -

gramatom of halogen except for CsPbI3 in which it is practically negligible 
for the orthorhombic form.

As the structure of the latter compound—and also the structures of 
PbX2—strongly indicate polarization of the halogen ions by the Pb-ions it 
seems reasonable to guess that the volume increments are connected with 
a change of the Pb-X-bonding—presumably an increase of ionic character —. 
In the perovskite-like structures of CsPbX3 the less economic packing of 
the ions makes it possible for the cæsium and the halogen ions to “choose” 
among several close-lying potential minima (1).

If this is the case also in crystals of the Cs4PbXö-compounds, one might 
expect difficulties in localizing the Cs- and X-atoms accurately by X-ray 
methods.

Atomic arrangements

With six molecules Cs4PbCl6 in a unit cell belonging to space group 
No. 167 most of the atomic positions should be fixed by symmetry and only 
four parameters have to be determined.6

Patterson projections on the plane (1210) were calculated for both 
Cs4PbCl6 and Cs4PbBr6 from Weissenberg diagrams taken about a twofold 
axis (crystal dimensions were about 75 ft). The results are shown in figs. 1 

and 2. The maxima at ( 0, are required by space group No. 167 if 6 Cs' 

are placed in the special positions “a” and 6 Pb in the special positions 
“/?” (see Ref. 6 p. 275). The remaining 18 Cs"-atoms are then likely to be 
in special positions “e”, and on this assumption the peaks marked Cs-Cs

International Tables for X-Ray Crystallography. Volume I. London 1952.
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b’ig. 1 and 2. Patterson projections on (1210) of Cs4PbCl6 (left) and Cs4PbBr6 (right). Contour 
lines have been drawn at the (relative) levels: 0 (broken line) 50, 100, 150, 200, 300, 350.

and Pb-Cs provide the only missing Cs-parameter: x = 0.37. Having fixed 
the PI)- and Cs-atoms we are able to determine the signs for most of the 
structure factors F(hOhl) of Cs4PbCl6, and an electron projection on (1210) 
was calculated. This is fairly well resolved (fig. 3). It is possible to locate 
the Cl-atoms with some certainty and thus to determine the still remaining 
three Cl-parameters. Structure factors calculated from the atomic parameters 
obtained in this way and from atomic scattering factors corrected for dis
persion effects (1) show a fair agreement with the observed ones. However, 
attempts to refine the structures either by trial and error or from difference 
synthesis of (?Obs._Pcaic. were not successful (even less so for Cs4PbBr6!). The 
differences between strong and weak reflections obtained experimentally are 
much less pronounced than indicated by the calculated structure factors. 
This might be due lo extinction, which is almost certain to be of importance 
in these crystals. Although no immediate absorption effects can be seen on 
the Weissenberg diagrams such ones may also be responsible for the lack of
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Fig. 3. Electron projection on (1210) of Cs4PbCl6. Contour lines have been drawn as in figs. 1 and 2.

agreement: The shape of the crystals did not even approximate to something 
having cylindrical symmetry. ( It would have been desirable to use much 
smaller crystals, but it was found very difficult to mount them along a body 
diagonal without using a micromanipulator).

However, the difference syntheses indicate that a better agreement be
tween observed and calculated structure factors presumably could be 
obtained by reducing the atomic scattering factors for the Cs"-atoms in one 
way or another. This means formally introduction of a special, anisotropic 
temperature factor for these atoms, and physically a small delocalization of 
them around the average positions. In fact, it is possible in this way to get 
a somewhat better agreement in certain regions, but, as will be understood 
from the above, our measured intensities do not seem accurate enough and 
the whole procedure has been left out here. It is interesting that considerations 
of this kind achieved a definite improvement in the case of the perovskite
like structures of CsPbXß (1).

Although a completely satisfactory solution of the problem has not been
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Table 3. Comparison of calculated and observed F-values for Cs4PbCl6

Indices 
hkl calc.

1 Fol>s. 1 Indices
hkl Feale. I 1 Fobs. J Indices 

hkl F1calc. I Fobs. I

006 — 180 118 70Î4 19 211 21
0012 220 182 708 80 112 214 102 104
0018 — 80 115 702 17 54 217 11
102Ô 74 108 704 88 65 2110 29
1014 12 7010 22 2113 4
108 91 87 7016 52 2116 60 79
102 58 65 8016 164 126 2119 1
104 66 52 80ÏÔ — 72 71 312 78 83
1010 64 71 804 170 160 315 — 66 58
1016 35 802 — 51 60 318 43 52
2016 104 180 808 126 123 3111 42
20ÏÔ 16 8014 — 25 3114 58
204 147 125 9012 39 3117 — 26
202 ... 2 906 42 65 3120 27 52
208 117 121 900 63 72 410 82 86
2011 3 906 18 413 61 52
2020 75 97 9012 78 86 416 44 45
30Î8 36 100Ï4 10 419 — 41
30Î2 142 166 1008 74 93 4112 55 63
306 — 53 58 1002 7 4115 29
300 208 132 1004 86 108 4118 37
306 79 71 10010 2 511 79 70
3012 172 186 110ÏÔ 76 514 73 63
3018 70 46 1104 172 123 517 — 64 13
402Ö 18 76 1102 -91 5110 38
40Î4 28 1 108 166 134 5113 44
408 7 1 97 120Ï2 36 5116 50 58
402 16 67 1206 16 5119 -28
404 72 82 1200 31 39 612 50 81
4010 53 44 1206 50 615 - 97 88
4016 35 12012 28 618 41 54
5016 104 110 1 6111 85 88
5010 28 6114 48
504 163 152 012 58 36 710 52 58
502 — 58 80 018 92 86 713 15
508 169 152 0114 11 716 40
5014 -63 60 0120 73 86 719 — 12
5020 134 97 110 54 63 7112 61 50
6018 — 26 113 90 65 7115 10
60Î2 129 125 : 116 82 71 811 28
606 - 54 50 119 — 80 65 814 72 81
600 179 177 1112 37 817 — 26
606 — 54 50 1115 66 63 8110 30
6012 130 126 1 118 51 8113 24
6018 28 1 1121 — 61 52 81 16 41 56
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Table 4. Comparison of calculated and observed F-values for Cs4PbBr6

Indices 
hkl F calc. 1 Fobs. 1 Indices 

hkl F calc. 1 Fobs. 1 Indices 
hkl Fcalc. J Foi,s. 1

006 — 251 126 40Î4 1 1 8016 219 184
0012 246 210 408 97 117 80ÏÔ — 120 93
0018 — 52 402 37 42 804 172 153
102Ö 106 130 404 62 82 802 — 10
10Ï4 — 22 33 4010 77 81 808 72 61
108 113 88 4016 12 20 8014 16
102 70 81 50Ï6 79 92 9012 10
104 22 50ÎÔ 20 32 906 76 100
1010 109 122 504 118 139 900 47
1016 10 42 502 — 46 55 906 36 19
1022 16 46 508 200 178 9012 101 91
20Ï6 126 161 5014 -49 83 100Ï4 4
20ÏÔ — 37 30 5020 201 169 1008 76 93
204 154 158 6018 — 9 20 1002 12
202 10 6012 129 127 1004 85 78
208 98 176 606 — 72 90 10010 — 1
2014 17 600 214 189 110ÎÔ — 63
2020 73 101 606 72 59 1104 172 107
30Ï8 25 6012 140 116 1102 - 98 3(j
3012 110 111 6018 25 1108 174 101
306 — 9 19 70Ï4 — 2 1 1014 — 74
300 179 188 708 115 118 120Ï2 17 49
306 — 78 55 702 — 73 1206 70
3012 197 251 704 127 85 1200 15 24
3018 — 98 72 7010 12 39 1206 54 35
402Ö 59 69 7016 61 33 12012 12 1 1

obtained, it seems unlikely that the atomic positions can be very wrong. 
They are listed in Table 5 and interatomic distances calculated on the basis 
of this in Table 6. The latter compare quite reasonably with values obtained 
from the structures of CsPbCh and CsPbBr3, and, as there, the Pb-atoms 
are surrounded by 6 halogen atoms, which form a nearly regular octahedron 
(symmetry: 43m). In the present structures the octahedron is compressed 
along a trigonal axis—viz. the one parallel to the c-axis of the crystals—so 
that the symmetry becomes 3 m only. The XPbX-angle, where the two 
X-atoms have the same z-coordinate, is also given in Table 6.

From what has been said above, it is clear that these results must be 
taken with a certain reservation, and the uncertainty as to the obtained 
interatomic distances may easily be 0.10 Å, thus making the deviation of 
these angles from 90° illusory.

Six X-atoms belonging to two different PbXß-octahedra form trigonal 
prisms (symmetry 32/n) with the Cs'-atoms as centres, the Cs'-X distances
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'Fable 5. Atomic positions in Cs4PbX6

(0, 0, 0);

6 Pb in 3: (0,0,0);

/ t \6 Cs' in 32: 10, 0, -

/18 Cs" in 2: x, 0, -

/I 2 2\ /2 1 1\
(3’3’3/ (3’3’3/

For Cs4PbCl6 x = 0.370 and for Cs4PbBr6 x = 0.372

36 X in 1 : (x,y,z); (ÿ,x-y,z); (y-x,x,z); (y,x,-+zV fx,x-y,| + z1; (y-x,y,^+zj:
+ inverse positions.
For CI in Cs4PbCla: x = 0.040 y = 0.164 z = 0.095
For Br in Cs4PbBra: x — 0.035 y = 0.170 z = 0.099

'Fable 6. Interatomic distances between nearest neighbours in Cs4PbX6

Distance
(frequency)

From this 
study

From
Pauling’s 
ionic radii

From
Goldschmidt’s 

ionic radii
From CsPbX3 

in Ref. 1.

Pb-Cl (6)...................... 2.93 A 3.02 A 3.13 A 2.86 A
Cs'-Cl (6)...................... 3.57 - 3.50 - 3.48 - (3.68)-
Cs"-Cl (2)....................... 3.59 -
Cs"-Cl (2)...................... 3.85 -
Cs"-Cl (2)...................... 3.43 -
Cs"-Cl (2)...................... 3.43
Cl-Cl.............................. L01—4.28 A
<X CIPbCl...................... 93.6°

Pb-Br (6)...................... 3.12 A 3.16 A 3.28 A 2.99 A
Cs'-Br (6)...................... 3.69 - 3.6 1 - 3.63 - (3.85)-
Cs"-Br (2).................... 3.67 -
Cs"-Br (2) .................... 3.93 -
Cs"-Br (2).................... 3.65 -
Cs"-Br (2).................... 3.60 -
Br-Br............................ 4.31-4.52 A
< BrPbBr.................... 92.8°

not being very different from the values expected from ionic radii.7-The 
remaining 18 Cs"-atoms in positions of rather low symmetry are each

Landoi.t-Börnstein. I. Band, 4. Teil, p. 523. Springer Verlag 1955.
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surrounded by 8 X-atoms, 2x3 from two PbX6-octahedra and 2x1 from 
two others, but here the Cs"-X-distances vary considerably, and it is con
ceivable that a disordered structure may result.

The crystals of Cs4PbX6 thus contain isolated PbX6 -octahedra linked 
together by the positive Cs+-ions.

Discussion

Apart from the supposition about disorder our conclusions concerning 
the structures of the Cs4PbXö-compounds are in complete agreement with 
the findings of G. Bergeriiof and 0. Schmitz-Dumont in the isomorphous 
K4CdCl6-crystals. This again illustrates the similarity between divalent Pb++ 
and Cd++ previously demonstrated in the case of the CsPbh and MeCdClg 
compounds.8 It is interesting that the compounds Cs4PbX6 with isolated 
PbX6-octahedra are precipitated from concentrated solutions of CsX, 
whereas from less concentrated solutions crystals arc obtained in which 
such octahedra share X-atoms, e. g. in the perovskite-like structures of 
CsPbXg, or in the one-dimensional polynuclear complex ion (PbI3_)M in 
CsPblg (8). It thus seems likely that the concentrated solutions mainly 
contain isolated highly symmetrical PbX6 -ions, while in less concen
trated ones bi-, tri------- or polynuclear complex ions built up from such
units may be prevailing. This may add to our understanding of the problem 
why in concentrated salt solutions the behaviour of some electrolytes ap
proaches to that of electrolytes in extremely dilute solutions.
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Synopsis
The Schrödinger eigenvalue problem is treated by a matrix method. A proce

dure for obtaining eigenvalues is developed for the following rather general cases: 
1) I = 0, and the potential function is assumed to be integrable in the Lebesgue 
sense over a finite interval (0, L), vanishing elsewhere; 2) I 0, and the potential 

a bis assumed to be of the form — — + Vo (r), Vo (r) possessing a power-series expansion 
w'ithin the interval (0, L) and vanishing elsewhere (this expansion will not, how
ever, be needed in the calculations). The eigenvalues appear as roots of a rapidly 
converging power series. The eigenfunctions are expressed directly in terms of 
the functions obtained in the process of forming the above power series.
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1. Introduction

In the present paper we are going to consider the Schrödinger eigen
value problem

d2R 2 d_R 
dr2 + r dr R + lt(A-V(r))fi = 0

l?(0) < oo and Jf(r)-*O,  as r->oo
(1.1)

in the following two—fairly general—cases:

CASE I: 1=0, and the potential V(r) differs from zero only within a 
finite interval [0, L]. Besides that, we only assume that V(r) is integrable 
in the Lebesgue sense over the interval [0, L]. By doing this we believe 
to have included all potential functions of practical interest with the sole 
restriction that the possible singularities of the potential function for some 
r'e [0, L] must be of the order (r-r')~a, where a<l.

CASE II: 1=^0, and the potential is of the form

V(r)-^-;-V0(r), (1.1a)

where necessarily (more precisely: [/(21 + l)2 + 4 ka must not be an 
integer). Furthermore, Vo (r) is assumed to be different from zero only 
within the interval [0, L], possessing there an absolutely convergent power
series expansion. This expansion will not, however, be needed in the cal
culations.

The basic idea of our considerations is the following: we throw the 
differential equation (1.1) into the matrix form 

1*
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and are thus led to consider a matrix differential equation of the first order, 
to which many useful mathematical relations apply.

Let us write (1.2) more briefly as

(1.2 a)

where z and B(r) are clear from (1.2).

In CASE I it is easy to find a matrix Z)(r) such that the transformation 
z = Dy[ leads to a matrix differential equation

^-A(r)n = 0 (1.2b)
ar

in which the elements of B(r) are functions integrable in the Lebesgue 
sense over the interval [0, L]. If we now require that ^(0) = t]q, then the 
unique solution of (1.2 b) will be the well-known matrix series

= ( / + Î Ac/r + ( Ad/q îidr2+ . . . Uo = -^ (A) (1.3)
\ «'O <0 l'o /

where I denotes the unit matrix. The matrix ï2q(A) is usually called a matri- 
zant. The properties of the matrizant will be discussed in section 2.

The conditions which were imposed upon B(r) are now written into 
matrix form, and finally—as will be shown in section 2—the formula

RMII (1.4)

for the eigenvalues is obtained.
As we see from (1.4), the matrizant (A) is the core of our eigenvalue 

problem.
The forming of -Qq(A) is possible, but highly unpractical to carry out 

by means of the definition (1.3). In section 3 a procedure is developed 
which, avoiding the direct use of (1.3), gives the matrizant -Qq(A) as a 
power series in Â. This procedure is very little sensitive to the form of the 
potential function; only the above-mentioned Lebesgue integrability is 
needed to assure the convergence of the series obtained. The procedure 
is particularly well suited for handling eigenvalue problems where the 
potential is given in tabular form. The left-hand side of (1.4) becomes an 
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infinite convergent power series in |/Â'| z| whose real zero points—when such 
points exist—are the discrete eigenvalues of our problem. As an application, 
the case of a square well is considered in section 3.

In CASE II, where I # 0 and where the potential function is of the form 
(1.1a), it is impossible to find a matrix D(r) such that the transformation 
z = leads from the differential equation (1.2a) to a differential equa
tion (1.2b) in which the elements of A(r) are functions integrable in the 
Lebesgue sense. The simplest form which one may obtain from (1.2 a) in 
this manner turns out to be

(1-5) 

where C is a constant matrix and where G(r) has the same properties as 
A(r) in (1.2 a). As is well known, the matrizant (1.3) does not exist for

Cthe matrix — 4- G (r). It is possible, however, to obtain—by application of 

well-known theorems from the matrix calculus—a matrizant-like solution 
of (1.5), as is shown in section 5. Also a procedure of giving this modified 
matrizant as a power series in À is developed there.

The eigenvalue equation for CASE II is derived in section 4. The formula 
obtained is very similar to the formula (1.4). It contains, besides the modified 
matrizant, Whittaker functions. The eigenvalue problem of CASE II is 
somewhat more complicated than that of CASE I. There is, however, no 
essential difference in the handling of the two cases.

In both the above cases the functions we obtain when forming the matri
zant yield the eigenfunctions without further calculations.

2. Case I

We shall consider the eigenvalue problem 

7?(0) <oo and 7?(r)->(), as r->oo
(2.1)

arising from (1.1) when we put I = 0. Here |Â| denotes the absolute value 
of the negative eigenvalue A. The potential function V(r) has the properties 
given on page 3.
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The substitution

Ä- —
r

brings (2.1) into the form

^-i(|A| + V(r))»-0

iv (r) = 0 (rr), v> 1, as r->0, and u?(r)->0, as r->oo.

(2-2)

(2.3)

We now throw the eigenvalue problem (2.3) into matrix form as follows:

(2.4)

where C\ is a real constant. At r = 0, the above is a necessary condition 
for iv (r) = 0 ( rv), v > 1. It is, however, also sufficient, as will be seen later 
(cf. (2.15)).

The differential equation in (2.4) is of the form

where, in our case,

0 7<(|Z| + Vo(r))

and A = I
\ 1 0

(2.5)

If it is required that z (0) = z0 (= const.), the unique solution of (2.5) will 
be, according to what was said in section 1, the series

where J is the unit matrix.
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For our present purpose we mention the following facts about the matri- 
zant (1):

Let the elements Ay(r) of A be functions integrable in the Lebesgue 
sense in the finite interval [0, L]. Then

1° the series (2.6) converges absolutely and uniformly in [0, L],
2° the inverse of £?□ (A) exists for every re[Q,L],
3° ß£(A + ß) = ßJ(A)£J{ [£>; (A)]'1 BS'e (A)},
4° for a constant matrix A we shall have (A) = exp (Ar),

5° det Ûq (A) = exp Tr Ad r
\«'o

We now return to the eigenvalue problem (2.4). Let us write

4 JO À(|Â|+V(r))
1 \1 0

Jo Â’|Â|\
"Ai « ;

ivj (r) for re [0, L]

lvii(r) f°r re IX» °°L

Then, according to what was said above,

w (r) =

and

dr I
. / = (^zz) zii > (2.8)

where zn is a constant vector. Since An is a constant matrix, we have 
(according to the property 4° of the matrizant)

(Azz) = exP
0 A'|A|

1 0
r (2-9)

This may be rewritten by the aid of the Sylvester expansion as follows :
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(2.9a)exp

where

i rp
(2.10)

1

and
1

(2.11)
1

1

Since we require in (2.4) that

0
as r -> oo,

.()/’

(2-12)-zz -

(2.8a)

equal atbecome
r

(Ar)

Since and C2#0, we must have

(2.14)

21 =

It is now required that the vectors
= L:

1
2S2 =

1 + exp(-| Â |A| z-)S2,

the vector zn in (2.8) must be chosen that ^iZIT = 0, i. e.,

c^zz
dr

U7zz '

det ûf(A,)

(T1

C2 being a real constant. We then have

so
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This is the equation which must be satisfied by the discrete eigenvalues 
of the eigenvalue problem (2.1). The problem of determining the discrete 
part of the spectrum of (2.1) is thus reduced to the problem of forming the 
matrizant (Az). In general, the left-hand side of (2.14) will appear as 
an absolutely convergent power series in | k | A |.

The eigenfunction of (2.1), which belongs to the eigenvalue obtained 
from (2.14), will be, according to (2.2), (2.7) and (2.8a),

(2-15)

The factor x(|2J) is obtained from (2.13) and the constant CY determined 
from a normalizing condition. As is seen from (3.1c) below, R(r) behaves 
at the origin as was required in (2.1).

3. Procedures for Forming the Matrizant w

Because of the special form of Aj the matrizant (A7) may be formed 
rather easily (2) (3) :

{ û; (Az) ) n - 1 - k \ ( IAI + V (r4)) dr, \ dr2
Jo Jo

i‘r /»n /*r 2 ,»r3
+ k2 \ ( 121 + V (rq)) Aq \ dr2 \ ( | Â | + V (r3)) dr3 \ c?r4 + . . .

Jo Jo Jo Jo

-AUlAI+VCr,))*,
Jo

r*r  pr2
+ A2 \ ( IAI + V (r,)) dr, \ dr A ( | A | + V (r3)) dr3 + . . . . 

Jo Jo Jo
pr pn r»r2

{ (Ar) / 21 = r ~ \ ^ri \ ( I I + V (r2)) (^r2 \dr3+ . . . . 
Jo Jo Jo

(3.1a)

(3.1b)

(3.1c)

pr r»ri
{ ( Az) ) 22 = I - A \ dr4 \ ( | A | + V (r2)) dr2

Jo Jo
i*r  pr2 pr3

+ A2 \ dr A ( | A | + V (r2>) dr2 \ dr, \ ( | A | + V (r4)) dr4 + .. . .
Jo Jo Jo Jo

(3.1 d)
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It remains, however, to rearrange these into a power series in |Z|.
In the following we shall introduce a procedure which yields more 

directly the matrizant as a power series in Z. First, however, we write the 
potential function V(r) into the more convenient form

V(r) - +

Then we

(3-2)

0

ÅV0/Å

(3-3)

series in

Az =

where we introduce the dimensionless quantities z2 = /c|Z|L2 and Zq

By applying the property 3° of the matrizant we obtain

where — Vo = min V(r) and where u>(£) is a function integrable in the Lebesgue 

sense over the interval [0, 1] such that w
rewrite the matrix Az as follows:

The second term on the right-hand side now appears as a power
|Z|. The convergence of this series for all r£[0, L] and, as a matter of fact, 
the existence of such a power series, follow directly from the properties 
of the matrizant.

We see that the forming of the matrizant Qr0 (Az) will take place by the 
following four steps :

— Z2

1° The
2° The
3° The

4° The

forming 
forming 
forming

forming

of (A/o).
of [^(Ajr1.
of the matrix S = [ß£(A/o)] 1 AZo (A/o).
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Step 1°: The matrizant ßg (A/o) is formed most conveniently by means of 
the following relationship (4) :

r
LQr0

1 32
£-2X0W

0 / LfûuOûdf, û22(o I

with

fin(o =
n = 0

fi22(O-
71 = 0

f*£  (*̂ i  f*ê ‘2n-2 P&n-l

«2n = \h>(£i) dÇ3 . . . \w(£2w-i) d£2n_x\d£2n
Jo Jo Jo Jo Jo

f*£i  P&n-a d&n-l

«2« = \d^1\iv^2)d^2\ d%3. . . \d£2nAw(£2n)d£2n
Jo Jo Jo Jo Jo

(3.4)

(3-5)

Step 2°: The inversion of -Qq (A/o) is particularly easy to carry out:

Ï212\
\“21 *̂22/

[detP£(A/o)J 1

But according to the property 5° of the matrizant, since Tr AIo = 0, we have 
det ï2q (A/o) = 1.
Hence

(3-6)

Step 3°: Both /2q (AZo) and [£?q (A/o)] 1 converge absolutely for all re [0, L]. 
Consequently we may form the product
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which will also be an absolutely convergent series for all re [0, L]. By 
using (3.4), (3.5) and (3.6) we obtain

(3-7)

with

A, (3-8)

Step 4°: By using (3.7) we now obtain

OC

_i/i —1—0 in — 2 — 0

i 2

*0

(3.9)
= / + G2-^o)

* 0ii — 0

,>(4,)«^ IX

z i = 0

00

-L2

+ G2-^)2

+ (â2-a2)3

^2 (>2) ^^2
1 0

> V'

it = 0
oo

2 5

n2m(ty a2(q-m) ( <0

I in in — ]

n = 0

Î3

in — 0

ywfi) «A

(£'>a(fi)''fi)(£<î-m> (fi)'/fi

/•2 — 0 il — 0

A-2
• • • \^2(/n_j-i 

do

oc
------- 7

is = 0

is é<s2

X 8 v2i,(fi)</fi\A2<i,-i,>(f2)rff2\‘42<‘.~<.
,ii = 0 0 = 0 *-0  ’0 ’0

[^(A/o)l

m = 0
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The absolute convergence of the above series follows from the absolute 
convergence of the matrizant and of the series (3.7).

In practical applications one would use, instead of (3.9), an approximate 
expression consisting of a finite number of terms. The accuracy of the 
approximation is easy to control when the formula (3.9) is applied.

We shall now consider the simplest eigenvalue problem of CASE I, 
i. e. the square well, applying to it the formulae (3.4) and (3.9)1.

It is clear from these formulae that the treatment of a more general 
case would be essentially the same.

Now we have

Ar = Ar. + £2 (^2 - ^o)

from which it follows that

and

(3.11)

Hence

^“('k)rl(o o)ßS(‘4/,)~(-L2J2

We then obtain from (2.14), (3.9) and (3.11)

1 Actually the matrizant method yields the well-known transcendental equation

(3.10) 

for the discrete eigenvalues in the case of a square well. If we make use of the fact that A/ is 
now a constant matrix, we first obtain (3)

after which the above formula is easily derived from (2.14).
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1 -1 (A? - A2) + T - A2)2 - ~ (A? - A2)’ + ... 

14«-Â2>+ÎT0«-Â2>2-5ÏÏÏ0«-^+ "

Let us choose Aq = 4, in which case there will be only one discrete eigenvalue. 
Our formula gives A2 = 0.4102, and the exact formula (3.10) gives A2 = 
0.407118. The error thus amounts only to about 0.74 percent.

4. Case II

We now have f#0, n#0, and b # 0 in (1.1) and (1.2):

(4.1)
d2R 2 dR [jHA| + '('+12) + *a -b kV0 7? = 0
dr2 r dr r2 r

R(0)<oo and 7?(r)->0, as r->oo,

where |A| is again the absolute value of the negative discrete eigenvalue.

It is convenient to replace r by the dimensionless parameter s = -, a being 
a length suitable for the problem considered:

d2R 2 dR
ds2 s ds

R (0) < oo and 7?(s)->0, as s->oo,
(4-2)

where we have written

A = ko2 IAI, A = ka, G = kab, and (s) = ka2 Vo (as).

where9

(4-3)R = sp iv (s),

eigen-V) (s) 0, and for se

values is then obtained, as in section 2, from the condition that these solutions 

must be equal for s = —.
We substitute

We must again find the solution of (4.2) separately for se 0, —
(7

, where V1(s) = 0. The equation for the

where p = in (4.2) and find by a straightforward calculation
2
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= O+
1 O

(4.4)

O,and< OO as s-> oo.

s = o

of the formThe matrix differential equation (4.4) is

(4.5)0

with

and P =
0

, because the ele-

(4-6)-<Z>(s)

and postpone the determination of this form to the next section

It will be convenient to start from the equation (4.2). By substituting

(4-7)

P-i =

dz
ds

, as s —> oo.

1 0

(p-l \
The solution of (4.5) is not the matrizant £?qI—-—I-PI

p
ments of the matrix —^ + P are not all integrable over 0, — . We shall use 

s L o'.
temporarily the expression

1 * 
ds I

\ w

for se 0, —
u

(the matrix (s) is given there by (5.17)).

We now want to find a solution of (4.4) for s£|—, oe| (where V1(s) = 0) 
IT ’ O’ /such that

L
a
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we arrive at the Whittaker differential equation (7)

where k = —7=
2 I /A

The general solution of (4.8) is, according to ref. (7),

w(x) = hkWkm{x) + h2W_ktm{- x}, (4.9)
where

Wjt, m (æ) (4.10)

and where h1 and h2 are arbitrary constants. Since (æ)-> 0 but 
W_km (-x) -> 00, as x->oo, we must set h2 = 0. The solution of (4.2) is 
thus given by

/f(s)=^wt m(2|//ls). (4.11)

By making use of the identity (cf. ref. (7))

The solutions of (4.2) which are valid in the intervals DC

L
are given by (4.6) and (4.13) respectively. At the points = — they must become 
equal :
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The equation (4.15) is now the equation for the discrete eigenvalues 
of (4.1). The solution of the eigenvalue problem (4.3) is thus reduced—if 
we consider the Whittaker function (x) as a standard function—to the 

forming of the matrix a task which we shall undertake in the next
section.

The eigenfunction Rt (s) which corresponds to the eigenvalue A{ is 
obtained from (4.6), (4.11) and (4.15):

(0. I)

vvk,m

0\ „ „ 0,. C, for .se
• \ 1 / a

(A) Ci for se
L
(7

(4.16)

where the factor x (A^ is defined by (4.14). The constant is obtained from 
a normalizing condition.

5. The Solution of the Matrix Differential Equation
dX
ds

X= 0

An excellent account of the properties of matrix differential equations 
of the form

may be found in the book by Gantmacher (1> 
Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 4.
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The following theorem, a special case of a more general theorem by 
Gamtmacher (1), holds true:

Theorem: If (1°) the power series of

•s m = 0

is convergent for se 0, a and if (2°) no two eigenvalues of differ by

an integer, then the solution of the matrix differential equation

will be of the form

dX 
ds -P(s) X = () (5.1)

X = A (s) exp (P_! Ins) = A (s) sp_1, (5-2)

where the matrix function A(s) is regular at s = I) and where A(0) = I.
Our matrix differential equation (4.5) satisfied the conditions 1° and 

2° of the theorem. Indeed, according to what was said on page 3, the matrix 
P(s) may be expressed as a power series

iv

m = 0

absolutely convergent for se Furthermore, the eigenvalues of P_x

are zero and — 2(p+l) = — (2 I + l)2 +4 ak + 1 ], where, according to our
assumption about I and u, the eigenvalue -2(p+l) is not an integer.

Our problem is now to form A(s). This we could do (cf. refs. (1) and (6))
by forming and solving an infinite set of equations for the matrices An of

a (S) - y -v".
n = 0

But this would be nothing else than solving (4.1) by the power series sub-
stitution

oc
R (s) = sp ansn,

n = 0

a procedure which would not be very efficient. In the following we shall 
develop a procedure which is very similar to that employed in section 3.
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It will be convenient to replace the matrix X of (5.1 ) by the new unknown 
matrix Y defined as follows (1) :

y = TXT~l, (5.3)
where

2(p + l)

0 1

We then obtain from (4.4) the following differential equation for Y:

where

and

f) =
/“ 2(p + l)

-f + A-V^s?

~ß a =___
p 2(p+iy

(5-4)

(5.4 a)

According to the theorem on page 18 the solution of (5.4) will be of the form

Y = A (s) se, (5-5)

where A(s) is regular in . The substitution of (5.5) in (5.4) yields the

following equation for A(s):

1
~+-(AO-0A)-yA = 0. 
as s (5-6)

We substitute here, as Erougin does in a different connection (5)

A = s° C(s) s~e

and obtain the following differential equation for C(s):

(5-7)

(5.8)

where
2*
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Z? (s) = s~° y s9 =
ß [-ßz + A-V^s)] sa\ 

ra -ß I

a = 2 (p + 1 ) and ß

(5.9)

The equation (5.8) is satislied for st s0, s0>0, by the matrix series

(5.10)

where, in carrying ont (he integrations, we put constants of integration 
equal to zero in all terms. The uniform and absolute convergence of (5.10)

for se s0 L
a

s0 > 0, is easy to verify. Consequently

/i s \ /i * i Si \A(s) - Z + sö \ s“0 + sö \ BrfsA B(7s2 s"0 + .... (5.11)

is an absolutely and uniformly convergent series for st s0
L
o

. But the series

(5.11) converges in an arbitrary neighbourhood of the origin.
Indeed, if

??0 = max{/9, 1 - ß2 + A - (.$•), -ß, 1 )
we have

fs /' 1 sa\

/ 1 sa\
X/idsAsds^a^2? _a J

as is easily shown by induction. Here use has been made also of the fact 
that a > 2. Hence

(‘5 i,Si i*®"  /1 1
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The series (5.11) thus converses absolutely and uniformly for se 0, - ),
L - ^o/ 

()< /7o<OC)- H follows that the matrix series s® £} (B) s~® converges absolutely 
and uniformly and satisfies I he differential equation (5.4) in the whole

interval . Since (s) in (5.9) is an absolutely convergent power series

in s, it follows—as would be easy to show—that all terms of (5.11) have 
power series in s as elements. Besides, Ô(B)s~ -+I, as s-*0.  From the 
theorem on page 18 we conclude that

V = { s0 £> (B) } s° (5.12)

is a solution of (5.4) (we do not write Y = s° Ö (B) since we want om
solution to appear in the form suggested by the theorem). From (5.3) it 
follows that the general solution of (4.5) is given by

- = T-^yS0 f2(B)s~e}sB Tz0, (5.13)

where z0 is an arbitrary vector. From (4.3) and (5.13) it is then seen that

(5.14)

The vector r0 must be chosen so that the condition /?(()) <oo (cf. (4.2))
is fulfilled. Now

From (5.14) and (5.15) it is clear that we must set

(5.16)
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The ø(s)-matrix of (4.6), (4.14), (4.15), and (4.16) is thus

s
0(s) - sp~l

the matrix y having been defined in (5.4a).
The eigenvalue A is contained in y. In practical applications one prefers, 

however, to have the matrix 0(.s) in the form of a power series in A. In 
order to achieve this, we first rewrite y as follows:

where
7 ■= 7i + Ä 7s.

-/?2-Vi(^ /() 1
and =

\() 0

The differential equation (5.6) will then appear in the form

dA: +1 (A 0 - 0 A) - (y, + A /2) A - I).

We substitute
A = Ax D,

with
A^s^^y^s-6,

(5.IS)

(5.19)

in (5.18). As is seen at once, At is the solution of

ir+^(Ai0“eAi) ~yiAi_"
Ax(0)-7.

Remembering that the inverse of Aj exists for every se

we obtain the differential equation

(5.20)

(cf. ref. (6)),

^ + ^(£>S-0D)-A(Ayy2AL)D-<) (5.21)

for J). Since A(0) = A/0) = /, we require that 7)(0) = I. Before we are able 
to write down the solution of (5.21), we have to consider the matrix 
A^171A1 a little more closely. Instead of directly inverting the matrix A1; 
we may proceed as follows: It is easy to verify that A^1 satisfies the differ
ential equation
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J,y + - (Yd-OY) + Yyi = O (5.22)
as s

and furthermore, when we require T(0) = I, that

for se

Y = s0 ip ( - s 0 y 1 s0) s 0

where

(5.23)

(5-24)

_ a n fl _fl fl _ fl
(F standing for s yrs ). The matrix s ip (s yis )s is an absolutely 
and uniformly convergent power series in s, as is easy to show by a proce
dure practically identical with the one used in connection with (5.11). 
It follows that the matrix A A^1y2A1 is an absolutely and uniformly con
vergent power series in s. We conclude from this that the solution of (5.21) 
satisfying the condition 74(0) = 7 is given by the matrix

1) = s° Q { A s-Q [se ip ( - s~6 71 s°) s~e] y2 [s6 Ö (<0 71 s°) s~°] s° } s~°. (5.25)

Finally we obtain from (5.17), (5.19) and (5.25)

0(s) = sp j s° °y1s°)s ü (5.26)

s° Ö { A s~6 [se ip ( - s"0 71 s0) s"0] y2 [s° Q (s’0 s0) s“0] ,s° } <0,

which is clearly a power series in A. In (5.25) and (5.26) we have maintained 
the forms .s° 72 s-0 and s° ip s~® since they are matrices with power series in 
s as elements. Everything that was said in section 3 in connection with 
(3.3) will hold for (5.26).
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Synopsis
The angular distribution of scattered particles in Coulomb excitation is cal

culated for the case of electric quadrupole excitation and vanishing energy transfer; 
numerical values are given for a number of scattering angles and incident energies. 
Furthermore, an expression for the cross section at a deflection angle equal to 
zero is derived, valid also for finite energy transfer.

Printed in Denmark 
Bianco Lunos Bogtrykkeri A-S



I. Introduction

The detection of the inelastically scattered particles in Coulomb ex
citation has recently been used in the investigation of low-lying nuclear 
states.

This method has certain advantages over the one consisting in detection 
of the subsequently emitted gamma rays or conversion electrons. Par
ticularly, it is profitable in that it gives information about excitation energies 
and cross sections which does not depend on any knowledge of the decay 
scheme and the conversion coefficients.

On the other hand, determination of the cross sections by this method 
requires either measurements at several deflection angles of the scattered 
particle or knowledge of the theoretical angular distribution. This angular 
distribution is essentially independent of the nuclear structure and, when 
the multipole character of the excitation is given, is calculable from electro
dynamics alone. In fact, such calculations have been made by Alder and 

df(&, ri, £) 
Winther and the result expressed in terms of the function ---- —

(ref. 1, II B. 34), where -0 is the deflection angle of the scattered particle, 
and 7/ is defined by

ZiZ2e2
V = —i’ v1)n v

where Zi and Z2 are the charge numbers of the projectile and the nucleus, 
and v their relative velocity, ê is defined by

£ = (2) 

where the indices i and f refer to the initial and the final state respectively.
In the case of electric dipole excitation, an explicit expression for

*n terms hypergeo metric functions was found, but for the 

other excitation types calculations were only made in the limit of 77 -> 00, 
1*  
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where the motion of the projectile can be described by a classical path, and 
in the limit of -> 0, where the Born approximation applies. In the most 
important case, namely that of electric quadrupole excitation, the total 
/■-function (integrated over #) was also calculated for intermediate »/-values. 
It was found that the classical approximation was good to 5°/0 down to 
»/-values of the order 4. However, the angular distribution of de-excitation 
y-rays, expressed in terms of the «-coefficients (ref. 1, II C. 26), showed a 
considerable deviation from the classical limit, even for rather high values 
of n (ref. 1, fig. II. 8). Accordingly, it was thought to be questionable whether 
the classically calculated differential /’-functions could be used in the regions 
of energies and charges where the experiments are actually made, and a

• • r dffurther investigation ol - 
desirable.

for intermediate values of 77 was considered

In the present work, dfE2 = <>) has been calculated (by means

of an electronic computer) for ten different angles and six different values 
of 77. The ease of £ = 0 was chosen in order to simplify the calculations.

Besides, an exact expression for 
functions) is given.

h (in terms of hypergeometric

II. Numerical Calculations of the Angular Distribution

The calculations reported here were made from the non-relativistic 
expressions II B. 34 and II B. 45 of ref. 1 :

4 k k '
dfEi <<>. >i. o - ,-vi z i < h i 'Z“1 . *»>  i > i2 (3)

Z“ Z + L) fl

with

<kf\rp'- &p)\kt> = (4 Tty y ?/(-O7' exp (z^ + f^)
li If mi mf

x [(2 + l ) <2 /z+ 1 ) (2 A+ J )]4
/ h \ h A 

\0 0 0/ \nij- — niy /// Z;-, — Ml;

Z1Z2 e2Here, a is half the distance of closest approach, a =----------  (the reducedmQViVf
mass of the target nucleus and projectile being m0). The multipole order of 
the excitation is z, the expressions in the long brackets are the Clebsch-



Nr. 5 3

Table I

(Ue2 (&)
<KQ

A 0.5 1.0 1.5 2.0 4.0

0°................ ... 0.1580 (-3) 0.1267 (-4) 0.3425 (-4) 0.5857 (-4) 0.2065 (-3)
20°................ ... 0.3014 (-1) 0.6867 (-1) 0.9909 (-1) 0.1039 0.1027
40°................ ... 0.2781 (-1) 0.5826 (-1) 0.7614 (-1) 0.8455 (-1) 0.9059 (-1)
60°................ ... 0.2624 (-1) 0.5362 (-1) 0.6565 (-1) 0.7302 (-1) 0.7698 (-1)
80°................ ... 0.2553 (-1) 0.4972 (-1) 0.5985 (-1) 0.6527 (-1) 0.6890 (-1)

100°................ ... 0.2512 (-1) 0.4699 (-1) 0.5616 (-1) 0.5988 (-1) 0.6315 (-1)
120°................ ... 0.2475 (-1) 0.4531 (-1) 0.5342 (-1) 0.5800 (-1) 0.5965 (-1)
140°................ ... 0.2448 (-1) 0.4420 (-1) 0.5164 (-1) 0.5453 (-1) 0.5752 (-1)
160°................ ... 0.2432 (-1) 0.4344 (-1) 0.5043 (-1) 0.5321 (-1) 0.5603 (-1)
180°................ ... 0.2429 (-1) 0.4304 (-1) 0.4987 (-1) 0.5250 (-1) 0.5522 (-1)

Table II Table III

ïj = oo

(#)

0°  0.5585 (-1)
20°.................... ................ 0.2189 0°.................... .................. 1.676 (-1)
40°.................... ................ 0.2220 10°.................... .................. 1.385 (-1)
60°.................... ................ 0.2241 20°.................... .................. 1.178 (-1)
80°.................... ................ 0.2238 30°..................... .................. 1.027 (-1)

100°.................... ................ 0.2231 40°.................... .................. 0.916 (-1)
120°.................... ................ 0.2231 50°.................... .................. 0.832 (-1)
140°.................... ................ 0.2235 60°.................... .................. 0.768 (-1)
160°.................... ................ 0.2232 70°..................... .................. 0.719 (-1)
180°.................... ................ 0.2232 80°.................... .................. 0.680 (-1)

90°.................... .................. 0.650 (-1)
100°.................... .................. 0.627 (-1)
110°.................... .................. 0.608 (-1)
120°.................... .................. 0.593 (-1)
130°.................... .................. 0.582 (-1)
140°.................... .................. 0.573 (-1)
150°.................... .................. 0.566 (-1)
160°.................... .................. 0.562 (-1)
170°.................... .................. 0.559 (-1)
180°.................... .................. 0.558 (-1)
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Gordan coefficients in Wigner’s notation (see II A. 1 and II A. 6 of ref. 1), 
the Yem are the normalized spherical harmonics, the cr’s are the Coulomb 
phase shifts, ae = arg F (I + 1 + 17/), the M’s are the radial matrix elements 
for Coulomb excitation defined in ref. 1, II B. 46, and the wave vector of

•
the projectile is denoted by k.

If Â = 2 and £ = 0 (t^ = 7yy = 7;), and if furthermore the direction of ki 
is used for the z-axis, this expression may be written as

Here P™ (cos #) denotes the associate Legendre polynomials with the usual 
normalization.

The procedure of the calculation was to perform the summation for 
()</{< 64. The phases and matrix elements were evaluated by means of 
recursion formulae, and so were the Legendre polynomials. A fixed maximum 
value for /i was considered convenient for computational reasons, and 64 
was chosen to ensure a reasonable accuracy in the regions where experiments 
were made. The result of the calculations is shown in table 1 and fig. 1. 

dfC&, ri)For Tj -> 0 the value of — tends to zero. Table II shows the function

calculated in the same way. This function is a step 
z/->0

-2 d)7/ ----
lim
function, having a value for # = 0 equal to 1/i of its value for f) T 0 (see

? ) = OC , £)

below). For comparison, —------ ,7^-------- with £ = 0 calculated by Alder 

and Winther by the semi-classical method (ref. 1, table II) is shown in 
table III and fig. 1.
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III. Errors Involved in the Calculation

The errors involved in the present calculation are of two kinds: 1) the 
systematic errors introduced by stopping the summation at /max = 64; 2) the 
more accidental errors arising from the numerical methods employed.

The errors of the first kind behave quite differently for small and tor 
large deflection angles d. This is due to the fact that the signs of the Legendre 
polynomials P™ (cos $) are changed when / is increased by an amount of

approximately -. Thus, for d 7t the series are alternating apart from the

slowly varying phases of the M’s and the cr’s. The omitted rest is then smaller 
than the first omitted term, which, compared with the whole series, is ot 
the order of magnitude (^//max)2- A comparison between

df(d = 7t, T] = 4, £ = 0)
dQ

and
df(d = , £ = 0)

dti

seems to indicate that the actual error is even smaller.
For small deflection angles, the error may be estimated in another way. 

The expression
2 2 71

4 77^ „ /Â + 1 — f.1
e- (Z/rç + 7r/2) £ + + (8)

(ref. 1, II E. 83),
valid for » 1, shows that, owing to the exponential function in M, terms 

77 dfwith / > d contribute but a negligible amount to A break-oil of the sum- £ dL2
mation at /max > therefore has a minor influence on the cross sections.

Apart from the exponential, the M’s and the phases are smoothly varying 
functions of £ in the neighbourhood of zero. 'Phus, a calculation for £ = 0 
where the summation over I is stopped at a large I = /max, yields a result 
that does not differ very much from the cross section for £ = ^//max- 1 he 
effect of the break-off is then that the differential cross section for small 

angles calculated here corresponds to the case of £ = — rather than to that

of £ = 0. By comparison with the classical calculations for £ =1= 0 (cf. ref. 1, 
table II.8 and fig. II.7) one must thus expect to find that the result of the 

present calculation is much smaller than the true value of —for d < .
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The second kind of error arises from the numerical calculating pro
cedure. Since each step in the calculations was made with the relative error 
10-12, the accuracy of the result rests mainly on the numerical stability of 
the recurrence formulae used. The matrix elements M and the phase factors 
were calculated in a straightforward manner from the formulae, and it is 
easily seen that a relative error in the /th term leads to the same relative 
error in all subsequent terms, which means that no serious error is intro
duced in this way.

The error introduced by employment of the recurrence formula for the 
Legendre functions may be estimated as follows. Let the fractional error of 
the Legendre function at a certain step, n, be d„(.r), i. e., the exact value 
P™ (.r) is replaced by P™(x) (1 + Zln(.r)). This may also be written

P” (x) (1 + (X-)) - (x) (1 + J ' (x->) + <?“ (X) J« (X), (9)

where the and Zl^(.r) are chosen so that, when the fractional error
at the nearest preceding step is An_1(.x), one has

(1 + ^»-i(x)) - (1 +«x)) + or-i(æ)^(x)- (9a)

Here is an associated Legendre function of the second kind. As such
functions obey the same recursion relations as the P’s, the computed value 
at any later step, I, derived from n — 1 and n, is

P,”‘(x) (1 + zlj(x)) + Qf(x) J«(x), (10)

which indicates a fractional error

(11)

x (- 1

4 '

i)2m +1 j

This might lead to large errors at the points where Q”1 or Q™ tend towards 
infinity or P™ towards zero. Christoflel’s formula (ref. 5, 3.6 (26))
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Qp(x) = Qo(æ)^(æ)-Wp_i (æ) (12)

ØVp-! being a polynomial in .r) together with corresponding formulae for 
the associated functions, obtained by dilferendation of (12), shows, however, 
that the singularities of the Q’s play no part here.

As for the zeros of P™, the asymptotic formula for large I (ref. 5, 3.5 (5))

5

"'À

may be applied. The method of Tricomi 6) then leads to the expression

m 1

#° =
r~2~

— % + 0 (l~2) (14)

for these zeros (r integer).
The distance of the zeros from any of the points for which calculations 

are made is of the order of magnitude /_1, and, as the functions vary rapidly
. .near the zeros, the ratio — is at most of the order of magnitude I. For 

Pi
m = 0 it would still seem that (11) could give a relative error of the order 
of magnitude n-l(An~An_1) for n & I. However, the formula

Qn _Ql = V _J_
Pn Pl iPiPt-i

i = n+1

(11a)

shows that in this case the error is rather of the order of magnitude I (I - n) 
(^n ~ ^n-1)’

As regards the error in the final result caused by and Zln it must 
furthermore be remembered that the coefficients M etc. decrease with in
creasing I. In conclusion it may be stated that the errors introduced by the 
employment of the numerical methods are negligible compared with that 
which is committed by breaking off the summation at I = 64.
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IV. The Cross Section for Vanishing Deflection Angle
In the preceding section it was shown that the decrease for small d of
dfCfy') . . . . . pthe - obtained in this calculation is due to the introduction of a finite 

d L2
/max. As the expansion on associate Legendre polynomials is a Fourier 
analysis, this effect seems to indicate that the cross section (5) for £ = 0 as

Table IV

dfß 2 (# = 0)

V2  0.171 (-3)
1  0.328 (-5)
ip2  0.203 (-7)
2  0.143 (-9)
4  0.252 (-19)

a function of d is a step function at d = 0. This is supported by the fact 
that the classical cross section is a step function with the value 0 for d = 0 
when one defines it by the limiting procedure £ -> 0. Also in the Born-

approximation limit the function limp/-2— * z -1 turns out to be a 

step function. In this case, the summation in (6) is easily carried out for 
17 = 0, the result being just one fourth of the value for d =1= 0.

It would seem to be of little importance to calculate the true value of 
df^d,i],J 0) d = 0. However, it is possible to give a closed expression 

for this function, even in the regions of £ =1= 0, ?/ =1=0, where the cross section 
shows a smooth behaviour in the neighbourhood of d = 0.

Starting from the expression

<lfE2 - I < î,I r-3 Yz „ (8„. </>„) IV I2 rffi
a u

with
.. ik.r cos 0 ,\kt) = e 2 ' / ( 1 + ie ø (- z^, 1 ; zAy r (1 - cos ?7))

, « . Ikf r cos & r ,
I Ay > = e 2 ' / (1 - f^) e 0 ~ r (1 + cos ?7)) 

(15)

(16)

(0 being the confluent hypergeometric function (see ref. 5)), where the com
mon direction of Ay and Ay is chosen as z-axis (ref. 1, Il B, eqs. 34, 40, 41 ), 
one arrives, as sketched in the appendix, at the formula
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= Q> V’ f) 4 F 
di> ~ 53

[ 5 ti exp (- zrz/) 7’ ( 1 + i i] (1 - ô)) F ( 1 + zi? (1 + ô))

H+ï^Ur ,+<"'(1 2(izî(l-ô2))-l 
^(l-ô2)

r ( i _+2 ôj) r ( - z rj ( i +j5)) 
2 F(1 +zr/(l -ô))

x(^-2ô(l+ô)-1r2^((l -^/(l+ô))^^4-^

+ ( - 1 )* (1 + <5) (2 z z/ ( 1 + ô)) 1 (- ô) 2itJ x F\-2 ir], 1, 1 - z z? ( 1 + ô) ; j

+ ô(l +2 Z77)_1(l +d)_1F(l, 1 +zzy(l + <5), 2 + 2 û;; 2<5(1 +<5)_1)

(17)

where di + Vf

2 Y]
Vf-Vi
Vf + Vt

and the F’s are Gauss’ hypergeometric functions. To zeroth order in ô 
the result is

|/5?texp(-^)(F(1 + 2n?j (18)

This expression is at first indeterminate, but one may make it finite by 
multiplying y] by 1 + ze and letting e tend towards zero.

The results of the calculation of -—— from (18) are showndid
in table IV. The deviation of that table from the column with ft = 0 in table I

seems to reflect the

If the limit of //->() is used first, and then £->0, the

mentioned above.
Born

seems to be due to the errors in the calculation of the latter. In the limit 

of r/ -> 0 there is an ambiguity in the calculation of ?/~2

4 71 
procedure is reversed, the result becomes - —. This 22a 
ambiguity in the calculation of lim fi/-2 -

from (18). dL2
, . 16 71 ,result is ; it the 22o
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V. Concluding Remarks

Since the calculation of nuclear matrix elements of Coulomb excitation
from measurements of the scattered particles has hitherto been based on 
the classical calculations, which have been made for a number of £ values
between 0 and 4, the most important result of the present calculation seems 
to be the fact that it shows a very good agreement with the classical ones.

For = 4, the deviation dff^ - 4, f - 0)
from df(?l = °°,Ç = 0) is less

than 2% in the whole angular region where the present calculations 
valid (# > 20°). When is smaller, ? —— lies somewhere between 

are

the

value from the classical calculations and that from the Born approximation.
In fig. 1 the curves are tentatively continued into the region of small 

angles in the way suggested by the above discussion. The uncertainties which

still exist in the evaluation of the ~r
dL2 functions for small d are not very

dQ

serious, judging by the fact that this is a region where the sources of ex
perimental errors are very considerable, and at the same time a region 
which contributes but a negligible amount to the total cross section.

»i i i ! • „ d/X# = 0) ,Also the calculation of------—---- shows good agreement with the classical 

calculation. Furthermore it shows that for HO the cross sections must 
decrease considerably in the forward direction, even for rather small r/ 
values.

At present only one set of measurements of the angular dependence of 
the Coulomb cross section seems to be available. The experiment concerned 
was made by Elbek and Bockelman 2), who used 6-MeV protons on gold 
and detected the scattered particles from excitation of the levels at 545 and 
279 keV, at angles 60°, 95°, 110°, and 130° with the incident beam. In these 
cases r/ = 5.0 and £ = 0.25 and 0.12, and thus the classical theory is expected 
to be quite accurate. The experimental results certainly agree with the theory, 
but the test is not very critical owing to the rather large experimental un
certainties.

df (#)
Fig. 1. The calculated values of -----—— plotted as functions of &.dlJ
As a consequence of the finite number of angular momenta involved in the calculations, 

the latter are only valid for angles & > z-: (see section III). In the region of smaller angles the 64
curves are tentatively extrapolated (the dashed part of the lines) in a way suggested by the 
classical curve (77 = co) (also dashed) and the isotropy of the Born-approximation angular 

distribution (r] = 0).
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Appendix

The integration in the matrix element (15) may be performed in the 
following way: the ^-integration is first carried out, leading to 0 for m 4= 0 
and to 2 jt for m = 0. The wave functions are transformed by means of

0 (a, y, z) = exp (z) (y - a, y, — z) (A. 1)
(ref. 5, 6.3 (7)) and

0 (a, 1, z) = aø (a + 1, 2, z) — (a — 1 ) 0 (a, 2, z) (A. 2)

(ref. 5, 6.4 (4)),
and the y20-function is expressed as a Legendre polynomial P2(x) (x = cos$); 
the ^-integration then becomes

1 = “ I ~ 'X^(1 +

X [/?0 (/? + 1,2 ; - r (1 - .r)) - (ß - 1 ) 0 (/?, 2 ; - iky r( \ - .r))]

x [/?' 0 (/?' + 1,2 ; - iky r ( 1 + .t)) - (ß' - 1 ) 0 ( ß', 2 ; - iky r ( 1 + a?)) ]

(* +1 . , .
+ J dx 0 (ß, 1 ; — iky r ( 1 — ,r)) 0 (/? , 1 ; — z’Ay r ( 1 + .r)),

where ß = 1 + vr]t, ß' = 1 + iyf.
This integration may be carried out by means of the theorem

z/T1-1 (t — ii)yk ftø r 0 r(/) 0 •2 -"» du
( A. 4 ) /y + y-i

= rXÿ+y'') ^(ß’ß >y + y

which can be proved from ref. 7, 5.4 (9). Here 02 is a confluent hvper- 
geometric function of two variables, defined in 5.7 (21) of ref. 5. By means 
of the recursion formulae
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(A-5) 
and

y(y-l) ø2(y-l) = y(y-l) ø2+^æ02(y+l > ß+O+ß’y^O+i’ß'+l) (A-6)

the result may be transformed into 1 =

~^~y> 02 (/5+ 1, ß'+ 1,5, æi; z/x)

+ ß' ß + 1 > 5 ; æx, ÿx)

-|æi @2 (ß+i»ß'> 5;xx, ?7i)

+1 .Ti ø2 (^ + 1, ß', 4 ; x1, yß)

+ j I/i 02 (O' + 1 > 4 ; ay f/x),

(A-

where ay =^~ 2 zÅy r, z/x = -2zÅyr.
If a small imaginary number is added to Ay, the r-integration may be carried 
out by means of the Laplace integration formula

Çdl (ß,ß‘, y, xl, yt)
•’o
= r(a)p“aFx^a, ß, ß',y,Xp,

(ref. 7, 4.24 (4)),
where Fx is a hypergeometric function of two variables, defined in 5.7 (6) 
of ref. 5.

The result may be contracted considerably by the aid of the recursion 
formula on pp. 20—21 of ref. 8 and the fact that the variables in the Fx- 

function become x = and y = -----y-, obeying the relations x + y = 2,
ki + kf kt + kf

9

2
^i(O> /5',2;x, y)

x(ß~ i) = y (ß'~ O = iri

In this way we get

(A. 8)
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According to ref. 5, 5.11 (1),

G (y- 1)-(1 - (A. 9)

■2(.v-l)X

X

r(ß) X

whereas, according to the formulae 5.11 (2), 5.11 (10), 5.11 (11), and 
5.10 (2) of ref. 5, the function Fx (y = 2) may be expressed as

+yrr(^)2 ß~ß(-2r‘-ß-ß'-^-ß';^ 

rt^ n r<'-ß, ß', ff; |)>,

where F is the ordinary Gaussian hypergeometric function; here again, 
according to 2.8 (4) of ref. 5, FH - ß, ß', ß' ; ~ j = 11 -|j , and, to zeroth

order in F^-ß-ß', 1,2-ß';^ = 5’ 2,8 (50))’

This immediately leads to the expression (17)—(18).
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Synopsis
It is shown that the energy-momentum complex T-; introduced by Møller 

into the theory of general relativity is uniquely determined, when taken as a 
function of the metric tensor and its derivatives of the first and second orders, 
by two transformation requirements: 1) is an affine tensor density (of weight 
one) so that the total energy and momentum of a closed system are transformed 
as a vector in linear (affine) transformations, just like the energy and momentum 
of a free particle; 2) Tj is a scalar density in arbitrary spatial transformations so 
that the total energy in a volume of space is independent of the system of spatial 
coordinates used. Further it is shown that in empty space it is possible, in ac
cordance with the principle of equivalence, to introduce coordinates along a 
geodesic such that the gravitational energy-momentum complex vanishes along 
the geodesic.



1. Introduction

When Einstein introduced the law of conservation of energy and 
momentum into the theory of general relativity*  ’, several objections were 
raised against it. These arose from the fact that the energy-momentum com
ponents tk of the gravitational field did not form a tensor, whereas the com
ponents 7’f of matter did. It was, e. g., shown by Bauer that for an inertial 
system in which no matter was present, i. e. no gravitational field, the in
troduction of polar instead of Cartesian space coordinates into the metric 
of special relativity led to components different from zero. In particular, 
the total energy turned out to be infinite. Levi-Civita and Lorentz proposed 
an alternative expression for the energy-momentum components of the 

gravitational field, viz. the tensor - Gk, where G*  = Rk - - ôkR. This pro

posal was rejected by Einstein on the grounds that, since Tk + = 0

always and everywhere, according to the field equations, the total energy 
of a system is zero from the start, and therefore this law of conservation 
does not require the continued existence of the system. A material system 
can disintegrate into nothing without leaving any trace(2).

Finally Einstein*3’ showed that his formulation of the law of con
servation of energy and momentum led to an unambiguous and satisfactory 
definition of the total energy and momentum of a closed system, independent 
of the choice of coordinates inside a surface surrounding the system. How
ever, no unambiguous definition could be given of the energy or momentum 
of a part of a closed system. Therefore it was generally accepted that the 
localization of energy and momentum had no meaning in the theory of 
general relativity.

In recent papers, Møller*4,5’6’ has derived and discussed extensively 
a new energy-momentum complex in general relativity. (The term “com
plex” is used, as by Lorentz, to denote a quantity which is not trans
formed as a tensor in arbitrary space-time transformations.) In the first 
paper, “On the Localization of the Energy of a Physical System in the 

1*  
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General Theory of Relativity”, it was pointed out that the 44-component of 
Einstein’s energy-momentum complex was not transformed as a scalar 
density even in purely spatial transformations. It was therefore not suitable 
for defining an energy density. This was the reason for the above-mentioned 
absurd result derived by Bauer. Using the fact that the energy-momentum 
complex is not uniquely determined by the requirement that its ordinary 
divergence vanishes, Møller succeeded in deriving a complex T- having 
all the satisfactory features of Einstein’s energy-momentum complex, but 
such that T4 and T*  (x= 1, 2, 3) behaved like scalar and 3-vector densities, 
respectively, in arbitrary spatial transformations. With this new expression 
for T*,  the energy of a part of a closed system is invariant in spatial trans
formations.

As was shown by Møller*6, 7), CT*  can be derived from a variational 
principle, where the quantity to be varied is the curvature scalar density 
Si = [/ - g R. However, it is possible to define in the theory of general relativity, 
as in any generally covariant theory where the field equations can be derived 
from a variational principle, an infinite number of quantities which satisfy 
conservation Iaws(8). It is desirable to select among these a unique, physically 
significant quantity describing the energy and momentum of the field. The 
question of the uniqueness of Moller’s energy-momentum complex T-' has 
been considered by himself in another paper(5), where he shows that T*  
is determined uniquely by the following three conditions:

1) is an affine tensor density.
2) T4, T4 (x = 1, 2, 3) are scalar and 3-vector densities in arbitrary spatial 

transformations.
3) The superpotential from which T- is derived, depends on
first-order derivatives of the metric tensor up to the second degree, and docs 
not contain higher derivatives.

T*  may be separated into a matter part, j/ — g T*,  and a gravitational part, 
j/-gT*.  According to the principle of equivalence it should be possible to 
eliminate the gravitational field, and thus make vanish, at any point by 
a suitable choice of coordinate systems. Since depends on the second 
derivatives of the metric tensor, it will not vanish in all coordinate systems 
which are geodesic, i. e. in Avhich gik,i = 0. Møller has shown, however, 
that t*  can be made to vanish at any point where no matter is present, in 
a wide class of geodesic coordinate systems, viz. those which are “locally 
normal” al the point(6).

* A comma denotes partial and a semicolon covariant differentiation.
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The present paper falls into two main parts. The first part deals with 
the uniqueness of Moller’s energy-momentum complex. After considering 
conservation laws and the transformation properties of the energy-momentum 
complex we show that the complex T*,  satisfying a conservation law and 
depending on the metric tensor and its derivatives of the first and second 
orders, is uniquely determined by conditions 1) and 2) above, i. e. that CT*  
is an affine tensor density and T4, T*  are scalar and vector densities in 
spatial transformations. The restriction on the degree of the first-order 
derivatives of gik in can be dropped. Derivatives of gik higher than the 
second are excluded from T*,  and therefore derivatives higher than the first 
from få1, since the field equations themselves are restricted to the second 
order. It is also easily seen that it is impossible to form a quantity T**  such 
that T44 is a scalar density in spatial transformations.

In the second part it is shown that along a geodesic one can introduce 
coordinate systems such that, with no matter present, the gravitational energy
momentum complex vanishes along the geodesic. This is an extension of 
Moller’s result for a point where no matter is present. It shows that an 
observer falling freely in a gravitational field can introduce a system of 
coordinates such that the effects of the gravitational field are eliminated.

2. Conservation Laws and Transformation Properties

The conservation laws of energy and momentum are originally integral 
laws. For a closed system they state that a certain well-defined space integral 
over the system at a certain time, called its energy or momentum, remains 
constant in time :

T dx1 dx2 dx3 = 0. ( 1 )

For a part of a closed system the conservation laws state that the rate 
of decrease of, say, the energy in a space volume V at a certain time is 
equal to the flux of energy through the boundary surface S of V:

- ( T dx1 dx2dx2 - jj g» dSx. (■>)

It is, however, more convenient to have the conservation laws in differ
ential form. The differential conservation law equivalent to (2) is, by Gauss’ 
theorem,
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d T
d t + dxK

In special relativity the differential 
momentum are

= 0. (3)

conservation laws for energy and

; = 0, (4)

where Tk is the energy-momentum tensor of matter. The natural generali
zation of (4) in general relativity is obtained by equating the covariant 
divergence of the tensor 7*  to zero :

(5)

As is well known, this equation does not lead to integral conservation 
laws of the form (1) or (2), i. e., there is no conservation law for matter 
alone. Only an equation of the form (4) is equivalent to integral conservation 
laws. It is possible, however, to bring (5) into the required form by means 
of the field equations. One then obtains the conservation laws for matter 
and gravitational field in a differential form:

where

(6)

(7)

Here Tk is the energy-momentum tensor of matter, and tk refers to the 
gravitational field. Of course cTk, and therefore tk, are not uniquely deter
mined in this way, for a quantity with a vanishing divergence can be added 
to T*.  By means of the field equations the matter variables can be eliminated 
and Tf expressed solely in terms of the metric tensor and its derivatives. 
As noted in section 1, it is natural to exclude derivatives higher than the 
second from T*,  but there is still a wide choice of expressions for Tf, which 
it is desirable to restrict.

The principle of general relativity requires the validity of equation (6) 
in all systems of coordinates. This puts restrictions on the transformation 
properties of T*.  It is clear, e. g. from eq. (5), that cannot be a tensor 
density (of weight one) in arbitrary space-time transformations, but only 
in linear (affine) space-time transformations, i. e. it can be an affine ten-
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sor density. Further it can be shown that in arbitrary spatial transfor
mations, (xx), x'4 = x4, (t, x = 1, 2, 3), T4 and T*  can be scalar
and tensor densities, whereas T4 and T*  cannot be vector and tensor den
sities.

Turning now to lhe question of determining physically reasonable trans
formation properties of T|, we first consider the total energy and momentum 
of a closed system

(8)

It is natural to require that this is transformed like the energy and momentum 
of a free particle, i. e. as a vector, in linear transformations. This means 
that T*  must be an affine tensor density (of weight one).

Now consider the gravitational energy in a small, or infinitesimal, region. 
It is clear that this energy will depend on the coordinate system used. Ac
cording to the principle of equivalence it is possible to introduce a coordinate 
system in which the gravitational field vanishes. In such a system all the 
components of the gravitational energy-momentum complex, in particular 
the energy density, should vanish. The elimination of the gravitational field 
requires the introduction of an accelerated (freely falling) frame of reference, 
and hence the energy-momentum complex cannot be a tensor density in 
transformations to such a frame. The transformations involve time, but not 
linearly; so they are not affine. Thus it follows from the principle of equi
valence that T*  cannot be a tensor density in arbitrary space-time trans
formations, whereas it can be an affine tensor density.

Within a given frame of reference, an arbitrary change in the spatial 
coordinates only will not eliminate or affect the gravitational field. It is 
then natural to require that the gravitational energy in a spatial region be 
invariant in arbitrary spatial transformations x'4 = f4 (x*),  x'4 = x4, (t, x = 
1, 2, 3), which simply amount to a renaming of the points of reference 
(points with constant spatial coordinates) without any change of the rate or 
setting of the coordinate clocks. This is the case if behaves like a scalar 
density in such transformations. Further, if T4 is a 3-vector density, the 
integrals in (2) with T = *T 4 and = cT% are invariant in spatial trans
formations. In that case one may talk of conservation of energy in any 
region of space within a given frame of reference, regardless of the system 
of spatial coordinates used.

The situation is different as regards the momentum. T4, T*  cannot be 
vector and tensor densities in spatial transformations. Even if they were, 
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the corresponding integrals in equation (2) would not have simple trans
formation properties in such transformations (see reference 4, § 4).

Thus it is possible, within any given frame of reference, to give an 
unambiguous interpretation, i. e. one independent of the choice of spatial 
coordinates, of the conservation of the energy in any region of space, provided 
T4 and have the above-mentioned properties, but not of the conservation 
of the momentum.

On the basis of these considerations we may set up the following trans
formation requirements for T*,  consistent with eq. (6) being valid in all 
coordinate systems:

1) T*  must be an affine tensor density;
2) T4, T4 must be scalar and vector densities in spatial transformations

x/f = x'4 = x4, (t, x = 1, 2, 3).

Now, equation (6) is satisfied identically in all coordinate systems if one 
writes

where
(9)

(10)

With 7“* restricted to second derivatives, must be restricted to first- 
order derivatives of the metric tensor.

Then 7*  will have the required transformation properties if

1) /* z is an affine tensor density,
2) %4^, are vector and tensor densities in spatial transformations (x, z = 

1, 2, 3).

We shall now show that the superpotential få1 formed from the metric 
tensor and its first-order derivatives is uniquely determined by these trans
formation requirements. Hence 7"*  is uniquely determined by the corres
ponding r e quirem e nts.

3. Spatially Covariant Expressions Containing First-Order Derivatives 
of the Metric Tensor

Consider the problem of forming a rational integral function of the 
metric tensor and its first-order derivatives which is covariant in the spatial 
transformalion

x'z = f (xx), x'4 = x4, (t, x = 1, 2, 3). (11)
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'Phe transformation coefficients for (11) are

(12)

The first-order derivatives of the metric tensor can be written in terms 
of the Christoffel symbols of the second kind and the metric tensor as
follows :

gtj,k gimrjk + gimrik 1 (13)
___ nim pj _ jm pi

g ’ k g 1 mk g 1 mk • J

Any expression containing the first-order derivatives can therefore be written 
in terms of the Christoffel symbols ami the metric tensor. The problem is 
then to form a spatially covariant expression in terms of gik, gik and rkl.

For an arbitrary space-time transformation the transformation law for
4z is(9)

+ (14)

Thus rkl is not a tensor in general, because of the second term on the 
right-hand side. This term vanishes when the transformations are linear, 
i. e. Fkl is an affine tensor. For the spatial transformation (11) it is easily 
seen that the extra term vanishes if one of the indices i, k, I is equal to 4.
Therefore

^ = ^4 (15)

are tensors in spatial transformations. Any expression containing only these 
symbols (and the metric tensor) will be spatially covariant. This is not the 
case with a general expression in Fkl, but it is possible that some particular 
combination of rkl will be spatially covariant. For that to occur the extra 
non-tensor terms in the transformation law for the expression, arising from 
the extra term in (13), must somehow be cancelled. We shall now show 
that this is impossible.

Consider first an expression linear in rkl, e. g. with a term of the type

ngmngrs> (iß)

where z, Æ, Z + 4. The transformation law for this term is
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9yz ■
i " t

+ a{ a*,î
(17)

All the terms are symmetric in the same pairs ol’ indices, (k, I), (in, n) and 
(r, s'), and in no others. The only nontrivial way to cancel the extra term 
is to subtract a corresponding expression where the indices in which the term 
is symmetric are interchanged. Since all the terms of (17) are symmetric 
in the same pairs of indices, they would all be cancelled by such a sub
traction, and nothing would remain.

For an expression containing products of F^ the extra, non-tensor term 
in (14) would lead to several extra terms in the transformation law, similar 
to that in (17). Since, however, all the terms would be symmetric in the 
same pairs of indices, and in those only, it would be impossible to cancel 
the extra non-tensor terms without cancelling all the others as well.

The only way to obtain a covariant expression is to make the extra term 
in (14) vanish. For an arbitrary spatial transformation (11) this means that 
only the Christoffel symbols given in (15) can occur in the expression.

4. The Uniqueness of the Superpotential

The considerations in section 2 led to the following requirements for the 
transformation properties of the superpotential depending on the metric 
tensor and its first-order derivatives :

1) x™ must be an affine tensor density;
2) must be vector and tensor densities in arbitrary spatial trans

formations.

Since Xtl 2 is to be a density (of weight one), it can be written

(18) 

where X,1 is an affine tensor and A4 a vector in spatial transformations. 
Being an affine tensor, X™ must be a rational integral function of the metric 
tensor and its first-order derivatives.

In a spatially covariant expression for X%1 there can only be one upper 
and one lower index equal to 4 since X%1 is associated with an affine tensor 
of rank three, A"fz.

A spatially covariant expression for X%1, antisymmetric in 4 and I, must 
be formed of the following quantities, and these only:
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m > 9mn 9 94 n (19)

ni and n representing dummy indices, g'11 cannot occur since the expression 
is to be antisymmetric in 4 and /, and ô”, ô^, b™ would simply mean re
placing a dummy index by 4 or another dummy index.

It is not possible to form 1 from gilc, gik, bk alone, for a quantity formed 
from these would always have the same number of upper and lower indices. 
Every term must therefore have one or more Fkl. Terms of the third or a 
higher degree in rkl cannot occur as they would have three or more indices 
equal to 4. This excludes, according to section 3, terms of the third and 
higher degrees in the first-order derivatives. Terms of the second degree in 

cannot occur since it is impossible to form from a product of two 
the metric tensor, and the Kronecker symbol, a quantity with one more 
index on top than at bottom. This excludes terms of the second degree in 
the first-order derivatives. The only remaining possibility is to have terms 
linear in the rkl, i. e. terms of the first degree in the first-order derivatives.

To form the quantitv
X4,--A'‘4 (20)

from the quantities in (19) and so that it is linear in the Fkl, consider first 
the use of r^n with in, n dummy indices. Interchange of 4 and I in ac
cordance with (20) would give Flmn, which is not covariant. Hence the only 
P’s which can occur are F%m, F%m and F\m. This, however, excludes gAn, 
Ô4 and <5^ since there can be only one lower index equal to 4. The quantities 
left to form X%1 are then

rn.m, r}m, r\m, 9mn, 9mn, 9*n, gln. (21)

The possible positions for 4 and I as upper indices are given by

(22)

Matching the dummy indices ni, n, r, s in all possible ways, one finds three
expressions :

(23)

The last one is symmetric in 4 and / and therefore cannot occur in X%1.
From the other two one can form only one antisymmetric quantity

X441-a(71„/’»-r44ros,’“)> (24)

which is thus uniquely determined, apart from an arbitrary constant.
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It is clear that the quantity

_ / /U Jtm_ pHW4 — a 4m g 1 Am y ) (25)

is spatially covariant, as required.
Expressing the Christoffel symbols in terms of first-order derivatives of

the metric tensor, one finds

X44i = « (9An,m-9Am, (26)

The superpotential %kl is then given by

„,kl n\/ n ( F1 nkm FkXi (l K ~ 9 ( 1 im 9 ~ 1 im 9 ) (27 a)
or

Xi1 = fl j/-9 (.9 in, m - 9im, n) 9^ 9^- (27 b)

This is just the expression derived by Møllen, and it is thus seen to be 
uniquely determined by the two transformation properties given at the 
beginning of this section. It follows trom Moller s work that the constant 
a is given by

o = 1/x = c4/8 Tik, (28)

where k is the Newtonian gravitational constant.
It is now easily seen that it is impossible to form an energy-momentum 

complex Tik such that T44 is a scalar density in spatial transformations. To 
do so one would put where %ikl = —/î?fcand /44Z must be a vector
density in spatial transformations. To form this latter quantity one would
have to use

r4J mn > 9mn (29)

It is not possible to form it from gmn and gmn alone, nor from products of 
two since there must be three free upper indices. Products of three or 
more would give too many 4’s, so only a linear expression in P^ re
mains. Matching indices in

(30)

one finds the following expressions:

(31)

The index 4 in cannot be replaced by / in the process of forming
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^4U = -/44Z since rlmn is not spatially covariant. The expressions in (31) 
are symmetric in the remaining 4 and I so that an expression antisymmetric 
in 4 and / cannot be formed from them. Thus it is impossible to form the 
required quantity /44 .

5. The Energy-Momentum Complex of the Gravitational Field

The energy-momentum complex of matter and gravitational field, T*,  
can be expressed solely in terms of the metric tensor and its first- and second- 
order derivatives. By means of equations (9), (27) and (28) T*  may be 
written

or
’ I ~•> s'1”9'“ !, ■ (32 b)

T*  can be split up into a matter part, /- </ T*,  and a gravitational part, 
|/-gt*,  as in equation (7),

Tf = 1/^(7“?+ /*).  (7)

This is, however, rather artificial and arbitrary since T*  can be expressed 
in terms of the metric tensor and its derivatives alone, the matter variables 
being eliminated entirely from the expression. Further, and are not 
conserved separately in a general coordinate system ; only their sum is con
served. In general one has from (6), (7) and (5)

fc = ~(]/-gTï\ k = (33)

It is possible to introduce at any given point a geodesic coordinate system 
such that gik l = 0 and therefore also Fkl = 0 at the point. As was first shown 
by Fermi, it is also possible, for any open curve in space-time, to introduce 
coordinate systems such that gikti = 0 at every point of the curve. At points 
where t = 0, it is reasonable to talk of a matter part and a gravitational 
part of T? since these are conserved separately at such points, i. e.

Møller has shown<6) that t\ can be written

(34)
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(35)

where
„îfc / rl k rk<„lm +nlmrn \ rm rk nlnxti^Uil) -Uil) ~1il\9,m + 9 1mn) Jin1lm9 (36)

with
(^)’m = (^),nf/nW (37)

At the origin of a geodesic coordinate system, (36) is reduced to

(38)

By means of (37) and the relation

pi _ ,,ir I1
1 kl ~ 9 1 r, kl (39)

(38) may be written

(40)

Since this expression depends on second-order derivatives of the metric
tensor, t*  will in general not vanish at the origin of a geodesic system of 
coordinates.

According to the principle of equivalence it should be possible, however, 
to eliminate the effects of the gravitational field at a point by a suitable 
choice of coordinates. Møller has shown(6) that where no matter is present, 
i. e. where R = 0, does vanish at the origin in a large class of geodesic 
coordinate systems, the so-called normal or Riemannian systems. The 
physical significance of normal coordinates has also been discussed by other 
authors, who point out their correspondence to Minkowskian coordinates 
of special relativity(10).

Møller suggested that it would be possible to introduce coordinates 
along a geodesic such that = 0 along it, i. e. = 0 where no matter is 
present. This is physically reasonable, for it means that an observer falling 
freely in a gravitational field can introduce coordinates such that the effects 
of the gravitational field are approximately eliminated in his neighbourhood. 
It actually turns out to be possible.

In the appendix it is shown that for a geodesic in Riemannian space, V4, 
there exist coordinate systems such that for every point of the geodesic

= 0, i, k, / = 1, 2, 3, 4,

s (rh). M A x) - o, X, Â, /z - 1,2,3.

(41)

(42)
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The coordinates are called Fermi coordinates for a geodesic. The spatial 
coordinates x1, x2, x3 are just Riemannian or normal coordinates in the 
hvpcrsurface orthogonal to the geodesic since (see A16)

3 s (0, „ - (rti xA),„ + (O, ^). a+(O, a;i), « - ». (si)
(x2/z)

Putting i = i, one has

(-G, xâ), /z + €G, /zx), Â + å/j), x = 0 •

= ^ = 1,2,3, (43)

where is a vector at the geodesic in this surface and z is the arc length 
along a geodesic in the surface whose direction is specified by Z^. The fourth 
coordinate x4 is proportional to the arc length along the geodesic. For a 
time-like geodesic it can be taken as c times the proper time. This coordinate 
system is clearly time-orthogonal, and with the above choice of the fourth 
coordinate one finds that g4A = — 1. Thus

<74/1 = 0> <744 =- 1 (44)

so that the metric is
ds2-yftrdx>‘dx>’-(d.TA)2. (45)

The Fermi coordinates are a special case of geodesic coordinates. From 
(41) it is seen that

<7^ = °’ ^ = 0. (46)

Equation (40) therefore holds in this system of coordinates. Since (41) and 
(46) hold at every point of the geodesic, it follows that

(^ll)«4 = (^i, w)’4 = 0» 9ik, l,4 = 9™, 4 = (4?)

From the condition (42), satisfied by Fermi coordinates, it follows that

because x4 is proportional to the arc length along the geodesic. From (44) 
one has

g4fl = 0 and g44 = - 1. (48)

Using (44), (47) and (48), one finds from (40) that

/4 = ;x = 14 = 0
'4 — ‘4 u (49)

and
xir-[(/;,lÂ),M-(ra,1Â>.J/'‘?’- (50)

(52)
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From (41) it is seen that
(53) 

Equations (53) and (52) are the very equations satisfied by Riemannian 
coordinates in 3-spaee. From these it can be shown (see reference 6, ap
pendix B) that

t, xâ), /Z = xâ), ( ' ('^4)

Hence, from (50) and (54) one has

/r = o.

Thus all the components of the complex t*  vanish along the geodesic.
Where R = 0, i. e. where no matter is present, or only an electromagnetic 

field, it is therefore possible to introduce along a geodesic coordinates such 
that the energy-momentum complex of the gravitational field vanishes on 
the geodesic.
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Appendix

In this appendix it will be shown that for a geodesic in an affinely con
nected space An it is possible to introduce coordinate systems such that

= o

3 s /z a +rln, x = ° >
(xA/O

etc.

(A 1)

at every point of the curve. A complete proof for a general curve in A tv h as 
been given by Schouten(11). The present proof is a simplified version of 
his. Of course the results hold a fortiori for a Riemannian space VN.

Let the equation of the geodesic be given by

(‘-f'O), $ = ?(»)■ (A 2)

Consider the hypersurface orthogonal to the geodesic at the point Po 
with coordinates . For a neighbouring point Qo in this surface, with co
ordinates , there is a unique geodesic passing through Po and ()0. Its direc
tion at Po is given by the vector

(A3)

where z is an affine parameter on the geodesic. In a Riemannian space, 
z can always be taken as the arc length along the (non-null) geodesic.

The equation of the geodesic through Po and Qo is

df
dz2 + kl dz dz = 0. (A4)

One may expand the coordinates g1 of Qo in a series as follows, putting 
z = 0 at Po :
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/rf2£\ 2
\^2/o

Differentiation of (A4) gives

where

d3g 
hz*

d£k dg dg71 
dz dz dz

{ dg1 dg dgn 
Iklmlz hz dz ’

I kim ~ *$  W kl)
(kim)

S is a symmetrizing operator defined by

T ^mkl T Imk + mlk + ^kml + Plkm) •

(A5)

(A6)

(A7)

(A8)

In general, S is the sum of all p\
(nin2.. ,nP)

permutations of zi1n2. . divided by pi.
Then one finds that

quantities Pni7ll_nil with all

where

'l’he coordinates g of any point Qo in the neighbourhood of the geodesic 
can then, by (A5), (A9) and (A3), be expressed by the equation

(AH)

For every point Qo there is one vector orthogonal to the geodesic. If one 
makes a parallel displacement along the geodesic from Po to a general 
point P, with coordinates g = fl (/), the vectors /q at Po go over into vectors 
ll al P orthogonal to the geodesic. The vector ll will depend on the parameter 
I of the geodesic and the parameters specifying the vector tg To every
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neighbouring point Q in the orthogonal hypersurface at P corresponds one 
vector giving the direction at of the geodesic from P to Q. The coordinates 

of the point Q can then be expressed by an equation corresponding to 
(All):

= f (/) + p z

-4, 1'1,mn {f‘(t)} /O'

(A 12)

Now at Po introduce A’ linearly independent vectors ■ ■ ■ ■,such
that is tangential to the geodesic and /z = 1,2, . N- 1 are orthogonal 
to it. The vectors span the orthogonal hypersurface at Po so that the vectors 
tl0 can be expressed in terms of them :

= // = 1,2, . . ,,AT- 1. (A 13)

The will depend on the parameters specifying the vector tl0. If one makes 
a parallel displacement along the geodesic from Po to P, the vectors e^, c’y 
go over into N linearly independent vectors e^, elN such that eN is tangential 
to the geodesic and the orthogonal to it. Thus the span the orthogonal 
hypersurface at P, and the u can be expressed in terms of them :

(A 14)

Unlike the vectors e^, the t/l are independent of t, depending only on the 
parameters specifying the original tlQ. This is due to the fact that the covariant 
derivatives of tl and vanish along the curve.

The coordinates of a point in the neighbourhood of the geodesic may 
then be expressed by the equation

- f (/)+4 (/) - ± r',{t} ? r $ (i) <■;,(/)

- 3-? rL 10 =31" f ‘s i (0 4 (0 4 (0

- Is 1° 4 (0 4 (0 «’s O 4(')----------

(A 15)

The F can thus be given in terms of the iV independent variables ztP, t.
The are known functions of t, depending on the initial choice of e®1. Along 
the curve the are functions of t only.
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Introducing a new coordinate system, defined by

(A 10)

we shall now show that the basis vectors of this system on the geodesic, 
i. e. the vectors along the coordinate curves or parametric lines, are the very 
vectors e^, ezN already delined at every point of the curve. The coordinate 
system (//) is then defined at every point of the geodesic.

Substituting from (A 10) in (A 15), one has

c - r <d)+</" 4 d «/' >ir od 4 ( ,,x )

~ 3 , di- rf $ (>,'v) <■' ('?') d (d

4! di».»{'"}>/'>?■ 4{'Is)4C's)$(Cv)4{'Is)-■■■■

(A 17)

the new coordinate system isThe equation of the geodesic in

(AIS)

(A 1 9)

(A 20)

,« = 1, 2, . ., A'- 1 .

fhe kth basis vector of the new

ordinate curve rf = const., i 4= b,

the kth cosystem, i. e. the vector along

is -yr- , in the old coordinate system since drf J

which was to be shown.
Equation (A 17) expresses the general coordinates <5*  in terms of the 

particular coordinates 7]k. 'This equation holds for any coordinates in 
d?/ .

particular for = ?■/. In that case one has ek = ^~k = ôk so that equation 
(A 17) becomes

- 3, d’» < } »/*  -1?1 k«" < ‘iN ! ri" ’/’■ 'i- - ■ ■

d£ = , dvr. On the geodesic one finds trom (A17)
drf
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Differentiating this equation with respect to (r^, rf), (if1, r/v, rf), (if1, if, if, if), 
etc., and putting ?/*  = (), one finds that on the geodesic

0,
n,r, {^ } - 0 

ni f N V 
1 /IVQfi \ 'I J

etc.

(A21)

Along the curve = f (/) 
(k = /z, N is not a vector 
definition, i. e.

the covariant derivatives of the vectors ek vanish 
index, but a label for the different vectors), by

(A 22)

or, by equation (A 1 9),

In the coordinate system (rf) one has Therefore, in that system
(A 23) shows that on the curve

(A 24)

Now,

(A 25)

and
(A 26)rr r*  1 = s = s r1‘ /LtvQfJ ° L fWQ, a /«r oarJ ftvQ, o 1 /iv, o, a-

(flVQG) " (flVQO) (flVQG)

since 7^ = 0, one has

From (A21) and (A24) (A26) it is then found that

7^ = 0 i, k, 1=1,2,. .,N

$ rliv,Q = ^ fi, v,. . = 1,2,. . .,N-1 
(fli’Q'l
s = o° J fiv, Q, <7 V ’

ptp

(A27)

at all points of the curve. The coordinates for which the equations (A27) 
hold are called Fermi coordinates by Schouten, for Fermi was the first to 
show that coordinates can be chosen along any curve in Riemannian space 
Vrv so that 7^z = 9 at every point of the curve.
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Preface

The material described and discussed in the present paper was collected 
in the Ze mm our region of northern Mauritania, partly by Dr. 
J. Sougy of the Direction Fédérale des Mines et de la Géologie de 

l’Afrique Occidentale Française, partly by J. Borocco and R. Nys- 
sen. At the request of I)r. Sougy the writer undertook the examination 
of the material, and the results are presented in the following pages. Geological 
information and several photographs were placed at the writer’s disposal; 
thanks for this aid are expressed. The figures in the plates are photographs 
partly furnished by Dr. Sougy, partly taken by the writer. Several prints 
were made with great care and ability by Mr. C. Halkier.

NOTES ON THE GEOLOGY OF THE
ZEMMOUR REGION

The fossils, almost exclusively brachiopods, originate from Aghachan 
el Akhdhar and Gara Bouya Ali, marked on the map (fig. 1) as 1 and 
2, respectively, and the geological position of these occurrences appears 
partly from the map (fig. 1 ), partly from the stratigraphic table (p. 5), 
made by Dr. Sougy and kindly placed at the writer’s disposal.

In addition to the geological map and the stratigraphic table Dr. Sougy 
has kindly sent the following brief information concerning the series of 
strata :

“La Série d’El Thlethyate a livré des Stromatolithes et la Série de Garat 
el Hamoueïd des empreintes indéterminables de Camarotoechiidae. Deux 
niveaux de la Série de l’Oumat el Ham sensu stricto ont livré des empreint 
de Brachiopodes Inarticulés: les Argiles vertes micacées d’Aghachan el 
Akhdhar (niveau local 6) et les Minerais de fer de Gara Bouya Ali.

1*
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La série stratigraphique du Paléozoique inférieur du Zemmour, définie dans deux notes 
de J. Sougy (1956 et 1957) peut se résumer dans le tableau suivant:

Ages Puissances Echelle
locale Niveaux

GOTLANDIEN 6 à 5(1 ni 16 Schistes à Monograptus triangulatus
ira

i 
îïd 15 Grès-quartzites massifs

ORDOVICIEN? Ô o
•c «
«B

15 à 150 ni 14 Conglomérat de base remaniant les pélites du 
niveau 8 et à nodules phosphatés

■— — <Ü ü C/3
13 Zone d’altération de la paléosurface d’érosion

Lacune Discordance de ravinement

O 6 ni 12 Grès schisteux de l’Oued Ezrayeb
Q 5 ni 11 Grès à Scolithus linearis supérieurs

1a 0.30 ni 10 Grès et conglomérat à nodules phosphatés
X 1 ni? 9 Argiles supérieures

CAMBRIEN X 120 ni 8 Pélites et siltstones micacés à glauconie, à
« micro-débris de Lingulidés

0 à 15 ni 7 Niveau ferrugineux de Gara Bouya Ali à
C3 empreintes de Brachiopodes Inarticulés
C 0 à 6 ni 6 Argiles micacées vertes d’Aghachan el

Akhdhar, à Acrothele
ü 0 à 40 m 5 Grès à Scolithus linearis inférieurs

0 à 12 m 4 Grès feldspathiques grossiers roses
0 à 1 m 3 Conglomérat de base transgressif

Lacune probable

INFRA-

: d
’e

l 
îy

at
e

0 à 600 m 2 Dolomies à Conophyton
CAMBRIEN

Se
rie

Th
le

tl 1 Base mal connue de la formation

Lacune Discordance angulaire

PRECAMBRIEN Socle granitique

(a) Les Argiles à Acrothele d’Aghachan el Akhdhar:
Cette formation repose directement sur les Grès à Scolithus inférieurs. 

Ce sont des argiles illitiques très micacées de 6 mètres de puissance, qui 
comportent des passées plus grossières et passent insensiblement vers le 
haut à la puissante série de pélites micacées à glauconie.

Les empreintes ont été découvertes par J. Sougy le 31 mars 1955 à 
Aghachan el Akhdhar. Le gisement, dont la position est précisée par la 
figure 1, a les coordonnées suivantes:
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Latitude: 25°21/15"N. 
Longitude: 11°57T2"W.

Il se trouve dans un petit rû descendant du piton sud de la colline, et qui 
a mis à jour les argiles. Ces argiles appartiennent à la base de la Série de 
l’Oumat et Ham sensu stricto définie en 1957.

(b) Les Minerais de fer de Gara Bouya Ali:
Les minerais de fer de Gara Bouya Ali sont un faciès latéral des pélites 

à glauconie qui se développe vers la base de cellesci dans le Nord du Zem- 
mour, au NE de la Gara Foug Gara. Ces minerais proviennent de l’altération 
de niveaux particulièrement riches en glauconie. Ce sont des minerais 
siliceux à 33 °/0 de fer métal.

La position approximative des empreintes est la suivante:
Latitude: 25°58'30" N.
Longitude: 11°25'W.

Les empreintes ont été découvertes par .1. Borocco et R. Nyssen le 
10 mars 1955. L’affleurement est très étendu et les empreintes se trouvent 
sur les débris de roches qui jonchent le sol.

La position stratigraphique des Minerais de Gara Bouya Ali est très 
légèrement supérieure à celle des Argiles d’Aghachan el Akhdhar.”

DESCRIPTIONS AND DISCUSSIONS OE THE EOSSIES
BRACHIOPODA

Order ATREMATA Beecher

Superfamily OBOLACEA Schuchert

Family OBOLIDAE King

Subfamily Neobolinae Waagen

Genus Neobolus Waagen

Neobolus cf. warthi Waagen, 1885.
Pi. 1, figs. 1—4.

For synonyms see Schindewolf & Seilacher 1955, pp. 325—326.

Material: Two ventral valves and six dorsal valves, all of them more 
or less fragmentary.

Locality: Aghachan el Akhdhar.
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Remarks: The specimens agree fairly well with those from Salt Range 
(Pakistan) as described by Schindewolf (1955) with regard to the outline 
of the valves, which may vary from subcircular to transversely subelliptic. 
Some of the specimens show the same somewhat coarse surface markings 
as those figured by Schindewolf & Seilacher, but most of them have less 
coarse and more regular surface markings and are in this respect inter
mediate between Schindewolf & Seilacher’s specimens and those figured 
by Walcott (1912, pl. 1, figs. 4 5; pl. 81, figs. 2, 2a—d). One of the African 
specimens, a natural cast of the interior of a dorsal valve, shows impression 
of apical plate and median septum; the former is poorly defined when 
compared with specimens figured by Walcott and by Schindewolf & 
Seilacher; it is well-known, however, that in inarticulate brachiopods 
internal characters of one and the same species may vary to a considerable 
extent. It deserves notice that the African specimens are much smaller than 
those from Salt Range; the maximum diameter of the Sall Range specimens 
is about 10 mm, whereas that of the African specimens hardly exceeds 
2 mm; in view of this fact and the poor state of preservation the specific 
determination is given with reservation.

Subfamily Lingulellinae Schuchert

Genus Lingulella Salter

Lingulella cf. fuchsi Redlich, 1899.
Pl. 1, figs. 5—9.

1899. Lingulella fuchsi Redlich, p. 7, Pl. 1, figs. lOa-e.
1905. Obolus (Lingulella) fuchsi Walcott, p. 332.
1912. Lingulella fuchsi Walcott, p. 502, Pl. 39, figs. 2, 2a-c, 3.
1955. Lingulella fuchsi Schindewolf in Schindewolf & Seilacher, p. 307, Pl. 8, 

figs. 21-28.

Material: Twenty-three more or less fragmentary specimens most of 
which appear to be dorsal valves.

Locality: Aghachan el Akhdhar.
Remarks: It appears from Schindewolf’s figures that Lingulella fuchsi 

shows great variation with regard to the outline of the valves so that in many 
cases it is impossible to distinguish ventral valves from dorsal ones by means 
of this character only, and the situation is the same as far as the African 
material is concerned. The specimens having the same almost perfectly oval 
outline as those figured by Walcott 1912 as Pl. 39, tigs. 2b—c are supposed 
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to be dorsal valves, whereas those having acute posterior ends are supposed 
to be ventral valves. Judging from figures of the holotype (Redlich 1899, 
Pl. 1, fig. 10c; Walcott 1912, Pl. 39, fig. 3) the external surface may have 
longitudinal striae radiating from the apex; in the African material such 
striae are indistinctly shown by the specimen represented in Pl. 1, fig. 8, 
whereas the other specimens, like those figured by Schindewole, fail Io 
show this character; the same specimen also shows indications of the papillae 
described by Sciiindewoi.e (p. 307) and shown in one of his figures (Pl. 8, 
fig. 26).

Most of the African specimens are within the variation limits shown by 
the several specimens from Salt Range as figured by Schindewole, although 
some of the former are larger, measuring up to 6 mm in length, but it deserves 
notice that ventral valves with very acute posterior ends as shown in Red- 
licii’s Pl. 1, fig. 10c, and Schindewolf’s Pl. 8, figs. 25—26, have not been 
met with, and in view' of this fact and the fragmentary state of preservation 
the specific determination is given with some hesitation.

Order NEOTREMATA Beecher

Superfamily BOTSFORDIACEA Schindewole

Family BOTSFORDIIDAE Schindewole 

Genus Botsfordia Matthew' 

Botsfordia paucigramilata n. sp. 
Pl. 2, figs. 1—3.

Material: A dorsal valve and casts of the external surface of two 
specimens, one of which is a ventral valve, the other possibly a dorsal valve.

Locality: Gara Bouya Ali.
Description : General form subcircular w ith posterior end of ventral 

valve very obtusely angular. Ventral valve slightly convex, with overhanging 
apex situated at a level very close to that of the commissure of the valves 
and maximum elevation very close to the apex. External surface marked 
by very few' concentric lines of growth and a system of line, more or less 
inosculating ridges upon which there arc minute rounded to oblong granules 
that have no extended systematic arrangement; in some places the granules 
are arranged in diagonal toavs that cross each other. Internal characters of 
the ventral valve unknown. Dorsal valve more perfectly circular than the 
ventral one, almost flat, and xvith surface markings similar to that of the 
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ventral valve, the interior of the dorsal valve shows a low, relatively thick 
median septum extending to the central part of the valve and becoming 
increasingly low towards the centre. Main vascular sinuses evenly curved, 
forming parts of one and the same circle, originating from points remote 
from the median septum, and terminating at the posterior third line. The 
length of the specimens represented in Pl. 2, figs. 1—3, is about 3, 2.2, and
2.<8  mm, respectively.

Remarks: This species is readily distinguished from the hitherto known 
members of the genus Botsfordia by its more spaced surface granulae and 
by the short, evenly curved main vascular sinuses.

Superfamily ACROTRETACEA Schuchert

Family ACROTRETIDAE Schuchert

Subfamily Acrothelinae Walcott & Schuchert

Genus Acrothele Linnarsson

Acrothele sougyi n. sp. 
Pl. 2, figs. 4—7; 8—9?

Material: Eleven ventral valves.
Locality: Aghachan el Akhdhar.
Description: Ventral valve subcircular in outline, low, subconical with 

the apex a very short distance behind the centre. A pseudo-interarea is 
very indistinctly defined. An elongate foraminal aperture occurs just behind 
and beneath the apex. External surface marked by concentric, more or less 
undulating, partly inosculating ridges; the breadth of the interspaces is equal 
to that of the ridges; in the central part of the valve the concentric ridges 
are delicate, more regular, and crossed by numerous extremely fine radiating 
striae; one specimen (Pl. 2, fig. 7) shows a tendency to formation of coarse 
radiating ribs at some distance from the apex. Diameter of the valves rarely 
exceeding 3 mm.

Remarks: The almost central apex and the rather coarse, irregular, 
partly inosculating concentric ridges are characters which serve to distinguish 
this species from the hitherto described ones.

Acrothele spimdosa n. sp.
Pl. 3, tigs. 1—6.

Material: Twenty-one specimens, mainly ventral valves.
Locality: Aghachan el Akhdhar.
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Description: General form subcircular, frequently with a slight 
triangular or quadrangular tendency, and with numerous slender, closely 
set spines radiating from the margin. Ventral valve low, subconical, with 
the apex some distance behind the centre. A pseudo-interarea is very in
distinctly defined. An oval foraminal aperture occurs just behind and 
beneath the apex. Surface markings consisting of concentric ridges, which 
are delicate, regular, and closely set in the central part of the valve, whereas 
in the peripheral part they are very coarse, irregularly undulating, and 
partly inosculating; in the peripheral part of the valve the breadth of the 
interspaces exceeds that of the ridges; in the central part the concentric 
ridges are crossed by numerous, delicate, closely set, radiating ribs so as 
to form a line reticulate pattern. Dorsal valve perfectly flat, with a pair of 
tubercles at the marginal apex; marginal spines and surface markings as 
in the ventral valve. Nothing is known of the interior of the valves. Diameter 
of the valves rarely exceeding 3.3 mm.

Remarks: Acrothele spinulosa appears to be closely related to the 
preceding species, from which il dillers by having a more posteriorly located 
ventral apex, more spaced concentric ridges, and marginal spines; as far 
as is known, marginal spines have not been observed in other species of 
the genus Acrothele.

TRI LOB IT A
Order REDLICHIIDA Richter

Suborder Redlichiina Harrington

Superfamily REDLICHIACEA Poulsen

Family REDLICHIIDAE Poulsen

Subfamily Redlichiinae Poulsen?

Genus Redlichia Cossmann?

Redlichia? sp. 
Pl. 1, fig. 10.

The specimen figured is the only representative of the trilobites in the 
material at hand. Unfortunately, the fragmentary state of preservation pre
vents a safe reference to subfamily, genus, and species. The specimen in 
question may be regarded as a fragment of the librigena of an early meraspid 
individual, showing the genal angle and the proximal part of the genal 
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spine, and it may be compared with the genal angle region of Redlichia as 
figured by Kobayashi & Kato (1957).

Locality: Aghachan el Akhdhar.

CONCLUSIVE REMARKS

The Lower Cambrian age of the material is indicated by the occur
rence of sandstone with Scolithus linearis below and above the levels from 
which the above-described fossils originate. This age of the faunule is 
further corroborated by the fact that the genus Neobolus is only known 
from Lower Cambrian strata.

The faunule is related to that of the Neobolus Beds at Fort Kusak in the 
Salt Range (Pakistan) described by Schindewolf (1955); this appears from 
the fact that two species from Aghachan el Akhdhar seem to be identical 
with or at any rate very closely related to Neobolus warthi Waagen and 
Lingulella fuchsi Redlich from the mentioned Neobolus Beds, and the 
affinity is further emphasized by the occurrence of species of Botsfordia in 
both regions. Accordingly, the genera of brachiopods in the Neobolus Beds 
of' Salt Range arc not “local genera” as maintained by Neavebson (1955).

In the writer’s opinion the above-described faunule is significant in a 
palaeographical respect as additional evidence of the existence of a Tethys 
already in early Cambrian time.
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1. Introduction

In the last few years, the Coulomb excitation process has become a valu
able tool for the investigation of low lying nuclear states. Several review 

articles on the experimental and theoretical aspects of Coulomb excitation 
have appeared, (1)’ (2)’ <3)’ (4) which contain bibliographies of the earlier 
work on this subject*.

The Coulomb excitation process has certain advantages over other nuclear 
reactions. The fact that the forces responsible for the process are well under
stood, and the theory is well developed, allows one from a careful analysis 
of the reaction to determine a number of quantities characteristic of the 
nuclear states. The main approximation in the existing calculations is the 
use of perturbation theory which is valid if the probability for nuclear exci
tation in a single encounter is small. If protons or a-particles are used as 
projectiles, and if the bombarding energy is kept so low that no nuclear 
reactions take place, this criterion will always be fulfilled. In these cases 
there is, however, a strong limitation on the number of states which can be 
investigated. The limitation lies, firstly, in the selection rules for the low mul
tipole interactions which are important for the excitation process. Secondly, 
only low lying states are accessible, since the reaction for higher excitation 
energies soon becomes adiabatic. A way to overcome these difficulties is to 
use heavier ions as projectiles. The electric field exerted on the nucleus then 
becomes so large that higher order processes occur. While, e. g., a state with 
spin 4+ in first-order perturbation treatment can only be reached from a 
ground state of spin 0+ through an £4 interaction, it might already in second 
order be excited through a state of spin 2+ by means of quadrupole inter
actions. In many cases, one might still use the perturbation expansion to 
calculate the excitation probabilities (see ref. 1, Chapt. Il 1), and ref. 2). 
If, however, the interaction becomes so strong that many levels are actively 
involved in the excitation process, one has to solve directly the set of coupled

In the following, the notation of ref. 1 will always be used.
1*  
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equations which describes the population of the nuclear states during the 
collision.

The feasibility of such multiple excitations with heavy ions has recently 
been proved and, from these experiments as well as from the following 
calculations, it seems that a number of new possibilities are opened for the 
investigation of nuclear states(5)> (6).

In the following we shall consider such multiple excitations. In Section 
2, a discussion is given of the parameters which are important for the 
process. Section 3 contains the general formalism, while the following sec
tions are concerned with special models and numerical tables.

2. Characteristic Parameters

The Coulomb excitation process is characterized by a number of para
meters. These quantities describe the kind of approximations which are 
appropriate for the process in question.

A parameter which describes the motion of the projectile in the Coulomb 
field of the nucleus is t] defined by 

where ZA and Z2 are the charge numbers of the projectile and the target 
nucleus, respectively, while v is the relative velocity of the incident particle 
and the nucleus. While for protons this parameter may be as small as two, 
it is, for the heavy ions which are being considered in the following, always 
much larger than one. Since, furthermore, the projectile in a collision loses 
only a small part of its energy, one may to a very good approximation use 
a classical description for its path. The hyperbolic orbit of the particle will 
be described by the deflection angle & (see Fig. 1).

The Coulomb interaction between the projectile and the nucleus is given 
by (see ref. 1, Eqs. (If A. 8) to (If A. 11))

(2.2)

where o (?) is the charge density operator at the position r of the nucleus and 
r'jj (/) is the position vector of the projectile, which for a given hyperbolic 
orbit is a known function of time. The interaction can be expanded in mul
tipole components
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Fig. 1. Classical picture of the projectile orbit in the Coulomb field of the nucleus. The hyper
bolic orbit of the projectile is shown in the frame of reference where the nucleus is at rest. The 
coordinate system which is employed in the present paper, with the z-axis along the axis of 
symmetry, is indicated. The charges of nucleus and projectile are denoted by Z2e and ZYe, respect

ively, v is the initial relative velocity, and & is the deflection angle.

OC + A

(0 = 4 71 Z1 c J57 y, 2IT1 (EÀ’ ’
Â = 1 =

(2.3)

where 9A(Ez, /<) is the electric multipole moment of order z of the nucleus 
defined by

ft) = dr. (2.4)

In first order perturbation treatment, one finds the following expression 
for the total probability P for the transition from the nuclear state 1 to the 
state 2 in a given collision with deflection angle & (see ref. 1, Eqs. (II A. 4), 
(II A. 28), and (II A. 29)):

Here, a is half the distance of closest approach in a head-on collision

ZiZ2e2 
inv (2-6)

where in is the reduced mass of the projectile and the target nucleus. The 
reduced transition probability B(EÅ, 1%) defined by
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-2-/f+1 KA II’»(£-’•) Il ^>l2-

For two states with spins Ir and /2, practically only one valne of z will give 
a contribution to the sum in (2.5).

The orbital integrals A,. (û, £) depend on the deflection angle and 
on the parameter £ which is defined by

£l->2 “ ‘If ‘ll —
ZiZz^Ez-^ Ei

hv 2E (2-8)

The quantities and are given by (2.1), substituting for the velocity the 
initial and final velocities, respectively. Similarly, Er and E2 denote the 
energies of the nucleus in the states 1 and 2, while E is the energy of the 
projectile. The parameter £ measures the suddenness of a head-on collission. 
In general, the suddenness is measured by the quantity

(2-9) 
sin -

If £($) is large, the process is essentially adiabatic and the excitation proba
bility small. If £ ($) is small, the process has the character of a sudden 
impact and one may use a sudden approximation.

In the case of multiple Coulomb excitation, the parameter £ is no more 
a characteristic of a nuclear state. A definite nuclear state can in this case 
be populated in different ways. The £ which is important for the excitation 
of the stale in question need not be the one corresponding to the excitation 
from the ground state, but is rather a set of £’s corresponding to the transi
tions through which it is populated.

The validity of the perturbation treatment which leads to the result 
(2.5) is guaranteed if P is small compared to one. We may introduce the
square root 
measure of 
through the

of the contri to P from a definite multipole order as a 
the strength with which the state 2 is coupled to the state 1 
interaction with the projectile

Z&2(0, f)-±t<P&2(0, 0- (2.10)

The sign is to be the same as the sign of the reduced matrix element 
</1H^(EÂ)||/2>-
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If all the parameters / which connect the states of the nucleus are small 
compared to unity, one may use a first order perturbation treatment. This 
will practically always be the case when protons are used as projectiles. 
For a-particles and heavier ions, the y’s will also mostly be smaller than 
one if the matrix elements are of the order of the single-particle value (see 
ref. 1, Chapt. II A). One may, in such cases, still use the perturbation treat
ment, when necessary, to second or third order (see ref. 1, Chapt. II I)). If, 
however, the nucleus possesses excited states of collective type(8) with strongly 
enhanced B (E 2) transition probabilities, /(2) might be as large as 5. Then, 
one has to use an approach which avoids the perturbation expansion. On 
the other hand, states with large quadrupole transition probabilities have 
usually small excitation energies, and one may use an expansion appro
priate for small £.

The parameter / (&, £) attains its largest value for £ = 0 and # = %. It 
will be useful to introduce this value as the fundamental parameter, in the 
same way as £ is used instead of £ (#). We thus define (see ref. 1, 
Chapt. II E. 4)

(2.n) 
(2Â+1)!! hv + l

It will also be convenient sometimes to introduce the value of /(#,£) for 
£ = 0, but arbitrary # as a parameter. We call this / (#) and, according to 
(2.5), (2.10), and (2.11), it is defined by

Table 1
A survey of different limiting cases of the characteristic parameters tj, and /. 
In the table is indicated the kind of approximation which is appropriate for the 
different cases and the values of 2 for which computations have been performed. 
The calculations mentioned under the heading “I- arbitrary” are quoted in ref. 1. 
The computations for arbitrary rj and £ << 1 are given in ref. 11, while those men-

tioned in the last entry refer to the present work.

T] arbitrary V >> 1
semiclassical

£ arbitrary
Z << 1
1. order perturbation
2 = 1, 2

Z < 1
1. and 2. order perturbation
2 = 1, 2, 3, 4

£«1 
sudden 
approximation

Z << 1
1. order perturbation
2 = 3, 4

% arbitrary 
multiple excitation
2 = 2



8 Nr. 8

Z&2W-Z&2 (2Â- 1)!!
"(A -1)1 ' 71 y

(2 2+ 1)^ (2.12)

In Table I, a survey is given of the different limiting cases for which com
putations on Coulomb excitation have until now been macle, including the 
present work. In the following, we shall limit ourselves mainly to the case 
of quadrupole excitations (Â = 2).

3. General Theory

In this section, we investigate the equations which determine the mul
tiple Coulomb excitation and discuss some general approximation methods. 
It will be shown that the special solution for £ = 0 and # = % is a convenient 
basic solution by means of which the excitation probability for small values 
of £ and arbitrary angles may be expressed.

A. Expansion Methods

The Schrôdinger equation for the nuclear state vector | ip > is

^^1 = [§o + ^(Ol lv)>> (3.1)

where V)o is the Hamiltonian of the free nucleus and (/) the interaction 
energy given by (2.2), (2.3), and (2.4). Il will be useful to introduce a new 
state vector | ø > defined by

I y > = e * ° | 0>. (3.2)

Before and after the collision this state vector is time-independent and it 
satisfies the equation

zr,ô7|0> = ^(/)|0>’ (3-3)

where

bW-e” ■S}E(t)eh . (3.4)

The equation (3.3) may also be formulated as a set of coupled differential 
equations for the amplitudes on the nuclear eigenstates. If we thus define

aw(O = <nl^>’ (3.5)

where | n > is the lime-independent eigenstate belonging to the eigenvalue
''PO’
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we obtain
I n > = En I n > > (3-6)

z/ïôn
l-(En-Em)t

= JE?<77 I 'WO I 7n> «m(0-
m

(3.7)

The solution of (3.3) and (3.7) can often conveniently be expressed as a 
series in powers of (f). This is the usual perturbation expansion which 
can be obtained by an iteration procedure. It can be written in a closed form 
due to Dyson

|0(O> = Te/!)— |0(f = -oo)>, (3.8)

where the symbol T stands for the time ordered product, i. e.,

(3-9)

If the nucleus before the collision is in the ground state | 0), the solution 
(3.8) leads to the following expression for the amplitudes on the different 
excited states after the collision :

i Ct* dt
an(+oo) = <n\Te |0>. (3.10)

When one inserts the series (3.9), one obtains exactly the usual perturbation 
expansion for the excitation amplitudes.

As has been mentioned above, the case where £ = 0 for all states in
volved is of special importance for the problem of multiple Coulomb exci
tations. In this case, one has En = Em and £) = £), and one can then leave 
out the time ordering in (3.8). The expression (3.10) now takes the simple 
form f00

\ $ (0 dt
an(+o°) = <n I e |0> (3.11)

characteristic of the sudden approximation. This formula is also applicable 

in cases where since, for the evaluation, it is not necessary
J—00

to perform a series expansion of the exponential function.
By means of formula (3.11) one may thus avoid the perturbation ex

pansion. On the other hand, the effect of the motion of the nucleus during
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the collision has been neglected. The sudden approximation, however, 
forms a convenient starting point for a series expansion in powers of £)0. 
Such a series expansion is generated by the following substitution:

I 0> = e hJ~x I (p>. (3.12)

The Schrödinger equation (3.3) then takes the form

(3.13)

In this expression, one can expand ê (/) in powers of in the following way:

■MO = Ö£(0 + ^ [.^0J^(0]+|(^j + -• • (3.14)

and (3.13) takes the form

= [&0 §2?(0]] +■••} !<?>>, (3.15)

where

§0 = ^^°° Öoe*l-K . (3.16)

The expression on the right-hand side of (3.15) is a series in powers of 
nuclear energy differences times the collision time, i. e., it is a series in 
powers of the £’s involved. If we express the solution in a similar way,

I?’>==l99o> + l99i> + l ^2 > + '••> (3.17)

where | (pr > is of the order £ times | 9?0 >, | (p2 > of the order £2 times | cp0 >, 
etc., we obtain the following set of differential equations for these | <pn>’s:

• f. d I 9?o > 
,n ar = 0

. t d I 091 ) i r— - / X 1 I

= I 9T> + |[^ I 9’o>
(3.18)
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The initial condition determines | ç?0) to be

I <?o > = I 0 > . (3.19)

From |y0> one may determine | çy >, | cp2 >, etc. by means of quadratures

I' tôo(O.ÇE(0]|o>/ Z QQ
I % > - 4 (df I' ®o (/')] (dr r [$„ (/"), (/")] 10 >

‘I •—X 00
+’ fdf' r2 [$„ («'), S„ (o, », (nu i o >.

(3.20)

If the interaction energy !qe (/) tends to zero sufficiently rapidly, all inte
grals converge, and (3.20) oilers a systematic expansion in powers of the 
£’s. In the case of quadrupole Coulomb excitation, however, foE (0 is of 
the order of | t |-3 for large times, and already the second term in | cp2 ) 
diverges. This difficulty is also encountered if one tries to expand the or
bital integrals Z2 |U(#, £) in powers of £. The exact expression for these 
quantities in terms of confluent hypergeometric functions (see ref. 1, Eq. 
(II E. 50)) shows that the correct expansion is of the form

/2;/z(^, 0- « + tê+cê2 + de2iogê+---. (3.21)

In the following, we shall calculate only the first order terms of (3.20). 
For the evaluation of the higher terms a cut-off procedure might be used.

B. Choice of Coordinate System

In earlier calculations of Coulomb excitation, the orbital integrals were 
evaluated in the so-called focal system. In this coordinate system the z-axis 
is perpendicular to the plane of the orbit, and the x-axis is along the sym
metry axis of the hyperbola. In this paper, another system will be used, 
where the z-axis is along the symmetry axis (see Fig. 1). This system is of 
special convenience for head-on collisions (# = %), where the invariance of 
the entire Hamiltonian for rotations around the z-axis ensures the conser
vation of the magnetic quantum number during the excitation process.
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The time-dependence of the interaction energy (2.3) is, for 2 = 2, given by 
the collision functions

S’2,,<(0 “<(') I»,,< M'L MOL (3.22)

In the new coordinate system these collision functions are explicitly given by

^2, 2(0 = ^2,-2 (0 = 1/ 15 1
V 32a MO2

^2, 1 (Û = ^2,-1 (0 = - 1 1iÆ 1 • zp(0-yp(Ö
t 8%r?,(/)3 ^(02

^2, 0 (0 = •l/ 5 1 3 zp(Û2-r5 
1 16 7rrp(Û3

(3.23)

For the perturbation treatment, the important quantities are the orbital 
integrals defined by

SE2, „ (■». !) - i K. „ (0 ’S»‘ ■ (3-24)
«- — 30

In the old focal system these orbital integrals were expressed by means of 
the tabulated functions I2 (see ref. 7) in the following way:

- ^2 Y2.,. (f. <>) L.,, (», £)• (3.25)

In the new coordinate system one can again express the orbital integrals 
in terms of the Z2jU.

S£2, 0 (», O - T. |/j~ {| L. 0 (#. f) + J 4, 2 (». f) +1 4, -2 (.», 0 }

M, ± 1 (»■ f) - ^2 )/3^ J i h. -2 (,». O - 1 L, 2 (*,  f) J

M, ±2 (0. J I h. 0 O - p2. 2 <«■ 0 - JO, -2 (^ O |

(3.26)

Since S2 ±i(f) is an odd function of time, one sees that S2 ±j vanishes 
for £ = 0. The two remaining orbital integrals can be expressed in a way 
similar to (3.25):

sE2.(O - 0) - - A y2. „ o) j2, ml <3-27)
where
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*^2, ±2 ($) — 2 ^2, O ($> 0) ^2, 2 (^’ 0)] 

^2>oW=|/2)2(^O)+|/2>o(^ 0).
(3.28)

These quantities can be expressed by elementary functions, since (see ref. 1,
Eq. (II E. 71)) 4,±2(^ °) =|sin2f

4, o 0) = 2 tan2 |
(3.29)

and they are tabulated in Table 2.

"Fable 2.
The classical orbital integrals for £ = 0 in the coordinate system of Fig. 1. In the 
two first columns, the functions </2>0 (fl) and J2,2 (#) (see Eq. (3.28)) are listed as 
functions of the deflection angle &. The third column shows the ratio J2>2 (fl)/ 
J20 (fl) which is important for the % (fl) approximation, while the last two columns 
contain the quantities

Zeff W/z^.o w I J2,0 (^) and z (fl) / z= J/(J27(^))2 + 3(J22 (W / d20 (*)•

The entries are given in the form of a number followed (in paranthesis) by the power 
of ten by which it should be multiplied.

fl fl2,o W J2>2 (#) J2,2l-f2,0 Zeff/Z z (^)/z

0 0.0000 0.0000 3.333 (—1) 0.00000 0.00000
10 1.4257 (—2) 4.1288 (—3) 2.896 (—1) 0.01069 0.01196
20 5.3589 (—2) 1.3386 (—2) 2.498 (—1) 0.04019 0.04379
30 1.1360 (—1) 2.4285 (—2) 2.138 (—1) 0.08520 0.09085
40 1.9054 (—1) 3.4574 (—2) 1.814 (—1) 0.1429 0.1498
50 2.8102 (—1) 4.2878 (—2) 1.526 (—1) 0.2108 0.2180
60 3.8180 (—1) 4.8467 (—2) 1.269 (—1) 0.2864 0.2932
70 4.8973 (—1) 5.1078 (—2) 1.043 (—1) 0.3673 0.3732
80 6.0169 (—1) 5.0792 (—2) 8.442 (—2) 0.4513 0.4561
90 7.1460 (—1) 4.7935 (—2) 6.708 (—2) 0.5360 0.5396

100 8.2543 (-1) 4.2997 (—2) 5.209 (—2) 0.6191 0.6216
110 9.3125 (—1) 3.6570 (—2) 3.927 (—2) 0.6984 0.7000
120 1.0293 2.9301 (—2) 2.847 (—2) 0.7720 0.7729
130 1.1170 2.1831 (—2) 1.954 (—2) 0.8378 0.8382
140 1.1921 1.4772 (—2) 1.239 (—2) 0.8941 0.8943
150 1.2527 8.6659 (—3) 6.918 (—3) 0.9395 0.9396
160 1.2971 3.9600 (—3) 3.053 (—3) 0.9728 0.9728
170 1.3242 1.0393 (—3) 7.848 (—4) 0.9932 0.9932
180 1.3333 0.0000 0.000 1.0000 1.0000
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For the special case & = n, one has yp = 0, and the only non-vanishing 
collision function is S2> 0(f). In this case, </2,/t (7) = 4/3<5u>0. The special 
simplification for backward scattering is connected with the symmetry of 
the problem around the z-axis.

Also for one can obtain some general rules by symmetry consider
ations. The Hamiltonian is thus always invariant under a reflection in the 
plane of the orbit. This reflection brings a state vector | I, M) with spin I 
and magnetic quantum number M into a state | I, —My. One finds

\i, My^(-iy+M+I\i,-My, (3.so)

where p is the parity of the state. This rule implies that the excitation prob
abilities of states with magnetic quantum numbers M and — M are equal, if 
the initial state is unoriented. The equality of S2 and S2 follows also 
from this symmetry.

For £ = 0, one has the additional symmetry that the Hamiltonian is in
variant under a rotation of 180 degrees around the z-axis. This rotation gives 
rise to the following transformation:

\I,My^einM\I,My, (3.31)
which implies

(-1)M/-M*=1,  (3.32)

where Mf and Mf are the magnetic quantum numbers in the final and 
initial states, respectively. The disappearance of Si>±1 for £ = 0 is also a 
consequence of this symmetry.

C. Dependence on Deflection Angle

In the sudden approximation, the interaction energy içE (/) only enters 
through the expression (see Eqs. (2.3), (3.22), and (3.27))

<3-33> 
/z

In this expression it will be convenient to collect the dependence on Zx, v, 
and a in the parameter /, which corresponds to the excitation from the 
ground state with spin Io to one of the excited states with spin I1.

= ( /p|i 2k (E 2) 71 )
1 15 fi va2 |/ 2 /p + 1 (3.34)
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The expression (3.33) then takes the form

Z0-^l 1 9 5 2, 0p2
(3.35)

The relative order of magnitude of the terms with | w | = 2 and // = 0 is 
given by the ratio .72,2 ($) I ^2,0 ($)• This ratio, which vanishes for •& = 71, 
is given numerically in Table 2 and it is seen that it is very small for most 
angles.

This observation gives rise to the convenient approximation of neglecting 
the terms with | /z | = 2. In this approximation, (3.35) has the same form for 
all angles and one may write it as follows:

i J %>E (0 (lt = - Zeff W |/9 71 y2,0 oV2,oO) 9)1*  (E 2,0) j/2 /o + 1
<Z0||3Ji(£2)||/i> ’

(3.36)

where

Zeff (^) ~ Z0"»1 j2’0(%) ~ 4 ^2,° Zo->1 • (3.37)

If one uses the approximate interaction Hamiltonian (3.36), the final state 
vector for arbitrary deflection angles | ø ($, /) > is simply related to the 
state vector for backward scattering, i. e.,

|0(#,Z)>~ I 0(7T, Zeff (#))>• (3-38)

The accuracy of this approximation can easily be estimated by writing 
the state vector | ø (#, /) > in the form

which follows from (3.11) and (3.35). In this expression, a series develop
ment of the exponential function may be performed, and one is thus led 
to the following expansion which contains (3.38) as the first term:

I Z) > = I Zeff (#)) >

(3.40)
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An indication of the accuracy of the approximation (3.36) can be ob
tained by applying it to the old perturbation calculation. For £ = 0 one thus 
finds, by considering only the term with // = 0, a total cross section which 
only dillers 5 per cent from the correct one, even though the forward angles, 
where the approximation is worst, here play a rather important role.

In the following, we shall apply the approximation (3.38) and in a num
ber of cases also investigate the accuracy by calculating the correction terms 
in (3.40).

We have earlier, in Section 2, introduced a quantity / (#) (see Eq. (2.12)) 
which is not very different from /eff($); the connection between them is 
given by

zW-z|hAoW)2 + 3(J22(*>)) 2

Zerf (^) | . 3/feWV
2p2„(ø4

I (3.41)

As can be seen from Table 2, the two quantities / ($) and /eff (#) differ 
al the most by 15 per cent, but for most angles the difference is much 
smaller. For foreward angles where the difference is largest, the excitation 
process can essentially be treated by the first order perturbation theory, where 
the excitation probability is | / (#) |2. If we thus substitute / (#) for zeff (#) 
in the approximation (3.38), we have made a change only of the order of 
(J2, 2 l^2,o ($))2, but on the other hand obtained an expression which leads
to the correct result for the excitation probability for foreward angles.

In the more general case where the sudden approximation is not applic
able, the interaction energy (/) enters in a more complicated way into 
the problem. For # = %, again only the term with // = 0 will appear. For 
other angles, however, the order of magnitude of the terms with /t 0 
depends directly on the collision functions (see Eq. (3.23)). These, especially 
*^2,1(0» are hi general not very small compared to S20(f), and the ap
proximation is thus only valid in the neighbourhood of û = n. One may here 
investigate the angular dependence by considering the terms with // 0 in 

(0 as a perturbation in the Hamiltonian. In the sudden approximation, 
this method would just lead to the result (3.40).

For the sake of completeness it should be mentioned that, once the final 
amplitudes M (co) on the states with spin I and magnetic quantum num
ber M are known, one may easily obtain all the quantities which are import
ant for the experiments. Thus, the total excitation probability of a level of 
spin If is given by
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(3.42)

The differential cross section da is obtained by multiplying P with the 
Rutherford cross section, i. e.,

- PifTidaR
(3.43)

The angular distribution of y-quanta emitted after the excitation is also 
calculable from the amplitudes. One must here take into account that a level 
which emits the y-quantum under consideration may be populated not only 
through an excitation, but also through the deexcitation by cascade y’s from 
higher excited states.

4. Diagonalization Method

In this section, we shall discuss a method of evaluating the multiple 
Coulomb excitation which does not use any specific nuclear model. We shall 
thus consider the properties of the nuclear states, i. e., energies and transi
tion matrix elements as empirically determined quantities. Since, in this case, 
we have a very large number of parameters in the problem, it is not practi
cally possible to give a systematic numerical tabulation of cross sections, 
etc., and we shall therefore confine ourselves to a few numerical examples 
which illustrate some important aspects of the problem.

A. Sudden Approximation

In the sudden approximation (3.11), we have the following expression 
for the final amplitude an on the state | n): 

(4.1)

where the exponent is given by (3.33) or (3.35). If the wave functions of 
the nuclear states are known, the problem is reduced to calculate matrix 
elements of a known operator. Usually one will be interested, however, in 
calculating the cross sections from a knowledge of the matrix elements of

Mat. Fys.Medd.Dan.Vid.Selsk. 32, no. 8. 2 
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the multipole operators themselves. t hese matrix elements enter in other 
processes also and are often determined from nuclear spectroscopy.

In order to perform this calculation, we introduce a unitary transforma
tion U which diagonalizes the hermitian operator (3.33) and which is thus 
defined by the equations

U = UU' = 1 (4.2)
and

“ • —00

= 3” <n iimi|&E(o(it ip><p i ui Q>•

— 1 ' ‘I •—OO
p

(4.3)

The result (4.1) can then be expressed in terms of U and the eigenvalues X 
in the following way:

. -J M)««
an = (n I UlP e h CGf|0>

= JF < n | F | m > e“*2™ < m | C7+ | 0 >
m

= y<7î|[7|m><0|(7| m >*  e~U™.

(4-4)

m

The determination of U requires the knowledge of the matrix elements 
of the operator (3.33). If we specify (he nuclear states by means of the spin 
In and magnetic quantum number Mn, these matrix elements are expressible 
by the reduced multipole matrix elements*̂  defined by

For the diagonalization it will be convenient to apply the / ($) approxi-
,e0C

mation. In this approximation, the operator \ (/) dt (see Eq. (3.36)) is
• —00

diagonal in M, and one may write the matrix elements in the form

< 4^4/| ( (Z) (// | 7^3/ > Zeff (^) > (4-6)
•/—00

where the (symmetric) matrix o^n is defined by

For the angular momentum algebra we use throughout this paper the notation of ref. 9.
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Qmn
<Jm H 9Jl(E2) II /ra>
</0||^(E2)||/1> *

(4.7)

The number of states which have to be included in the matrix (4.6) by 
the diagonalization depends of course on the %’s. Only those states which 
are mutually connected with large (collective) matrix elements must be taken 
into account. One may furthermore classify these in different groups where 
states within a group are strongly coupled, while states from two different 
groups are weakly coupled. A group consists, e. g., of the states in a rotational 
band, and the different groups are the bands belonging to different single
particle states. For each group one must perform the diagonalization and 
must here take into account a number of those states which are most directly 
coupled to the ground state. This number will depend on the %’s and must 
be determined so that the inclusion of still more states would not change 
the result. The weak interplay between the groups can be treated by a per
turbation calculation.

Since the energy of the projectile and the deflection angle enter only 
through the common factor %eff (#), the diagonalization can be used for all 
energies and all #’s.

The deviation from the %eff ($) approximation is given by the expression 
(3.40) which we may write explicitly in the form 

(4.8)

where rz(()) indicates the amplitude in the %eff ($) approximation. Since, in 
this approximation, 47) = 3/y, it is seen that, while the first term only contri
butes to this substate, the second term proportional to J22 ($) I Ao ($) only 
contributes to the states with M^ = Mi±2. The third term proportional to 
(J22 (#) / J20 (#))2 contributes to both Mf = Mi and Mf = A^±4. The exci
tation probability will thus contain no terms linear in J22 (#) / J20 ($)• The 

2*
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terms quadratic in this quantity will arise partly from the square of the second 
term, and partly from an interference between the first and third term.

One may also avoid the / (7/) approximation and the expansion (4.8) 
by directly diagonalizing the matrix of the complete Hamiltonian (3.35). 
This matrix is no more diagonal in the magnetic quantum number M and 
is essentially different for different angles so that the diagonalization will 
have to be performed for all angles.

For not too large values of / ($) it may be advantageous to use the per
turbation expansion to higher order instead of the diagonalization method. 
The power series expansion of (3.11) leads to the following expression for

= <5no-iZ(^) Qno
1
2! r

i
rs

(4-9)

This expansion can also be useful for the discussion of small changes in 
the matrix elements, e. g., from a rotational model.

B. Examples

In this section, we shall consider some examples of the methods dis
cussed above. They will mainly be given in order to illustrate how many 
levels one has to take into account in the diagonalization method, and se
condly to illustrate the accuracy of the perturbation expansion and the /($) 
approximation. For the sake of comparison with the exact treatment (see 
Section 5), we shall use the matrix elements characteristic of a rotational 
band.

For a pure rotational band, one may express the reduced matrix ele
ments entering in (4.7) by means of the constant intrinsic quadrupole mo
ment Qo. One finds

< /„ Il 9Ji (E 2) II In> - |/^ (- l)'”-K(2/m -t 

(4.111)
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where K is the (constant) projection of the total angular momentum on the 
nuclear symmetry axis. We shall consider only the case of an even-even 
nucleus with ground state spin Io = K = 0. In this case, the matrix Qmn (see 
Eq. (4.7)) takes the form

-K's (2/»+!)''■ (2/, + !)''■

We shall now successively take more and more states into account. If
we include only the ground state and 
to diagonalize the matrix

I °
Qmn ~ j

the first excited state 2, we have

(4.12)

The eigenvalues of this matrix are

, |/5-3j/6 and
1/5-31/6 (4.13)

The unitary matrix which diagonalizes (4.12) is then found to be

I 18 + J/30
6

j/18 —1/30
6

|/18-/30
6

I 18 + 1/30
6

(4.14)

According to (4.4) we thus obtain the result

(4.15)
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The excitation probability P2 = I «1 P is then

(4.16)

This quantity and the probability that the nucleus is left in the ground state 
?o = I ao I2 = ^2 are illustrated in Fig. 2 as a function of /($).

In Fig. 3 and Fig. 4 are shown the extensions of the above calculation
to include two and four excited states in the rotational band. The matrix

in the latter case, is explicitly given by

0 1.0000 0 0 0
1.0000 0.6389 0.8571 0 0

-mn ~ 0 0.8571 0.5808 0.8457 0
0 0 0.8457 0.5692 0.8423

0 0 0 0.8423 0.5649

(4.17)

In the case that one includes only two of the excited states, one linds the 
eigenvalues

20 = -0.9270, z4 = 0.3484 and z = 1.7984 (4.18)

and the matrix U is then

0.6840 - 0.6006 0.4139
-0.6341 - 0.2093 0.7444

0.3605 0.7717 0.5240
(4.19)

The final amplitudes on the three slates are thus, according to (4.4),

a0 = 0.4679 ei0-9270Z + 0.3608 e~* 0-3484Z +0.1713 e-n-7984z
cq =- 0.4338 e* 019270*+0.1257 e_i0-3484*+0.3 0 81 e_u-7984* (
a2 = 0.2466 ei0-9270*— 0.4635 e-*°- 3484Z + 0.2169 e~n-7984Z

Similarly, one linds for the complete matrix (4.17) the eigenvalues 

;0 =-1.0437
= _o.4880 

z2 = 0.4302 
z3 = 1.3920 
z4 = 2.0633

(4.21)

and the matrix U
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0.5436 -0.5189 0.4681 -0.3866 0.2582
— 0.5674 0.2532 0.2014 -0.5381 0.5328

0.4795 0.2725 -0.5951 — 0.0218 0.5841
— 0.3461 — 0.6010 — 0.0981 0.5245 0.4840

0.1812 0.4808 0.6137 0.5342 0.2721

Fig. 2. The result of the two-state calculation for a rotational band on a 0+ ground state. The 
probability for the excitation in the 2+ state, P2, and the probability for no excitation, Po, 
are given as functions of x0_^_9(i?) and as a function of the parameter q (ft) characteristic of the 
rotational model (see Eq. (5.11)). The broken curve shows the result of the first order perturbation 

calculation.

Figs. 2, 3, and 4 show a very general feature of the multiple excitation 
process. The excitation probability for a definite state has a maximum as 
a function of /. Where this maximum is reached depends on how directly 
the state is connected with the ground state. The more intermediate states 
that have to be passed, the higher is the value of / for which the maximum 
is attained. For the rotational band on the 0+ ground state, the 2+ state is 
maximally excited for / ~ 1, the 4 for / 2, the 6+ for / 3, etc. The
heights of the maxima decrease as one passes to higher excited states, partly 
because a small tail is left in the excitation probability of the lower states. 
If the band is broken off as in the above calculation, the maximum in the 
excitation of the last state is much higher than that of any of the others.

A comparison of the curves shows that the deletion of higher stales 
practically does not change the excitation probability of the lower states. 
This is true at least as long as the last state included is not strongly excited. 
In Fig. 2, the curve for Po is thus essentially correct until / = 0.8. In Fig. 3, 
the curves for Po and P2 are similarly correct until / = 1.5 and, in Fig. 4, 
one expects Po, P2, P4, and P6 to be correct until / = 3.
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Fig. 3. The result of the three-state calculation for a rotational band on a 0+ ground state. 
The excitation probability in the 2+ and 4+ states, P2 and P4, and the probability for no exci
tation, Po, are given as a function of (#) and as a function of the parameter q(&) character
istic of a rotational model (see Eq. (5.11)). The broken curves show the result of the second order 

perturbation calculation.

It is interesting to compare the above results with the perturbation cal
culation. According to the equation (4.9) one finds

«0 = 1 -0.5900 % (#)2 + z 0.1065 / (#)3 +0.0893 / (#)4-z 0.0242 /
-0.0092 x (#)6

«i =-i X (#) —0.3195 % (#)2 + z 0.3571 z (#)3 + 0.1210 / (#)4-z 0.0551 / (#)5

«2 = -0.4286 x (#)2 + z 0.1742 x (#)3 +0.1274 % (#)4

«3 = + z 0.1208 x (#)3

The power expansion in / of the excitation probabilities contains (since £ 
= 0) only even powers of /. Il is noted that, e. g., a third order perturbation 
calculation leads to the correct answer for P6 to terms of the order of /6, 
while P2 and P4 are correct only to terms of the order of /4, and Po only 
to terms of the order of /2.

In the comparison of the perturbation expansion with the more exact 
treatment given above, we have calculated the excitation probabilities to 
second, fourth, and sixth order. In Fig. 2 is shown the calculation to second 
order (first order perturbation). This gives a good approximation only up 
to / ~ 0.4. In Fig. 3 is shown the calculation to fourth order in /. This is 
good up to /~0.7. Similarly, the calculation to sixth order in / shown on 
Fig. 4 is seen to be correct only up to / ~ 1.0. It thus seems that the pertur
bation expansion only offers a poor approximation for large values of /.

The accuracy of the / (#) approximation which we have used can be
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Fig. 4. The result of the five-state calculation for a rotational band on a 0+ ground state. The 
excitation probabilities for the 2+, 4+, 6+ and 8+ states P2, P4, Pe and P8, and the probability 
for no excitation, Po, are given as a function of Zo^.9 (&) and as a function of the parameter q (JP) 
characteristic of a rotational model (see Eq. (5.11)). The broken curves show the result of the 

third order perturbation calculation.

evaluated by means of Eq. (4.8). We shall only do the explicit calculation 
in the case of the two-state model (4.12) to (4.16). One finds directly from 
(4.8) the following expressions to second order in J22 (^) /'^2o(^):

f — fl00 - “0

2 i 1/5

■ -20 ”1

z q\ ^22^) 1 7
'22-'Ze!r(’’)j2o(<?p

yZefr(^)f3 3/6
2COS~7~

3/5 3J/6 ... .5/6 . 3J/6
•— (,(,s 7 - Zeff (#) -1 yysin ~y~ Zeff (^ )

Zeff (#) + sin -y" Zeff (#) •

In these expressions, a(0) are the amplitudes in the /eff($) approximation 
(4.15).

From (4.24) one obtains the excitation probability

One observes that the correction term is an oscillating function of Zeff($) 
which has its maxima where shows its minima. The tendency of the
correction is thus to fill out the minima of the excitation probability.

To illustrate the magnitude of the correction we have evaluated (4.25)

(4-24)

(4-25)
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Table 3.
Comparison between the correct excitation probability P2 (&, %) and the z (&) ap
proximation in the two-state model for z = 3. The quantity Zeff(^) an(l the proba
bility in the xeff(&) approximation P2(Zeff(#)) as wel1 as Z (#) an(l the correspond
ing probability P2(z(#)) are listed for different angles together with P2(fl, z).

180° 150° 120° 90° 60° 30°

(#> Z>............................. 0.000 0.031 0.39 G 0.880 0.578 0.072
Zeff (#) ................................ 3.000 2.820 2.315 1.698 0.859 0.256
^(ZeffO ...................... 0.000 0.030 0.387 0.868 0.558 0.064
zW............................... 3.000 2.820 2.318 1.709 0.880 0.272

p2(z(#)).................... 0.000 0.030 0.384 0.863 0.578 0.072

numerically in the case of / = 3, and the result is given in fable 3. One 
observes here that the maximum correction (~ 0.020) appears for angles 
between 60 and 90 degrees. This is connected with the fact that J22 (#) is 
maximal in this range. In the two last rows we have made a comparison with 
the approximation where / (#) is used instead of /etf ($). It is seen that this 
approximation reproduces the correct excitation probability for small angles 
until the angle which gives the maximum probability. On the other side of 
the maximum, the %($) approximation is no improvement over the 
approximation.

C. First Order Expansion in £

In this paragraph, we shall consider the first order corrections in £ to 
the results which were derived earlier in this section.

In Section 3 A, we obtained the following expression for the amplitude

We shall here make the simplifying assumption that û = n. One may use 
the result which we shall obtain, for other angles also, by the usual sub
stitution Z^Zeff(^)- As was discussed earlier, the approximation is here 
less accurate than it was in the case of the sudden approximation.

The simplification by considering only terms with /z = 0 in is that
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Fig. 5. The function II (A). This function is of importance for the evaluation of the deviation 
from the sudden approximation in the diagonalization method (see Eq. (4.31)).

the unitary matrix
,.OO

U (see Eqs. (4.2) and (4.3)) diagonalizes not only

\ (M> but also
• — 00

and £>e(0- thus have
» — 00

<n (4-27)

and
<»l C’^E(0 A, y (I). (4-28)

where
ft

b (0 = (‘%2, 0 ($> 0)) 1 \ S20 (f) (It
• 0

(4-29)

and
(0 = (*̂Ä2,  0 (^» 0)) 1*$2o(O- (4.30)

The functions SE2 0 and S2 o are defined in Eqs. (3.23) and (3.24), and one 
sees that h (/) is an odd function while g (f) is an even function of /.

By introducing an appropriate number of factors UU'' in (4.26) one may 
write it in the form

(£ 0)

I 0 >,
(4-31)

where the E matrix is the transformed energy matrix

a
lw

L)lm

= V</| U I m >
(4-32)
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Fig. 6. The excitation probability P2 (n, Â) for backward scattering in the two-state model is 
shown as a function of / for £ = 0 and £ = 0.05.

Since a constant energy 
energies in (4.32) by the 
from the ground state, i.

will give no contribution, one may replace the 
£’s corresponding to the excitation of the p’s state 
e.,

a (Ep - Eq)
hu (4.33)

One thus finds
(4.34)

The function H (2) which appears in (4.32) is defined by

v t'°°H (2) = - 2 \ df / 7 (f) sin (2/z (/)).
u oo

(4.35)

One observes that H (2) is a symmetric function of 2, i.c.,

H(-2) = H(2) (4.36)

and that the S matrix is symmetric also in the indices I and m.
The function H (2) has been evaluated numerically and is given in Fig. 5. 

For small values of 2 it is quadratic in 2, as may be seen from (4.35), and 
one finds

H (2) 0.9172 22 (2«1). (4.37)

For larger values of 2, H (2) is an oscillating function whose amplitude 
increases slowly. From formula (4.31) one may thus draw the general con
clusion that the first order correction in £ is only a slowly increasing (and 
oscillating) function of /.

As an illustration we shall apply the result (4.31) to the two-state model.
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Using the Eqs. (4.12) to (4.16) one finds the following expression for the 
excitation probability to first order in £:

(4.38)

This result is illustrated in Fig. 6, where the excitation probability for £ = 
0.05 is compared to the earlier calculated excitation probability for £ = 0.

5. Excitation of Rotational States

In this section we shall treat the excitation of a rotational band. It will 
be shown that, in the sudden approximation, one can obtain a closed ex
pression for the cross section including all (infinitely many) states in the 
band. The problem is analogous to the classical problem of a charged 
ellipsoid which is set in motion by a fast projectile. At the end of the section 
we shall make some comments on this classical treatment.

A. Sudden Approximation

We shall assume that we have a pure rotational band and that only this 
band is involved in the excitation process. The Schrödinger equation (3.1) 
for the rotational motion may then be written in the form

Q —

where ip only depends on the Eulerian angles a and ß describing the orien
tation of the nuclear symmetry axis. The complete wave function ip is con
nected with ip through the equation

“T^intr*-  (5.2)ip = e n ip (a, p, t) % (rr ), v 7

where % (x') is the intrinsic wave function and Eintr is the intrinsic energy. 
The free Hamiltonian for the rotation Ho is given by

„ 7i2 p2 t 1 d2 I
H° 2 3'jp2+COt/Pß sinpda2p (5.3)



30 Nr. 8

where 3 is the moment of inertia. Since the quadrupole operator can be 
expressed in terms of the intrinsic quadrupole moment Qo in the following 
way :

ïVi(E2,«) =|Oo^2(u(ß, a), (5.4)

the interaction Hamiltonian 77' (f) is given by

H' (/) - — QoZSip(0 (.ß. *)  ■ (5-5)

The evaluation of the excitation amplitudes in the sudden approximation 
has now been reduced to the calculation of matrix elements of a known 
operator. We shall specify the eigenstates of Ho by means of the spin I, the 
magnetic quantum number M, and the (constant) projection K of the total 
angular momentum on the nuclear symmetry axis. The wave function may 
then be written

VTmK = ]/“W (a> 0), (5-6)
I 4 n

where D!MK is the rotation matrix. The excitation amplitude on the state 
specified by If, Mf, and K is then, according to (3.11), (3.24), and (3.27),

(a, ß, 0))*

x^kC*.  °) exP J .27rZieQ0
11 5 h va2

We shall now first show that the excitation of any rotational band with 
ground slate spin and final state spin If can be expressed by means of the 
amplitudes for the excitation of a band with ground state spin 0. This fol
lows from (5.7) by expanding the product of the two B-functions on D- 
functions. The amplitude (5.7) may then be expressed in the following way:

- Z (2 A + I)7’ (2 lf+ 1 )v- (2 I + 1 ) (- 1 )M‘~X

(5.8)

where we have introduced the functions
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^M(^ q) = [4 tc (2 Z+1)]_1/s

..271 ..71 q^Y2fi^,o)j2fi(&)Y*2n(ß,X)
x\doc\dß sin ß YJM (ß, a) e

♦'O •'()

(5.9)

One observes that these functions are proportional to the amplitudes on the 
state I, M in a rotational band with ground state spin 0, i. e.,

($> 9) = j i a™ = = 0)

'Fhe quantity q is defined by
Zi e Qo

9 “ 4Ä m2'

(5.10)

(5.11)

This quantity is independent of the spins in the rotational band and plays 
the role of a common /. It is connected with the / corresponding to the first 
excitation in an even-even nucleus with the same intrinsic quadrupole
moment by the relation

(5.12)

The calculation of the excitation cross sections of any rotational band 
is then reduced to the determination of the functions AIM (d, q). From 
Eq. (5.8) one obtains, e. g., according to (3.42), the following formula for 
the excitation probability of the state of spin If:

(2//+l)X<2’+1)( J IO’. 9) I2- (5.13)

’ im \- k K 0/

The functions Az M can most easily be evaluated in the /(#) approxi
mation where the terms with | /z | = 2 in the exponential function are 
neglected. The integration over a in (5.9) shows then that Az M vanishes 
except for M = 0, where one finds

2
i « tfeff dh pl - 2 ï?eff (&)

AI{)(d, q) AI(}(ti, qei[(d)) = e \dxPj(x)e . (5.14)
»'o

We have here introduced a quantity

9eff (^) =|J2o(^)Z (5.15)

which corresponds to the /eff($) introduced in paragraph 3C. The function



32 Nr. 8

Pz(-c) is the Legendre polynomial of order I. The integral (5.14) can be 
expressed in terms of a confluent hypergeometric function XFX with the 
following result (see ref. 10, Vol. 1, p. 171):

The confluent hypergeometric function which appears here can always be 
expressed by means of Fresnel integrals. For I = (),the expression (5.16) 
thus takes the simple form (see ref. 10, Vol. I, p. 266)

i— -

Aoo(™> = (^~iSC2 <5-17)

where C (A) and S(.r) are the Fresnel integrals which are tabulated in refs. 
12 and 13.

The functions A/o for higher values of I are most easily obtained by means 
of recursion formulae. The existence of such relations is guaranteed by the 
theorem that three confluent hypergeometric functions with parameters dif
fering only by integer numbers are linear dependent. Accordingly, one finds 
the following recursion formula for the functions AI0:

(J+ ■>')(•> I- 1) A/ + 2,o(-% 7) -
(2/-l)(2/+l)(2/ + 3) + 2/ ( ]

4 ZQ
AJ0(%,7)

+ (/ — 1 ) (2 / + 3) Az_2) o (%, 7).
(5.18)

For the application of this formula one needs two consecutive A’s. Instead 
of A2 o it is practical to use the non-physical function A_2 0 which, accord
ing to (5.16), is a simple exponential function

A_2;0(?r, 7) = (5.19)

The functions AI Q (jt, q) have been computed numerically in this way. 
The result is given in Table 4.

The excitation probabilities in a rotational band with ground state spin 
0 are easily found from these numbers. They are tabulated in Table 5 and 
the result is shown in Fig. 7.
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Table 4.
The functions Aj o(n,q) for backward scattering. The real part, Re AT 0, and the 
imaginary part, Im AI0, are tabulated as functions of the parameter q for spin 

values up to 22.

(to be continued)

q Re ^0,0 Im Ao o Re A2 o Im A2 o Re A4>0 Im A4 o

0.0 1.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.5 0.95625 0.00276 —0.01228 —0.12916 —0.01236 0.00150
1.0 0.83311 0.02081 —0.04427 —0.23461 —0.04567 0.01123
1.5 0.65268 0.06336 —0.08317 —0.29888 —0.08980 0.03372
2.0 0.44537 0.12960 —0.11265 —0.31506 —0.13173 0.06754
2.5 0.24234 0.20825 —0.11852 —0.28773 —0.15978 0.10530
3.0 0.06838 0.28073 —0.09370 —0.23062 —0.16731 0.13599
3.5 —0.06252 0.32687 —0.04075 —0.16163 —0.15447 0.14879
4.0 —0.14819 0.33131 0.02890 —0.09722 —0.12756 0.13695
4.5 —0.19556 0.28834 0.09852 —0.04786 —0.09629 0.10036
5.0 —0.21596 0.20372 0.15132 —0.01611 —0.06998 0.04592
5.5 —0.22000 0.09300 0.17549 —0.00242 —0.05425 —0.01454
6.0 —0.21388 —0.02302 0.16734 —0.01578 —0.04929 —0.06786
6.5 —0.19840 —0.12396 0.13171 0.03154 —0.05024 —0.10350
7.0 —0.17046 —0.19497 0.07968 0.05327 —0.04959 —0.11644
7.5 —0.12642 —0.22953 0.02453 0.07913 —0.04044 —0.10807
8.0 —0.06545 —0.22954 —0.02240 0.10270 —0.01943 —0.08498
8.5 0.00816 —0.20297 —0.05466 0.11574 0.01177 —0.05610
9.0 0.08504 —0.16012 —0.07155 0.11168 0.04694 —0.02948
9.5 0.15274 —0.11018 —0.07677 0.08834 0.07745 —0.00979

10.0 0.19925 —0.05912 —0.07582 0.04909 0.09538 0.00255

It is interesting to compare these curves with the excitation probabilities 
which were obtained for the same situation by means of the diagonalization 
method. It is seen that the excitation curves for the five-state model (see 
Fig. 4) are in good agreement with the exact calculation for % values up to 3. 
It is interesting that also the secondary maxima of the excitation curves are 
present in the calculation with infinitely many levels. These secondary 
maxima which for P2 appear for q = 5.5 and q = 9 must be understood as 
rudiments of the secondary maxima in the calculation with a finite number 
of states. In the two-state calculation the secondary maxima of P2 appear 
at q = 7.5, 12.5, etc. When more states are introduced, these maxima are 
decreased (and shifted) due to the possibility of exciting the higher states 
which are introduced. One must expect that the secondary maxima are 
rather characteristic of the multiple Coulomb excitation of a pure rotational 
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(to be continued)

Table 4 (continued).

? Re a6>0 Im A6>0 Rc Ag0 Im Ag>0 Re A10,0 Im Alo 0

0.0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.5 0.00012 0.00087 0.00006 —0.00003
1.0 0.00176 0.00647 0.00074 —0.00020
1.5 0.00813 0.01934 0.00324 —0.00143 —0.00014 —0.00045
2.0 0.02255 0.03862 0.00872 —0.00546 —0.00104 —0.00160
2.5 0.04638 0.06013 0.01724 —0.01443 —0.00352 —0.00400
3.0 0.07751 0.07799 0.02728 —0.03002 —0.00899 —0.00767
3.5 0.11025 0.08694 0.03601 —0.05229 —0.01881 —0.01192
4.0 0.13660 0.08451 0.04021 —0.07890 —0.03361 —0.01518
4.5 0.14878 0.07217 0.03764 —0.10527 —0.05272 —0.01549
5.0 0.14179 0.05491 0.02823 —0.12555 —0.07385 —0.01113
5.5 0.11535 0.03947 0.01454 —0.13437 -0.09335 —0.00157
6.0 0.07426 0.03174 0.00120 —0.12857 —0.10705 0.01195
6.5 0.02704 0.03448 —0.00650 —0.10847 —0.11151 0.02635
7.0 —0.01664 0.04613 —0.00457 —0.07794 —0.10518 0.03733
7.5 —0.04883 0.06126 0.00809 —0.04338 —0.08909 0.04069
8.0 —0.06558 0.07250 0.02898 —0.01177 —0.06674 0.03370
8.5 —0.06765 0.07320 0.05252 0.01150 —0.04311 —0.01632
9.0 —0.05967 0.05992 0.07176 0.02413 —0.02313 —0.00852
9.5 —0.04797 0.03368 0.08053 0.02740 —0.01011 —0.03548

10.0 —0.03808 —0.00022 0.07552 0.02535 —0.00474 —0.05831

band, and sensitive to any deviation. The maxima are also, as we shall see, 
less pronounced for finite £, and the deviation from the q (#) approxima
tion will also tend to wash out the oscillations.

The deviation from the q (#) approximation can be treated by means of 
the expansion discussed in paragraph 3C. From (3.40), (3.34), (5.4), and 
(5.12) one finds the amplitude aIM to second order in J22($)M2o($)

where a(0) are the amplitudes in the çeff($) approximation.
The formula (5.20) for the special case of = 0 may, according
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(to be continued)

Table 4 (continued).

9 Re A12(o Im A120 Re ^14,0 Im A14>0 Re Ä16,0 Im ^16,0

0.0
0.5
1.0
1.5
2.0 —0.00025 0.00013
2.5 —0.00074 0.00072
3.0 —0.00180 0.00220 0.00040 0.00032
3.5 —0.00330 0.00551 0.00137 0.00079 0.00018 0.00031
4.0 —0.00478 0.01151 0.00331 0.00130 0.00033 —0.00080
4.5 —0.00531 0.02089 0.00691 0.00157 0.00041 —0.00197
5.0 —0.00358 0.03361 0.01263 0.00096 0.00022 —0.00406
5.5 0.00172 0.04865 0.02065 —0.00145 —0.00071 —0.00746
6.0 0.01128 0.06390 0.03052 —0.00667 —0.00305 —0.01228
6.5 0.02462 0.07658 0.04106 —0.01541 —0.00758 —0.01833
7.0 0.03983 0.08387 0.05050 —0.02764 —0.01492 —0.02496
7.5 0.05373 0.08389 0.05682 —0.04231 —0.02530 —0.03100
8.0 0.06255 0.07637 0.05836 —0.05723 —0.03822 —0.03508
8.5 0.06303 0.06298 0.05444 —0.06944 —0.05230 —0.03587
9.0 0.05349 0.04698 0.04574 —0.07585 —0.06541 —0.03266
9.5 0.03460 0.03232 0.03437 —0.07411 —0.07500 —0.02564

10.0 0.00945 0.02241 0.02338 —0.06344 —0.07872 —0.01619

to (5.10), be interpreted as an expansion of the function AT M. The speciali
zation It = Mt = 0 may thus be done without any loss of generality, since 
the amplitudes for other ground state spins can be computed by means of 
(5.8). Introducing this simplification we obtain

■Lo (*>.  ■?) - «er. (#» - § (îerr (») 4+ D (2 + 1)

(5.21)

(5-22)

3*
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Table 4 (continued).

? Re ^18,0 Im a18,0 Re 4-20,0 Im A20>0 Re A220 Im A22 q

0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5 —0.00051 —0.00009
5.0 —0.00114 —0.00004 0.00000 0.00027
5.5 —0.00236 0.00027 0.00009 0.00069
6.0 —0.00429 0.00116 0.00037 0.00133
6.5 —0.00706 0.00312 0.00111 0.00240 0.00071 —0.00034
7.0 —0.01056 0.00672 0.00261 0.00392 0.00130 —0.00090
7.5 —0.01435 0.01248 0.00530 0.00580 0.00209 —0.00199
8.0 —0.01768 0.02072 0.00958 0.00774 0.00301 —0.00389
8.5 —0.01958 0.03125 0.01575 0.00922 0.00384 —0.00692
9.0 —0.01904 0.04330 0.02382 0.00952 0.00420 —0.01133
9.5 —0.01540 0.05540 0.03334 0.00788 0.00354 —0.01718

10.0 -0.00863 0.06564 0.04338 0.00371 0.00128 —0.02423

In the excitation probabilities (see Eq. (5.13)) only the squares of the AT M 
appear and to second order in J22(^)/Ao(^) onty Ar,o and Ar, 2 contribute. 
The seamplitudes have been calculated numerically for /=0,2, and 4 by 
means of the known functions AT 0 (%, </eff (#)). The probability for the ex
citation of the states in an even-even nucleus can be written

?I ~ ((7eff (^)) + ^J20 (^) ' ^eff ($)) >
(5.24)
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Fig. 7. The multiple Coulomb excitation of a pure rotational band in an even-even nucleus. The 
excitation probability Pi of the state with spin I is given as a function of the parameter q for 
backward scattering. The excitation probabilities for other deflection angles and other ground 

state spins can also be inferred from these curves (see Sect. 5).
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Fig. 8. The coefficients dj for the correction of the excitation probabilities in the çeff (#) approx
imation. The coefficients z1z (which are defined in Eq. (5.24)) are plotted as functions of <7eff (#) 

for the three lowest states I = 0, 2, and 4 in a rotational band in an even-even nucleus.
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where Pz0) are the probabilities given in Fig. 7. The coefficients zJz receive 
a contribution, partly from Af0 partly from Az 2. The numerical result for 
Az in the cases of I = 0,2, and 4 are given in Table 6 and are illustrated in 
Fig. 8.

It is seen that Az is an oscillating function of 7eff($), and a rough estimate 
shows that the correction may amount to about 0.1, but usually it will be 
much smaller. If one compares the curves for Az and Pz, one sees that the 
tendency of the correction is to fill out the minima of Pz. The relative error 
at the minima of Pz might be rather considerable, as is shown on Fig. 9. 
The relative error in P2 is here plotted as a function of geff($) f°r different 
angles. The curves end at the value of </eff($) where q reaches the value 10. 
'fhe maxima on the curves appear as expected at the points where P2(0) is 
minimal.

One sees also that for small angles the relative error is rather considerable 
in the whole range of q. This discrepancy can, as was discussed in para
graph 3C, be removed by applying q (#) defined by

q (0) = q j[(Ao(W2+3(A2(^))2]''- (5.25)

instead of qeft(#)- This approximation will lead to the correct result for angles 
where the perturbation calculation is applicable. In Fig. 10 we have plotted 
the relative error of this latter approximation. It is seen that for q (#) less 
than 2 one obtains a considerable improvement over the qeff($) approxima
tion (compare Fig. 9). For q (#) larger than 2, the error is mostly larger than 
the error of the qeff($) approximation, but it is here not very different from 
this. As a net result the q (#) approximation is preferable.

In the case of a pure rotational band, one may calculate the excitation 
amplitude for arbitrary angles directly from (5.8). This can be done in the 
following way. We write the exponent in (5.9) explicitly in the form

= g

A*
| J2o WO - 3 cos2 ß) +1J22 (#)sin2ßcos2 a

(5.26)

For the spherical harmonics we use the definition

YIM(ß, a) = (-l)M
(2 7+ 1)(7-M)1

4 % (7 + M) !
(cos ß) elMx. (5-27)
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The integration over a may then be expressed by means of a Bessel function 
JM/z °f order Af/2 with the following result(10);

M
^im ($> q)= z2 (Z + M)1J

x( dxP™(x)JM
*0 9

(5.28)

This formula applies to / and A/ even. For I or 3/ odd, Aj M vanishes. One 
observes furthermore the symmetry relation

(^’ Q)  Af, M (&, q). (5.29)

One may then proceed by using the following integral representation of the
Bessel function (sec ref. 10, Vol. II, p. 81)

(5.30)

Fig. 9. The relative error of the </eff (A) approximation for the excitation of the 2+ rotational 
state in an even-even nucleus. The error [P2 ($, Q)-P-2 (n, ?eff (#)]/P9 (n, <?eff ($)) is plotted as 
a function of çeff (#) for different angles. The curves end at a value of geff ({}) where q reaches 

the value 10.

Fig. 10. The relative error of the q (#) approximation for the excitation of the 2+ rotational 
state in an even-even nucleus. The error [P9 (#,<?)-P., (tt, ç (#))]/P2 (T, <? (#)) is plotted as a 
function of q(&) for different angles. The curves end at a value of q(&) where q reaches the 

value 10.
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The integration over x can be done by expanding the exponential function 
in power series in q [J2,o ($)+ ^2,2 (^)J (see ref- 10, Vol. I, p. 172). The 
integration over t can finally be done when the powers of this quantity are 
expanded according to the binomial formula. The result is a double series

where

(5.31)

J 22 (#)
2 J20 (#) ‘

(5.32)

We have furthermore used the notation

am = oc (a + 1 ) . . . . (a + m - 1 ). (5.33)

The formula (5.31) holds for M > 0. The functions Aj M for negative M are 
determined by means of (5.29).

It is useful to perform the summation over M whereby (5.31) may be 
written in the form

1 2
a-M)ij

2m + 17

2

d2n

X(dqett(Wn

i_ M__ ,
x (-<2 ,7/eff W)2 (“/?)2 >

I-M
-n (<ze«W) 2 ifi

 (5.34)

If one sets 5 = 0 the expressions (5.31) and (5.34) reduce to the simple re
sult (5.16). The expression (5.34) is, similar to (5.20), a systematic expansion 
in powers of T22(i9)/Jr20(i?).
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B. First Order Correction in £

In paragraph 3 A it was outlined how one may calculate the deviation 
of the excitation amplitudes from the sudden approximation. The result was 
expressed in a power series in the £’s which enter into the excitation process. 
For rotational bands, one may define a common £ in terms of the moment 
of inertia in a similar way as, for such spectra, we defined a common / 
in terms of the intrinsic quadrupole moment. We shall use the notation

(5.35)

where 3 is the moment of inertia entering in (5.3). The quantity (5.35) is 
identical to the £ corresponding to the excitation of the lowest rotational 
state in an even-even nucleus.

The excitation amplitudes which were evaluated in the previous para
graph are essentially complex numbers. The first order corrections must 
also be expected to be complex, and it follows therefore that the excitation 
probabilities have linear terms in £. This is in contrast to the first order 
perturbation theory which is independent of £ to first order in this quantity.

To first order, the excitation amplitude an may be written in the form

an = a(0) + n(1) (5.36)

where is the amplitude (5.7) in the sudden approximation. The first 
order correction is, according to (3.20), given by

In this equation, H'(f) is given by (5.5) and (5.11)

H, (() _ (/) (/? (5.38)

while Hq (sec Eq. (5.3)) has been expressed by means of £ and the angular 
momentum operator L through

(5.39)
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For the evaluation of (5.37) we shall proceed in the following way: Firstly, 
the differentiations of the operator L2 are performed. Hereby the two exponen
tial functions in | > will cancel. The expression for | > will then be
suitable for an expansion in terms of the eigenfunctions | m) of Ho, and 
the problem is reduced to the already performed calculation of matrix ele
ments in the sudden approximation.

The result of the first step in this program can be written in the form

\(Pi> = ffi Y2ft (ß> a) I 0 >

8ti (dY*  d 1 dY*d\
- - l°>la ~ \ dß dß sin2/? doc doc/

.61«« 1 dY^ dY^A
+ l ^5 dß + sin2ß doc doc ' |0>,

(5.40)

where the coefficients and are defined by

and

From the symmetries of the (see Eq. (3.23)) one sees immediately
that f\_ = is the only non-vanishing f . The first two terms of (5.40) also 
appear in the first order perturbation treatment while the third, which is 
proportional to g2, is characteristic of higher order excitations. The second 
term arises from the initial motion of the rotator, and it disappears for the 
ground-state spin 1 = 0.

For the evaluation of (5.40) one has to use the properties of the eigen
functions I 0 > which are given in terms of the fl-function in (5.6). We 
note the following formula

ïdD1 dD1' 1 d l)1 di)1' 
dß dß + sin2 ß doc doc

= Dj L2 + D1 L2 (D1) - L2 (I)1 D1'}

= (Z(/+1)+ /'(/' +1)-L2) D1 D1',

(5.43)
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where we have suppressed the lower indices M and K on the I) functions. 
By means of this formula the problem of expanding | <yL > in terms of | n? > 
is reduced to the problem of expanding a product of I) functions in terms 
of D functions.

The result can be expressed by means of the functions AIM defined in 
(5.9) in the following way:

r
^IM (ft’X

r
(ft’ Q)X

2 A n - h 
/z — mJ \o k - kI Mf .

q~ 11
+ q2s (-ir <■> it+iÿ c>if+v)‘(•>/+}) c>i'+1)

II'Mlm

/ / A I'

M \-KKH

r,(1) =
"// Mi

(5.44)

We have here introduced the notation

ÄW-(2/+l)(^ J [12-/(?+!)] 5/r 2, ' )V (5.45)

\° 0 °/ — V i“ nV

for the tensors of rank 0,2, and 4 which can be built up of the fn^', given by 
(5.42).

The coefficients /^($) and /^(#) which are necessary for the evaluation 
of a(1) have been computed for a few angles and the result is given in 
Table 7. We note the following property of the flm functions:

fl-m(ft> = flm(ft\ (5-46)

The flm functions for odd values of in may be expressed by means of 
and the functions T2 „(^) defined by (3.27):

+ (5.47)
28 \7t

fl W - - '■ ~/,7= fl [2 Ao W - A2 WJ (5.48)
7 J/2%

AA2W- (5.49)
J/ 1 4 71
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5 io q

Fig. 11. The first order correction in £ for the excitation of a rotational band in an even-even 
nucleus. The curves show the excitation probabilities of the states of spin 2 (P2) and of spin 
4 (P4) and the probability that the nucleus stays in its ground state (Po). The probabilities are 

given as functions of q for backward scattering and for the cases £ = 0 and £ = 0.05.
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For backward scattering the only non-vanishing /-functions are /‘q , fl, 
and /q. This is a consequence of the fact that all and f , of Eqs. (5.41) 
and (5.42) vanish, except /’00.

We shall here illustrate the first order correction in £ by considering the 
special case of backward scattering on an even-even nucleus. In this case, 
the only non-vanishing amplitude a(1) is

Q2 £ (2 If+ 1 )2 (^) A (2 1 +1 )

(5.50)

We have here used that fl (%) = 5/7 fl (jt) and fl (ti) =-12/7 fl(ri) which 
follows from the definition (5.45). The excitation probabilities to first order 
in £ may be written in the form

(zt, q) = PT (£ = 0) +Aj (q)£. (5.51)

The coefficient /lz (7) has been evaluated numerically and is given in Table 
8. It is seen that AT is an oscillating function of q which is of the order of 
magnitude 1. The corrections for £#0 are thus not dominated by the factor 
q2 in (5.50). The oscillations in AT follow the oscillations of Pz (£ = 0) in 
such a way that the first maximum of Pz is cut down, while the excitation 
probability for larger values of q is increased. This increment is largest at 
the minima of Pz and the effect of £#0 is thus essentially to smooth out the 
whole excitation curve. This is clearly seen on Fig. 11 where the excitation 
probabilities for I = 0, 2, and 4 and £ = 0.05 are compared with the exci
tation probabilities for £ = 0.

For other deflection angles one may use the qell (0) approximation. One 
must here substitute only the q in AZ0(7t, 7) with 7eff(#). Furthermore, the 
fl (%) should be replaced by /q (#). As was discussed earlier, this approxi
mation is much less accurate here than in the sudden approximation. An 
indication of the accuracy can be obtained by comparing the limiting case 
of (5.50) for 7(0 with the second order perturbation calculation per
formed in ref. 14. This comparison shows that the approximation should 
not be applied for angles less than 90 degrees.

The failure of the qeii (#) approximation for £#0 is due to the fact that 
the relative importance of the different coefficients flm(JP) in (5.44) for angles 
smaller than 90 degrees is completely different from the relative importance 
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in the neighbourhood of 180 degrees where only f00 is different from zero. 
This means that one has to take into account also the amplitudes on the 
states with magnetic quantum number M#0.

For £?^0, one observes from (5.44) that also the states with magnetic 
quantum numbers which differ by an odd integer from the magnetic quan
tum number of the ground state are populated. The amplitude on these 
states will be proportional to £ f± ($) and the excitation probability will thus 
only receive a contribution of the order £2 from such terms.

C. Numerical Results

In this paragraph we shall collect the numerical results which have been 
obtained for the excitation of rotational states together with some formulae 
which facilitate the application of these results to the experiments.

It is thus convenient to write the important parameters directly as func
tions of the energy of the incident projectile in the laboratory system (see 
ref. 1, Chapter II C). We shall here quote the expression forhall the distance 
of closest approach in a head-on collision

a = 0.07199(1 +—^ J xl0"12cm. (5.52)
\ -^2/ -E'MeV

Here, Ax, and A2,Z2 are the mass numbers and charges of projectile and 
target nucleus, respectively. The quantity EMeV is the bombarding energy 
expressed in MeV.

The parameter £ is similarly given by

1

t ^1Z2 Ax A FMeV
/ 1

12.65 ( -Ejtev - - A -KjMeV

where A E' is connected with the energy difference E2- Er by the relation

An expression for the parameter / (in the case Â = 2) is found by insert
ing (5.52) in (2.11), i. e.,

(5.54)

3/2 ’
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14.52
4 [B (£2,Z1->Z2)]1/2

(1 +a1/a2)2z1zI
(5.55)

The reduced transition probability B (E 2) is here measured in units of 
e2- IO-48 cm4.

For the excitation of rotational states we have introduced two parameters 
which are related to /1_>2 and ^i->2 an(^ are defined in terms of the nuclear 
moments, so that they arc independent of the spin sequence in the rotational 
bands. We have thus (see Eq. (5.35)) defined a common £ in terms of the 
moment of inertia 3 by means of (5.53) where

(5.56)

For an even-even nucleus this £ is identical with the £^2 f°r the excitation 
of the lowest rotational state.

We have furthermore defined a quantity q by means of the intrinsic 
quadrupole moment Qo in the following way (see Eq. (5.11)): 

q = 7.6241
(1

(5.57)

where Qo is measured in units of e-10 24 cm2. The quantity q is related to 
the % for the excitation of the lowest state in an even-even nucleus by Eq. 
(5.12).

The differential Coulomb excitation cross section is given by (3.43) 
through the excitation probability PT T. (0, q, £) which is the probability 
that the nucleus is excited from the ground state with spin It into the state 
with spin when the projectile moves in an orbit with deflection angle 0 
in the center of mass system.

The probabilities P as well as other quantities interesting for the experi
ments can be obtained from the excitation amplitudes (see Eq. (3.42)). For 
£« 1 the amplitudes aT M (0, q, £) are easily obtainable from the func
tions AIM (0, q) (see Eq. (5.8)). These functions can in turn be expressed 
by the functions AI0 (n, q) which are related to the amplitudes for the exci
tation of rotational states in an even-even nucleus for # = % and £ = 0 by 
means of (5.10). These fundamental quantities have been calculated accord
ing to the formulae given in paragraph 5 A, and the result is given in 
Table 4.
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For other deflection angles, the functions AIM (ft, q) can be obtained 
to a good approximation from those tabulated by means of Eqs. (5.21) to 
(5.23) which we shall quote here for the cases M = 0 and A7 = ±2:

4(7+l)(Z+2) [(7+1) (Z+2) - 4]
(2 7 - 1) (2 7 + 1) (2 Z + 3) (2 7 + 7) 7 4 2’°( ’ Qeii) 

(Z+l)(Z + 2)(Z + 3)(Z + 4)
(2 7 + 1) (2 7 + 3) (2 7+ 5) (2 7 + 7) 74 4'°( ’ QeffJ

*7eff)

and
ai.±2~ 'îe>l K7“1) Z(/ + 0(/+ 2)1 ](2/- 1) (2/+ l)+_2’"<+

"(2 7-7^(277 3) g",) + (2 / + 1)0773) A; + 2'° (JI' ’e,,)r

In these equations, geff (#) is given by (5.15). The ratio qeii (ft)/q is shown 
in Table 2 where also the ratio J22 (#)/J20 ($) ^as been tabulated.

The excitation amplitudes for arbitrary spin sequence in the rotational 
band is given by Eq. (5.8). The first order correction in the amplitude for 
£ # 0 is expressed by means of the M (17, g) in Eq. (5.44). We shall in 
this paragraph only consider the application of M (ft, q) for the evalua
tion of the excitation probability Pz z. (ft, q, £).

In the simplest case of the excitation of a rotational band in an even
even nucleus for £ = 0 and ft = ji, the excitation probabilities Pz (g) = 
Pj 0(ti, q, 0) are given by

P/(</)-(2 7+l)l+.oO.'/)l2- (5-60)

These probabilities have been evaluated in Table 5, and they are plotted 
in Fig. 7.

For other deflection angles the probability can be obtained from (5.58) 
and (5.59). To second order in J22 (#)/«72o (^) maY be written

p,.0(»■ q. 0) - O(<?,«W) + (’’+• <5-61)

(5.58)

(5.59)

Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 8. 4
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(to be continued)

Table 5.
The probabilities for excitation of the rotational states in an even-even nucleus. 
The result which is given for backward scattering and £ = 0 is tabulated as a func
tion of q and of the spin of the excited state. The excitation probability for other 

deflection angles and other spins can easily be inferred from these numbers.

Q ^0 F2 ^6 ^8 7To 7T2

0.0 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.5 0.9144 0.0842 0.0014
1.0 0.6945 0.2850 0.0199 0.0006
1.5 0.4300 0.4812 0.0828 0.0057 0.0002
2.0 0.2152 0.5597 0.1972 0.0260 0.0018 0.0001
2.5 0.1021 0.4842 0.3296 0.0750 0.0086 0.0006
3.0 0.0835 0.3098 0.4184 0.1572 0.0280 0.0029 0.0002
3.5 0.1108 0.1389 0.4140 0.2563 0.0685 0.0104 0.0010
4.0 0.1317 0.0514 0.3152 0.3354 0.1333 0.0286 0.0039
4.5 0.1214 0.0600 0.1741 0.3555 0.2125 0.0634 0.0116
5.0 0.0881 0.1158 0.0630 0.3006 0.2815 0.1171 0.0285
5.5 0.0571 0.1540 0.0284 0.1932 0.3105 0.1831 0.0593
6.0 0.0463 0.1412 0.0633 0.0848 0.2810 0.2436 0.1053
6.5 0.0547 0.0917 0.1191 0.0250 0.2007 0.2757 0.1618
7.0 0.0671 0.0459 0.1442 0.0312 0.1036 0.2616 0.2155
7.5 0.0687 0.0343 0.1198 0.0798 0.0331 0.2014 0.2481
8.0 0.0570 0.0552 0.0684 0.1242 0.0166 0.1174 0.2436
8.5 0.0413 0.0819 0.0296 0.1292 0.0491 0.0446 0.1985
9.0 0.0329 0.0879 0.0276 0.0930 0.0974 0.0128 0.1267
9.5 0.0355 0.0685 0.0549 0.0447 0.1230 0.0286 0.0560

10.0 0.0432 0.0408 0.0819 0.0189 0.1079 0.0719 0.0148

The coefficient z4z(#) lias been evaluated numerically for / = 0,2, and 4 and 
the result is given in Table 6 and Fig. 8.

In many cases a simpler approximation for 0 (??, y, 0) will be quite 
adequate, namely the q approximation. In this approximation the exci
tation probability is given by

P/>o(0,</.O)~P, (</(£)), (5.62)

where the quantity g (#) is defined by (5.25). The ratio q (JF) / q is given in 
Table 2. The accuracy of the approximation (5.62) is illustrated in Fig. 10.

As an illustration of the application of (5.62) the differential and total 
cross sections have been evaluated for the case q = 3, and the result is given 
in Fig. 12. While the cross sections for all higher states tend towards zero 
for small deflection angles, the excitation of the 1=2 state reaches a finite
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Table 5 (continued).

q ^14 *16 *18 *20 P22 *24 *26

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.5 0.0000
1.0 0.0000
1.5 0.0000
2.0 0.0000
2.5 0.0000
3.0 0.0000
3.5 0.0001
4.0 0.0004
4.5 0.0014 0.0001
5.0 0.0046 0.0007
5.5 0.0124 0.0018 0.0002
6.0 0.0283 0.0053 0.0007 0.0001
6.5 0.0558 0.0130 0.0022 0.0003
7.0 0.0961 0.0279 0.0058 0.0009 0.0001
7.5 0.1455 0.0529 0.0134 0.0025 0.0004
8.0 0.1938 0.0888 0.0274 0.0062 0.0011 0.0002
8.5 0.2258 0.1327 0.0503 0.0136 0.0028 0.0004 0.0001
9.0 0.2275 0.1764 0.0828 0.0270 0.0066 0.0013 0.0002
9.5 0.1935 0.2073 0.1223 0.0481 0.0138 0.0031 0.0005

10.0 0.1326 0.2132 0.1622 0.0777 0.0265 0.0069 0.0014

Table 6.
The coefficient (ç) for the correction of the çeff($) approximation (see Eq. (5.61)), 
in the case of a rotational band in an even-even nucleus for £ = 0. The result is given 

for the states of spin I = 0, 2, and 4 as a function of q.

q do ^2 d4 q do d2 d4

0.0 0.000 0.000 0.000 5.5 —3.756 1.178 2.844
0.5 —0.247 0.239 0.008 6.0 —3.960 1.387 1.766
1.0 —0.787 0.678 0.103 6.5 —4.841 3.078 —0.349
1.5 —1.225 0.821 0.347 7.0 —5.993 5.048 —1.746
2.0 —1.381 0.585 0.561 7.5 —6.712 5.700 —1.046
2.5 —1.477 0.490 0.404 8.0 —6.654 4.538 1.409
3.0 —1.887 1.120 —0.206 8.5 —6.195 2.733 3.639
3.5 —2.712 2.390 —0.796 9.0 —6.120 2.156 3.664
4.0 —3.608 3.441 —0.610 9.5 —6.898 3.655 1.329
4.5 —4.084 3.787 0.630 10.0 —8.213 6.188 —1.379
5.0 —4.000 2.263 2.214

4*
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F’ig. 12. The differential cross sections for multiple Coulomb excitation of a rotational band in 
an even-even nucleus for q = 3. The curves show the cross sections da^dQ for the excitation of 
the state with spin 1 in the sudden approximation in units of a2. The curve for the first excited 

state has been scaled down by a factor 10.

value for ?9 = 0°. This is seen from 
valid in this region. One thus finds

the perturbation expression which is

! do2\
(5.63)

From the differential cross sections the 
cross sections have been obtained

following values for the total

<tz = 2 = 7.93 a2 

= = 1.06 a2

<t7 = 6 = 0.160 o2

= 8 = 0.016 a2.

(5.64)

For other ground state spins the excitation probabilities of the rotational 
band can be obtained by means of (5.13). Since K = 7) this equation may be 
written

(.0. «. 0) " (2 I, + I J q, 0)

 (2^+1)! (2/,)! (/, + /,)! \ +
(/,-A)! y-- (/, + // + /+!)! (A-^ + Z)! (/,+//-/)!

As an illustration, the case of I- 5/2 is shown in Fig. 13 for & = 180°.
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Fig. 13. The multiple Coulomb excitation of a pure rotational band in an odd A nucleus with 
ground state spin 5/2. The excitation probability Pi of the state with spin 1 is given as a function 

of the parameter q for backwardjscattering.

Table 7.
The coefficients (#) and for the first order corrections in £ to the excitation 
of rotational states (see Eq. (5.44)). The coefficients arc given as functions of the 
deflection angle & (in degrees) for even values of m. For odd values of m the f'm (#) 
are easily obtained from (#) and the functions given in Table 2 by means
of the Eqs. (5.47) to (5.49). The entries are given in the form of a number followed 

by the power of ten by which it should be multiplied.

0 A /o° f210 /•2

180 0.000 3.893 (—1) 2.781 (—1) 0.000
150 1.917 (—1) 3.423 (—1) 2.423 (—1) 9.405 (—3)
120 3.242 (—1) 2.188 (—1) 1.495 (—1) 2.672 (—2)
90 3.586 (-1) 9.615 (—2) 5.915 (—2) 3.181 (—2)
60 2.904 (—1) 2.370 (—2) 9.662 (—3) 1.920 (—2)
30 1.513 (—1) 1.442 (—3) —1.047 (—3) 4.078 (—3)

0 fo /2 n
180 —6.673 (—1) 0.000 0.000
150 —5.935 (—1) 1.015 (—3) —4.062 (—5)
120 —3.942 (—1) 4.773 (-3) —4.713 (—4)
90 —1.880 (—1) 8.893 (—3) —1.373 (—3)
60 —5.511 (—2) 8.255 (—3) —1.654 (—3)
30 —5.787 (—3) 2.628 (—3) —6.296 (—4)
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Table 8.
The coefficients A, (ç) for the first order correction in £ to the excitation proba
bility of even-even nuclei. The coefficient which is defined in Eq. (5.51) is given for 
backward scattering on even-even nuclei. An approximate expression for other de

flection angles can be obtained from the table by means of Eq. (5.67).

? d 0 ^2 d4 dß dß dio

0.0 0.000 0.000 0.000 0.000 0.000 0.000
0.5 0.030 —0.029 —0.001
1.0 0.204 —0.186 —0.017
1.5 0.537 —0.422 —0.106 —0.008
2.0 0.890 —0.512 —0.325 —0.050 -0.004
2.5 1.084 —0.250 —0.636 —0.175 —0.022 —0.002
3.0 1.044 0.337 —0.861 —0.427 —0.083 —0.009
3.5 0.861 0.963 —0.773 —0.775 —0.234 —0.038
4.0 0.714 1.282 —0.278 —1.073 —0.509 —0.117
4.5 0.728 1.159 0.451 —1.107 —0.880 —0.288
5.0 0.880 0.783 1.053 —0.735 —1.224 —0.578
5.5 1.033 0.510 1.216 —0.025 —1.344 —0.966
6.0 1.061 0.580 0.919 0.721 —1.080 —1.341
6.5 0.955 0.930 0.465 1.136 —0.433 —1.526
7.0 0.821 1.266 0.249 1.039 0.370 —1.351
7.5 0.780 1.321 0.456 0.579 0.969 —0.779
8.0 0.865 1.082 0.922 0.148 1.087 0.031
8.5 0.995 0.785 1.278 0.099 0.728 0.751
9.0 1.055 0.701 1.259 0.480 0.199 1.063
9.5 0.996 0.901 0.920 1.006 0.089 0.855

10.0 0.880 1.204 0.580 1.282 —0.094 0.322
(to be continued)

The first order corrections for £^0 must be calculated by means of Eq. 
(5.44) from the quantities (#, q) and from the functions and
f\ (fr). The latter have been evaluated numerically for some angles and the 
result is given in Table 7.

The excitation probability may be written in the form (5.51)

pifii(#> q> 0 ~ pifiiq> °) + Aifii(#> q) (5.66)

file functions A have been calculated for the special case of i) = tc and 
= 0, and the result is given in Table 8. The effect of the correction in the 

excitation probability is illustrated in Fig. 11. The result (5.66) may be 
applied for angles in the neighbourhood of 180 degrees by the following 
substitution :
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Table 8 (continued).

Q dl2 ^14 ■“416 00 ^20

0.0 0.000 0.000 0.000 0.000 0.000
0.5
1.0
1.5
2.0
2.5
3.0 —0.001
3.5 —0.004
4.0 —0.017 —0.001
4.5 —0.055 —0.007
5.0 —0.149 —0.025 —0.003
5.5 —0.336 —0.073 —0.016
6.0 —0.640 —0.180 —0.034 —0.005
6.5 —1.038 —0.380 —0.092 —0.016 —0.001
7.0 —1.436 —0.694 —0.210 —0.044 —0.007
7.5 —1.669 —1.101 —0.421 —0.110 —0.021
8.0 —1.571 —1.516 —0.744 —0.238 —0.055
8.5 —1.072 —1.788 —1.163 —0.459 —0.128
9.0 —0.284 —1.753 —1.586 —0.789 —0.266
9.5 0.511 —1.324 —1.888 —1.210 —0.495

10.0 0.981 —0.571 —1.907 —1.648 —0.832

g2 / o (^)
Aifo (&> ?) ~ z - z »XX2 fo ÄZÄ A/fo(^ 9eff (#))• (5.67)

(7eff(w)) tov71)

This equation only holds as long as f®, and fl dominate over the coeffi
cients f|, f2, and f%.

The collision between the target nucleus and the projectile may also lead 
to an excitation of the projectile. The results which we have obtained for 
target excitation can also be used for projectile excitations, since we have 
worked in a relative coordinate system. The parameter £ (see Eq. (2.8)) is 
thus given by the Eqs. (5.53) and (5.54) where one must insert for E2-EY 
the excitation energy of the projectile. Similarly the expression for / (see 
Eq. (2.11)) is given by 

z?™1, - 14.52
Aj'2[B(g2,71^/2)]1/2 

(1 + A1/A2)2 Z2 Z2
(5.68)

where B(/i2) now refers to the projectile. The formula for gproj has the same 
relation to q in (5.57) as /pr0J lias to / in (5.55).
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D. Classical Treatment
We shall make a few comments about the classical limit of the excita

tion of rotational states, which can be used for large angular momenta and 
large q. The classical problem of a collision between a charged particle and 
a charged symmetric lop leads to a non-linear equation of motion which, 
like in the quantum mechanical problem, can only be solved in closed form 
in the limit where the collision time is short compared to the time of rotation 
of the top.

The classical Hamiltonian can be written in the form

(5.69)

where pß and px are the momenta which are conjugate to the Eulerian angles 
ß and a, describing the orientation of the axis of the top.

We shall here consider only the case where one may neglect the terms 
with /t # 0, i.e., we limit ourselves to the case of backward scattering or the 
q (#) approximation. In this case the angle a is a cyclic variable. For the 
angle ß one obtains from (5.69) the following equation of motion:

/Ï - t'j1 Ç^aP2S20(0sin 2/Î. (5.70)

In the sudden approximation one assumes ß on the right-hand side to 
be unchanged (equal to /?0) during the collision, and the final angular velo
city ßf is thus given by

= Ä + ^sin2^o- (5.71)

We have here used Eqs. (5.15), (3.24), and (3.27), and have denoted the 
angular velocity ß before the collision by ßt.

From (5.71) we obtain the following simple expression for the transfer 
of angular momentum dL± perpendicular to the symmetry axis of the orbit.

= 2 geff (#)fisin 2/30, (5.72)

while the component of L parallel to the axis is unchanged.
In the classical treatment one thus finds that the angular momentum 

transfer depends on the initial orientation of the lop and one sees that the 
projectile can transfer at most (for ßi = rc/4) an angular momentum of mag
nitude

= 2 7eff (5.73)
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If one considers all initial orientations of the top to be equal probable, one 
may evaluate the classical energy distribution of the top after the collision. In 
the simplest case where the nucleus is at rest before the collision, one finds 
corresponding to (5.73) also a maximum energy transfer Emax = 2 (qeff (#))2/ï2/3- 
In this case, the energy distribution can be written in the form

where

P (E) dE = de
4 j/fi |/1 - \/~e ’

E
8 =------

^max 2 (<7eff (W 1

(5-74)

(5.75)

This energy distribution (5.74) is illustrated in Fig. 14.
The classical treatment gives a qualitative understanding of the result of 

the quantum mechanical calculations of Fig. 7. In the classical limit, the 
excitation probability of a state of spin I is zero until q reaches the value 7/2. 
As a function of q the excitation probability thereafter goes through a maxi
mum and finally decreases slowly. The quantum mechanical energy distri
bution is a function of both q and the discrete excitation energies. For a 
fixed value of q the points corresponding to the different energies oscillate 
around the classical curve. On Fig. 14 we have illustrated the case of q = 
10, and we have here, for illustrative purposes, connected the points 
(indicated by circles) by a smooth curve. It is seen that the result is still 
far from the classical limit.

Like in the quantum mechanical treatment, the case of £#0 can be solved 
for small values of £. One must then take into account that the nucleus is 
moving during the collision time. In first order one may consider the change 
in the right-hand side of (5.70) to be linear in ß. One is thereby led to a 
hypergeometric differential equation which can be solved explicitly.

The result for the angular momentum transfer perpendicular to the z 
axis can be written in the form

= 2 çeff (#) sin 2ß0F(q^cos2ß0), (5.76)

where the correction factor F to the result for £ = 0 is given by

F(x-)
4 tix (2 x — 1 )

for x « 1.

Mat.Fys.Medd. Dan.Vid.Selsk. 82, no. 8.

(5-77)

5
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Fig. 14. The classical energy distribution of a charged symmetric top after a head-on impact of 
a charged particle (full drawn curve). The top is assumed to be at rest before the collision and 
the impact is assumed to be sudden. The scale of the abscissa is the ratio between the energy 
of the top E and the maximum energy Emax which can be transferred. The circles, which are 
connected by a broken curve, show the corresponding quantum mechanical result for q = 10.

It is illustrative to evaluate the average excitation energy of the nucleus 
after the collision. If we assume an isotropic distribution for the orientation
of the nucleus before the collision, we find from (5.76) to first order in £
(and backward scattering)

16 g2 fi2
15 1" (5.78)

This result must be correct also in the quantum mechanical treatment. In 
the limit of q « 1 where only the lowest state in a rotational band in even
even nuclei is excited, one may use it to calculate the excitation probability. 
Since the energy of the state of spin 2 is E2 = 3 7/2/3, one finds

(5.79)

If one compares this result with the result (5.51 ) in the limit of g«l, one finds

/oO) = =poO) = (5-80)

in agreement with Table 7.
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6. Excitation of Vibrational States

Another important kind of collective excitations in nuclei is that con
nected with the vibrational degree of freedom. In even-even nuclei a number 
of low-lying states have been identified as vibrational levels but, in general, 
the spectra are not as well understood as the corresponding rotational sta
tes in deformed nuclei. A survey of the experimental and theoretical status 
is given in ref. 1, Chapt. VC.

The excitation of pure vibrational states can be solved exactly not only 
in the sudden approximation, but also for arbitrary ft, I-, and /. The problem 
is analogous to the classical problem of a forced vibration which can also 
be solved in an explicit form.

For a pure quadrupole vibration, the Hamiltonian of the free nucleus is 
given by

Ho-|bZIM24cAI“2mI2’ <6-0
“ /z z /.z

where B is the inertial parameter and C the restoring force. The parameters 
a2,/z> where /z = —2,—1, 0, 1, 2 describe the shape of the nuclear surface. 
In the idealized case where the surface is sharply defined and where the 
nuclear density is constant, the nuclear shape is given by

«(<>,<?)- _R„ [ I <?')]■ (6.2)
L z*  J

The eigenstates of the Hamiltonian (6.1) can be classified according to 
the five vibrational quantum numbers nfl, where = 0, 1,2.... The en
ergy of a state | n^)> can thus be written in the form

Here, the frequency co is given by

while the principal quantum number N is defined by

F

The degenerate nuclear states can also be labelled by this principal 
quantum number together with the total angular momentum I and the mag- 

5*  

(6.3)

(6.4)

(6.5)
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h
(6.6)

instead of

(6.7)

(6.8)

defined by

(6-9)

(6.10)

(6.11)

(6.12)

where S2/l (f) is given by (3.23).

ground 
for the

where the momenta are

Wo =

we may write Ho in the form

and one may therefore write the interaction Hamiltonian (2.3) in the 
ing form :

The nuclear multipole moments äR (E 2, /<) are related to the deformation 
parameters a2>jU by the following expression (see ref. 1, Eq. (V. 24)),

netic quantum number Jf. For N < 3 these numbers are sufficient to specify 
the state completely, while for N > 3 one needs additional quantum num- 
bers(17\ The connection between the two labellings and N, I, M is given 
in refs. 15

In the
coordinate

a2>/<- If we introduce furthermore £ by means of the equation

t n
Ç = co —

V

B/ — X/ Q ^/lB ^-2/1

and 16 for a number of cases.
following, it will be convenient to introduce a dimensionless 
x^ defined by the equation

H'(0 =
I J H

By evaluating the reduced matrix element of (6.10) between the 
state and the first excited state one finds the following expression 
parameter / (see Eq. (2.12)):

Z2 e2 Rq

(E 2, /<) = ^Z1e R2o oc2fl
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The eigenstates of the free Hamiltonian Wo are given in terms of the 
Hermite polynomials Hn (x), i.e.,

(6.13)

The excitation amplitude in the sudden approximation (3.11) is now very 
easily found.

The result for the distribution on the different energy levels (AT) turns out 
to be a Poisson distribution, where the mean excitation energy is the same 
as that one would find in the perturbation calculation (see Eq. (6.27) below). 
This result can be understood by noting that the excitation of an harmonic 
oscillator can always be interpreted as the collective motion of a large num
ber of mutually uncoupled harmonic oscillators which are, each of them, 
only weakly excited. The weak excitation of these oscillators can be treated 
by a perturbation calculation and, since they are mutually uncoupled, the 
resulting total energy distribution must be a Poisson distribution.

Since the above argument is independent of the sudden approximation, 
we shall in the following give the details of the calculation in the more gene
ral case of £+0.

The first step in the program will be to introduce a number of auxiliary 
variables x(l), where i = 1,2, 21 and where x^ = x^. The 5 (2Ï — 1) 
new degrees of freedom are supposed to be coordinates for free vibrations 
which have the same frequency co as the x^ oscillators. Furthermore, we 
take them to be coupled, neither to each other nor to the old xjX. Under 
these circumstances they will be left undisturbed in the Coulomb excitation 
process and will only change the problem in a trivial way. The total Hamil
tonian will thus be

/A i

while the eigenstates which arc of physical interest will be

(6.14)

O) = W2> no n2 G^) ]~[ ^0 (6.15)

i + 1
where is the ground state wave function (6.13) with = 0.
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We perform now a linear transformation on the coordinates and in
troduce hereby new coordinates Qjf and new momenta PfiK The transfor
mation matrix U is supposed to be unitary, i. e.

UU^ = 1 (6.16)

and is assumed to be diagonal in y, i.e.,

(6.17)

Furthermore, we prescribe the first row of for all values of y to be given
by

(6.18)

The new Hamiltonian in the variables Qjp and P^ is found from (6.14) 
(6.16), and (6.18) to be

H [ I I2 + I 0? I2] + 1/^fiy«2 Æ2W0 2Q?- (6 ’9)
2 a /h I 5 J/yc y i

The Schrödinger equation for the variables is again separable and 
the eigenstates of the free Hamiltonian are

<Pn (Q) = Tl (Q?) > (6.20)
i/.i

where all can take the values nfî = 0, 1, 2z*  z*
In the new Hamiltonian, however, the interaction term can be made 

very small for all values of y and i by choosing 91 to be a large number. 
In the new variables, the excitation process can therefore be treated by a 
perturbation calculation, and one obtains for each of the oscillators (ji,j) 
only a very small probability that the oscillator is excited. In the perturbation 
treatment one finds, for each oscillator the following excitation amplitude 
on the first excited state:

f* 00___
.‘-<1 (6.21)

Since the matrix element of between the states of one phonon | 1 > 
and the ground state | 0 > is given by
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(-1>“<l|Q^)|O> = Lpy-, (6.22)

one may write (6.21) in the form

<6-23)

where (see also Eq. (3.24))

O = ]/ va2{- £). (6.24)

We can now easily determine the total excitation probability. We ask 
first for the probability that any one of the five oscillators belonging to a 
definite value of j is excited. This probability is

P«>-Zl«“l2 = Tz(^f)l2> (6-25)
/(

where / (&, £) is given by Eq. (2.12), i. e.,

o)z2„(0,OI2- (6.26)

We can then calculate the probability that all the D( groups of live oscil
lators have together the total excitation energy N li a>. Since all groups have 
the same probability (6.25) of having the energy li w, we obtain in the limit 
of 9l->oo a Poisson distribution for this probability Py

(6-27)

In the old variables this result must be interpreted as the total exci
tation probability of the vibrational state with principal quantum number N.

We shall be interested also in the amplitudes on the eigenstates (6.13). 
We shall evaluate these by calculating the amplitudes {<pn (Q) | 0 (Q)> of 
the final wave function, 0, on the eigenstates (6.20) as well as the amplitudes 
<^(.r(Q)) I 95„(Q)> of (6.13) on these eigenstates.

From (6.23) one finds directly the amplitude on the states (6.20)

< »>.«?) i (0) > -71 h -1 «<p i2](1’"“)/2.
//, i

where the quantum numbers are all 0 or 1.

(6.28)
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The amplitude of (6.13) on (6.20) follows from the expansion of a Hermite 
polynomial of a linear function of in terms of a product of Hermite 
polynomials of Q^\ One finds from ref. 10 (Vol. 2, p. 196)

According to (6.28) and (6.29), the expression for the excitation amplitude is

«n-, n-i = ^< V O (Q)) I <?bz (Q) > < (Q ) I (Q) >
n

r~r 1 / ^2_! (-i _ >_ QÉ Ï2 “ ? / '
VI M

(6.30)

We have here utilized that = 0 or 1 and have performed the summation 
over with the restriction 27 by multiplying with the number of
ways in which nfl objects may be chosen among 9? objects. When we let 
ï)( -> 00 the expression (6.30) takes the form

«n-.n-.n.n.n, =7T ^== (ty (#» 0)*"  e 2^^’^ . (6.31)

|/(v!

This equation oilers the complete solution of the excitation of pure vibra
tional states.

It is interesting to observe that the total excitation probability (6.27) 
depends on -& and £ only through the quantity / (#, £). This means that the 
excitation probability for arbitrary & and £ can be obtained from the pro
babilities for ?7 = tt and £ = 0 by substituting % (j), for /, i. e.,

(#, £, /) = PN (%, 0, x (<7, £)) • (6.32)

In the special case of £ = 0 this equation shows that the / (17) approximation 
(see Eq. (5.62)) in the case of vibrational states is exactly fulfilled.

The function PN (re, 0, /) is illustrated on Fig. 15, as a function of /. 
It is interesting to compare this result with the corresponding result for the 
excitation of a rotational band which is illustrated on Fig. 7. The maximum 
excitation probabilities are larger for rotational states than for vibrational 
states. However, in the latter case, higher lying stales are reached for a de
finite value of /.

The ground state and the first excited state have the definite angular 
momenta 0 and 2. The second excited slate, however, is a triplet with spins 
0, 2 and 4. Since the vibrational states in nuclei are not pure, the degeneracy
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The excitation probability P.v of the state with principal quantum number N is given as a func
tion of the parameter (#, £).

is in actual cases removed, and it is thus interesting to find how the total 
excitation probability (6.27) is distributed on each of the substates.

To perform this calculation one needs the expression (6.31) for the am
plitudes on the states specified by n_2, n_1, n2. Furthermore, one needs 
the coefficients for the transformation between the z?/t and the N, I, M labell
ing (see refs. 15 and 16).

One finds in the case of N = 2 the following result

^2.z = o~ 1/^ ^2 

^2,Z = 2 = 2/7 P2 
P2,i~4 = 18/35 P2

(6.33)

where P2 is given by (6.27) for N = 2. In this case the rule (6.32) thus also 
holds for the excitation of the substates with I = 0, 2 and 4. This is, how
ever, not true any more for the excitation of the substates of the state with 
principal quantum number N = 3.



66 Nr. 8

7. Excitation of Coupled Rotational Bands

In the two preceding sections, we have treated the multiple Coulomb 
excitation of a pure rotational band and of a pure vibrational band, and we 
assumed there that only the rotational or vibrational degrees of freedom 
were involved in the excitation process. In actual cases several different 
degrees of freedom can be excited. One might have cases, such as in most 
deformed nuclei, where both rotational and vibrational degrees of freedom 
are involved, or one might have to consider the excitation of the intrinsic 
degrees of freedom.

In this section, we shall consider a situation where the low energy nuclear 
spectrum consists of a number of rotational bands which differ in internal 
(or vibrational) structure. The excitation of these bands can be treated rigor
ously in the sudden approximation, in some cases when only a finite number 
of bands have to be taken into account.

In most cases, however, one will find that the parameter / (see Eq. (2.12)) 
which describes the transition between the bands is small, and one may 
then simplify the calculation by a perturbation expansion for the transition 
from one band to the others. The transitions within any one of the bands must 
in any case be treated rigorously.

We shall assume that the nuclear states are described by state vectors 
of the form

|^>= \n,K)\I,K,M\ (7.1)

where | I, K, My stands for a rotational wave function of the form (5.6) 
which only depends on the Eulerian angles describing the orientation of the 
nuclear axis, while | n, /<> describes a state of the intrinsic and vibrational 
degrees of freedom, which has a component of angular momentum K along 
the nuclear symmetry axis. The state vector | n, depends only on rela
tive coordinates measured with respect to a coordinate system which has its 
z-axis along the nuclear axis.

In actual cases, the nuclear state vector will be a linear combination of 
state vectors of the form (7.1). Firstly, it will always contain a term identical 
with (7.1), excepl for a change of sign on K. Secondly, it may often contain 
admixtures from other bands with different values of K and n. The actual 
excitation probabilities can, however, easily be evaluated once the excitation 
probabilities for states of the simple type (7.1) are known.

It is convenient to transform the interaction energy to the rotating co
ordinate system which has its z-axis along the nuclear axis.
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For the multipole operator (2.4) one finds

S)î (£ 2, A) - Z 0) 3Rlnt (£2,0, (7.2)
V

where the intrinsic multipole operator 9)?int (E 2, r) is independent of the 
Eulerian angles a and ß.

If we adopt the / (#) approximation, the excitation amplitude in the 
sudden approximation (3.11) may he written

// '
27 (&) Ylv(ß, 0) (7.3)

where the operator qF (#) is defined by

7iZ1e2^i:nt(JE2,r)3
5------- W--------iJ^ (7-4)

The expectation value of q(, for states within a hand is exactly the earlier 
defined quantity of qefi (#) for this band (see Eq. (5.15)),viz.,

< I q, (ÿ) I n A') - </'»> (0) Sv0 ~ <,<»> (0) <5„0. (7.5)

If the matrix elements of qp between the bands are small, and if the 
expectation value of q,, or the intrinsic quadrupole moment is not very 
different in the initial and final band, one may use a perturbation expansion 
to evaluate (7.3). We may write the amplitude (7.3) in the form

KfMf I e
i I /6J5~ ff (#) ^2,0 0)

X < fli, le-‘^ 7<#)1 01 I IK, > I I,K, M, >,
(7-6)

where q ($) is the q for the initial band. We then perform a series expansion 
of the second exponential whereby we obtain the following expression for 
the excitation amplitude for a band different from the ground state band:

„(/) Eq KfMi
(7.7)

The excitation probability in the perturbation treatment can thus be written 
in the form

dp-4/^,0 W) (7-8)
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where we have introduced the notation

<I!'■«<> <fKf\m(E2.v-)\iK,-> 
r,,~ ?(♦) "" "</Äi|S)i(E2, 0)1/7^ >'

From (7.7), one observes that the total probability of exciting any member 
of the final band is given by the simple expression

_16r? j9W]2. (710)
z ’ 40

This result is identical with the expression which would be obtained in the 
ordinary perturbation theory for q « 1, and one sees that the strong 
coupling within the bands give rise only to a redistribution of the single 
probabilities PjP.

In the perturbation treatment which we have used here one may also 
approximately take into account the effect of finite £. If the energy dif
ference between the ground states of the two bands is larger than the energy 
of the lowest states in the bands, the £ corresponding to the possible transi
tions between the two bands will be approximately constant. One may then 
take £ into account by calculating the total transition probability (7.10) for 
the finite £ in the ordinary perturbation treatment and apply the same distri
bution as for £ = 0.

The matrix clement (7.7) can be expressed in terms of the functions
M (tc, q) (see Eq. (5.9)) by expanding the product of D-functions in 

terms of /^-functions (compare also Eq. (5.20)). The result has been evaluated 
in the special case of It = 0. For a band with Kf = 2, one finds

o - - > | '■// '/ W I ■■ < / I > 7 ( / + 1 ) (7+2X27+1)

x (2(27 + 1) (2773) A' + 2- 0 (î “ (27-l)(27+3) 0 (</ ( 1 ' " )

T 2 (2 / mTT/Vi) ‘4,_2’ "(</

For a band with Kf = 0 one finds similarly

-O+a.oCq W) +x
I 3(7+1) (7 + 2) 
|(27+l)(27+3)

27(7+1) 
(27-l)(27 + 3)

3(7-1)/ 
(27- 0 (27+0

-0-2,o(f/W)?-

(<?W) (7.12)
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The resulting excitation probabilities are given in Figs. 16 and 17 in 
terms of the coefficients This coefficient is plotted for Kf = 0,
I = 0, 2 and 4 and for /Ç = 2, / = 2 and 4. The states with odd spins in the 
K = 2 band are not excited in the q ($) approximation.

The perturbation treatment (7.7) is only correct if the quantity rif q(&) 
is smaller than one (compare Fig. 2).

If the bands are strongly coupled through the interaction with the projec
tile one may evaluate the matrix element (7.3) by a diagonalization method. 
We thus introduce a unitary transformation 17 which diagonalizes the matrix 
elements of the exponent in (7.3), i. e.,

< aKa i U'Z Ar W Yj.Aß. 0) v I bK„ >-«,„■ Ae. (7.13) 
V

The result (7.3) can then be written in the form

_ ■ i Z64 71

' 45 (7.14)
z

Since 2 and the unitary matrix U in the general case depend on the Eulerian 
angle ß in a rather complex way, this result is of practical interest only in 
some special cases. We shall consider the case where only two bands are 
involved in the excitation process. We assume that they have the same in
trinsic quadrupole moment and that Kt = Kf. The matrix diagonalization is 
then easily performed and one finds the result

aIKM ~ 2 (rZ/M [q (1 + aIM [9(1

aIKM = ~aIM tø G — •
(7.15)

It is interesting to compare this result with the result (7.7) from the per
turbation treatment. In Fig. 18 we have plotted the excitation probability for 
the state | 2,0,0 > as a function of q for different values of r. It is seen that 
the perturbation treatment is correct if rq< 1, as was to be expected. This 
condition will in actual cases usually be fulfilled.

If I Kf-Ki I is larger than 2 the transition between the bands is K for
bidden. A possible transition between the bands can then occur only if the 
wave function (7.1) contains admixtures from other bands. Such admixtures 
can also play an important role in K allowed transitions<18).
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Fig. 16. The excitation probability of a weakly coupled pure rotational band with K = 0 in 
an even-even nucleus. The figure shows the coefficient A^o in the perturbation treatment (see 
Eq. (7.8)) for I = 0,2 and 4 as a function of q (■&), which is assumed to be the same for the two bands.

Fig. 17. The excitation probability of a weakly coupled, pure rotational band with /C = 2 in 
an even-even nucleus. The figure shows the coefficient in the perturbation treatment (see 
Eq. (7.8)) for 1 = 2 and 4 as a function of q (/>) which is assumed to be the same for the two 
bands. In the q ( &) approximation, which has been used for the evaluation of A’, the states with 

odd I are not excited.

8. Conclusion

The multiple Coulomb excitation has until now been observed only in 
a few cases, but, from these observations (see refs. 5 and 6) as well as from 
the survey given in the present paper, it seems that a large number of ex
perimental possibilities are offered. Especially it seems promising to in
vestigate the excitation of the vibrational degrees of freedom of the nucleus, 
since our present knowledge on such states is rather limited. It is known 
that the vibrational states are mostly rather impure and for a quantitative 
comparison one may need some modification of the present theory. Simi-
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Fig. 18. The excitation probability of a strongly coupled pure rotational band with K = 0.
The figure shows the excitation probability of the Z = 2 state for different values of the coupling 
r (see Eq. (7.9)). The probabilities are given as functions of q (#) which is assumed to be equal 

in the two bands.

larly deviations from the pure rotational model have been observed. 
These deviations introduce a number of new parameters in the theory, and 
these can, in turn, be determined by a comparison of the experimental cross 
sections with the theory. On the other hand the increasing number of para
meters make a systematic tabulation of cross sections increasingly difficult.
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the authors (A.W.) at the Federal Institute of Technology in Zürich, Switzer
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our work.
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Synopsis
The low energy properties of nuclei are calculated, using a model which 

combines certain important features of the unified nuclear model and the inde
pendent-particle model with a two-body residual interaction. The residual interaction 
used has two parts, a pairing force and a long range part. Calculations are done 
for nuclei with a major closed proton or neutron shell, A >48, for various values 
of the two strength parameters, using single-particle levels taken from experiment. 
In each region, the calculated energy levels and spins agree in considerable detail 
with systematic experimental data. In addition, the even-odd-A mass difference, 
the electromagnetic transition rates, and other properties are calculated and 
compared to experiment. The approximate 1 /A dependence of the parameters 
is consistent with a volume force.
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I. Introduction

In the past several years, much evidence has been gathered by studying the 
low energy spectra of nuclei, and it has been possible to interpret many 

of the main observed features by the Unified Nuclear Model, i. e., in terms 
of the motions of individual particles in an effective nuclear potential1) and 
collective excitations of rotational and vibrational character2).

At the same time, attempts have been made to understand nuclear 
properties in terms of shell model particles interacting with a two-body 
force3). The detailed calculations in a single j shell for lighter nuclei have 
shown that in many cases it is possible to calculate approximately the 
energy levels by using specific nuclear forces. However, these calculations 
with pure configurations are not valid for heavier nuclei where configura
tion mixing becomes very important. Still, shell model calculations with a 
two-body force show that it is possible to derive many of the properties 
of nuclei with a few particles outside of closed shells by using a two-bodv 
force between particles which move in a well taken from experiment. 
However, for more than two or three particles in the system such calcula
tions become extremely involved.

More recently, progress has been made in solving the many-body problem 
for specific models. Such work shows that it may be possible to derive 
the Unified Nuclear Model from a shell model description with the inclusion 
of a two-body interaction4). The first step was made by Elliott who showed 
how the collective deformation and the associated rotational spectra can 
be obtained for particles in a harmonic oscillator potential interacting with 
a specific two-body force having angular dependence given by (cos 0), 
with 0 representing the angle between the particles5). Later work6) provided 
evidence that this is a general characteristic of the coupling scheme arising 
from interactions with a slow angular dependence, such as that of P<2> (cos 6). 
Since the low multipoles of the force are associated with the relatively 
long range part of the interaction, it therefore appears that this part of 
the nuclear interaction may be treated in terms of a deformed field acting 
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upon the individual nucleons, and is responsible for the associated collective 
nuclear properties.

The observed nuclear spectra clearly reveal, however, that there are 
important additional interaction effects which cannot be incorporated into 
the nuclear field. These residual interactions are responsible, for instance, 
for the shift of the intrinsic observed levels from the independent-particle 
prediction, for the collapse of the deformation with the approach to the 
closed shell regions, and for the energy gap observed in the intrinsic nuclear 
spectra. These two-body interactions should arise from the relatively short 
range part of the two-bodv interaction. A crucial problem has therefore 
been to develop methods to treat the effect of the short range part of the 
nuclear force in many-particle configurations.

A new approach to this problem was suggested by the recent develop
ment in the theory of superconductivity7). Methods have become available 
for treating the effects of a simplified interaction, the “pairing force”, by 
which we mean a force which has constant matrix elements in a (j/n), 
(/ — m) representation, l.e., the matrix elements of the pairing force between 
states of two particles in a J-level and two particles in a /'-level are propor
tional to I [(2/+ 1 )/‘2H(2//+1)/2] if the total angular momentum in both 
states is zero, and vanishes otherwise. Such a force appears to represent 
many of the characteristic features of a short range interaction8)’9). It is 
hoped that specific differences between a short range force and the pairing 
force interaction can be calculated for individual properties when such 
differences are important.

The pairing force is a generalization of an interaction operator earlier 
introduced by Racah, which characterizes the seniority coupling scheme 
for (j)" configurations. The new method therefore also leads to a gene
ralization of the seniority concept in terms of the “quasi-particles”. States 
of different seniority are separated by relatively large energies, and the 
gap in the nuclear excitation spectrum is thereby introduced, in analogy 
to that of the superconducting metals.

A nuclear model in which the interaction is represented by two simple 
components, the pairing force plus the long range part, usually represented 
by a quadrupole force, has been studied in some detail by Belyaev10) who 
showed that it contains the main qualitative features of the observed spectra. 
In particular, it accounts for the gradual transition from the closed shell 
regions to the regions of deformed nuclei with the associated vibrational 
and rotational modes of excitation.

Calculations with the model have so far, however, been based on a 
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greatly simplified single-particle level spectrum; especially the case of 
particles in a single degenerate level, such as a major shell in an oscillator 
field, have been treated11). A quantitative comparison with experimental 
data has therefore not been possible. To this purpose it is essential to intro
duce the proper succession and separation of the low lying single-particle 
levels available to the particles outside of closed shells.

In the present investigation we have attempted to perform such more 
realistic calculations, with a pairing force plus a P(2) force, based on avail
able information about the single-particle level spectrum of the shell model, 
and to make a comparison with experimental data on the low energy 
nuclear properties.

For simplicity, we have restricted ourselves to nuclei in which either 
the neutrons or the protons are in a major closed shell. We shall refer to 
these as s.c.s. (single closed shell) nuclei. For this reason, we do not have 
to deal with the difficult problem of the short range interaction between 
neutrons and protons. These isotopes do not seem to possess a static 
equilibrium deformation and we can therefore use the spherical wave 
functions as a basis from which to start the calculation. The single-particle 
levels, when known, are taken from experiments on isotopes with one par
ticle or hole outside of a double closed shell. In other cases, their positions 
are estimated from other experimental results and from theoretical calcula
tions of the nuclear well.

Since the s.c.s. nuclei have a spherical equilibrium shape, the pairing 
force must in some sense be stronger than the P<2) force. For this reason, 
we first calculate the excitation energies of the s.c.s. nuclei with only the 
pairing force acting between shell model particles. We do this approximately, 
using the Bardeen solutions. Subsequently, the effect of the P(2) force is de
termined by the deformed field method. Of course, with such a simple 
force we cannot expect to derive the detailed quantitative properties of 
these nuclei, but rather attempt to find the main systematic features and 
to identify the main parts of the nuclear wave functions. We do expect 
that certain of the specific nuclear properties which are not given correctly 
by our wave functions might be derived from them by perturbation theory.

In Chapter II, the canonical transformation of the pairing Hamiltonian 
to the quasi-particle system is reviewed and the results are given which 
are important for the present calculation. We also describe the transforma
tion to the collective coordinates to obtain the collective states. As an 
example of a possible interaction between quasi-particles, the perturbation 
theory results for the P(2) force are derived.
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In Chapter III, the results for the energy levels of odd-A and even-A 
nuclei are presented for the various nuclear regions treated, along with 
discussions of the single-particle wells and the strength of the pairing and 
p(2) force in each case. In Chapter IV, the gap which results from our 
solutions is compared to that measured by the even-odd mass differences. 
In Chapter V, the expressions for the quadrupole moments are derived 
with our wave functions, and our theoretical predictions are compared to 
experiment. In Chapter VI, our calculated magnetic moments are compared 
to experiment and the additional shifts in the magnetic moments which 
are produced by a short range force differing from the pairing force are 
considered. In Chapter VII, the alterations of the electromagnetic transition 
rates caused by the pairing force and the P(2) force are investigated and 
the results compared to the experimental values.

II. The Hamiltonian and Approximate Solutions
A. The Hamiltonian

The basic assumption of this work is that, in the space of the wave 
functions for the low energy states of nuclei, the nuclear system can be 
represented as closed shells plus shell model particles which move in a 
well which changes only slowly as the number of particles changes, and 
which interact with a pairing force and a P(2) force.

Implicit in this assumption is the fact that the excitations of the core 
particles involve energies which are large compared Io the excitations of 
the extra-core particles. To the extent that this is true we expect that the 
main effect of ignoring the core states as well as ignoring the states in the 
shells higher than the shell which we consider is to renormalize the para
meters of the residual two-body interaction. Since we use a force which 
reproduces the low energy properties of s.c.s. nuclei, we implicitly include 
such contributions.

With regard to the long range part of the force, there are additional 
contributions from the core as are revealed by the polarization effects for 
one particle outside of a double closed shell, such as the enhanced E2 
transitions in O17 and Pb207. These are included in the present work by 
using a renormalized charge and quadrupole moment for the extra-core 
particles. The change in the positions of the single-particle levels with A 
is neglected within each s.c.s. region.

Letting |0>, |jm>, and |j-m> stand for the shell model particle 
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vacuum, and states with one shell model particle with angular momentum 
j- and z-component m and - m, respectively, the other quantum numbers 
being suppressed, we define the particle-creation operators

\jm>

b]_m 10 > = I j- m > = T I jin >,

where r is the time-reversal operator*.  In terms of these operators, the 
assumption is that the low energy states of s.c.s. nuclei are eigenstates of 
the Hamiltonian

* The states |/-m > have the phases (-l)?_mx the states used by A. R. Edmonds “Angular 
Momentum in Quantum Mechanics”, Princeton University Press, Princeton, New Jersey (1957). 
Thus, the orbital spherical harmonics are defined as ilYlm and the spin states have an intrinsic 
phase of tt/2 under time reversal. This choice of phases results in the same signs for the ampli
tudes of the |/m>|/-m> states which are components of a (/2)0 state.

H ~ bjm — o —
jm “ jj'mm'

- o Z E <J1 4 I $(2) IJ 2 mi > b^ b^ mi
iiiziii-z

mi m-imy

In (2), £; are the single j shell particle levels, G is the strength parameter 
for the pairing force, and is the operator for the PM force (cf. II. C.), 
with a strength parameter /.

Since the solution to the pairing part of the problem is simplified by 
transforming to a system in which the number of particles is not conserved, 
an auxiliary Hamiltonian is introduced which is related to H' by

H = H'- Z Ar = H'- Â h,-w , (3)

where À, the chemical potential, is a Lagrangian multiplier included to take 
into account the constraint that for the solutions P, (P | 2V| P) = n, the proper 
number of particles. Solutions to H with various values of G and / are found 
for each s.c.s. region and a comparison shows that the A dependence of 
these parameters is consistent with their being a volume force.

(2)

(1)
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B. Pairing Force

1. Canonical Transformation to an Independent-Particle Hamiltonian
The ground state of the independent-particle Hamiltonian without 

residual interactions corresponds to filling of the single-particle levels with 
a sharp cutoff at the Fermi energy. Le., all of the single-particle levels below 
the Fermi energy are definitely occupied and all of those above the Fermi 
energy are definitely unoccupied in the shell model ground state configura
tions. In the presence of the residual interactions, some of the particles are 
excited from the occupied single-particle levels to the levels which were 
unoccupied. The ground state of the Hamiltonian with a short range residual 
interaction corresponds to a diffuse distribution of the particles in the 
single-particle levels, with a region of energy near the Fermi energy, where 
the product, (J2 V2, of the probability of occupation of a level, V2, and the 
probability of non-occupalion of a level, (J2, is not zero. Based on this physical 
picture, the method used in the present work is to express the ground 
state of the Hamiltonian with a pairing force residual interaction as an 
admixture of shell model configurations with the admixture coefficients 
determined by the (J’s and V’s.

The energy level of an excited state of the independent-particle Hamil
tonian without residual interactions is found simply by summing the single
particle energies of the excited configuration. In the presence of short range 
forces, the present method of solution allows one to identify once more 
independent modes of excitation, so that the energy level of an excited state 
eigenfunction with pairing forces present can be found approximately by 
simply adding the elementary excitation energies. Indeed, the independent 
excitations in the presence of the pairing forces are usually quite different 
from the single-particle shell model energy differences.

A convenient approximate solution for that part of Eq. (3) not including 
the P(2) force can be found by introducing the Bogolubov-Valatin canonical 
transformation into “quasi-particle” creation and annihilation operators7)

Thus, a quasi-particle creation operator is a linear combination of a shell 
model particle and a shell model hole creation operator. The physical 
interpretation of Uj and Vj will be that Vf is the probability of the pair 
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(jin, j- in) being found in the ground state, while Uf, of course, is the prob
ability for non-occupancy, as can be seen from Eq. (8). Written in terms 
of these new Fermion operators, the Hamiltonian (in normal form) is

(5) 

where HG refers to the Hamiltonian (3) without the P(2) force. U is independ
ent of quasi-particle operators, HX1 is an operator of single quasi-particle 
type, i.e., each term has a factor (a+ a + ß+ ß), and H20 creates or annihilates 
two quasi-particles. which contains products of four quasi-particle 
creation or annihilation operators, is ignored.7)’ 10) Therefore, when H2n 
is set identically equal to zero, the Hamiltonian (5) describes a system 
of non-interacting quasi-particles. The long range part of the two-body 
force will lead to an interaction between quasi-particles, as will be seen 
in the next section.

The result of setting H20 = 0 is the gap equation

2 |/(£;-Â)2 + A2 ’ (6)

where

3 
u2 = 1 [ 1 + -- -

7 M |/(«j-Â)2 + d2j (7)

v2 = 111 - 1
7 2L J/(^-â)2 + zi2]’

and £2; = /+l/2 is the pair degeneracy of the j level. The essential problem
in finding the solutions is determining 2 and A, which are found by the
simultaneous solution of the gap equation (6) together with the equation 
which results from fixing the mean number of particles (cf. (13)).

The wave functions are simply the quasi-particle creation operators 
operating on the quasi-particle vacuum. For an even-A nucleus, the ground 
state is the quasi-vacuum state, i.e., a state where all shell model particles 
are coupled in pairs to zero angular momentum. The excited states are the 
two, four, etc. quasi-particle states, corresponding to two, four, etc. element
ary excitations. In terms of the shell model particle states, the ground state 
of the even-A nuclei is



12 Nr. 9

= n n (u, + vjb]m b}_m) i o>, (8)
j m>0

where [0> is the vacuum for a shell model particle, defined as b | 0 > = 0. 
One obtains the one, two, etc. quasi-particle states by operating on 
with quasi-particle creation operators.

2. Energy Spectrum
The ground state energy for even-A nuclei is

(¥% I UG I ^0) + An = U + Ån = U'

j/(g;-A)2+ d2

\ QjA2

2J/(^F^

j

1- ____ £C±_|2

|/(£j-A)2 + Zl2.’

while the energy of a two quasi-particle state is

(Å Å) I I W (j172)) + An = T + | (e7j- A)2 +A2 + |/(%- A)2 + Zl2

= U' + ^1 + £;2,
(10)

where the two quasi-particles have angular momenta jr and j2. From 
Eqs. (9) and (10) it is clear that there is a gap of at least 2 A between the ground 
state and the two quasi-particle states of even nuclei. The ground state of 
odd-A nuclei is a one quasi-particle state, while the excited states are one, 
three, etc. quasi-particle states. Usually the three quasi-particle states are 
quite far removed in energy. Thus the energies of the ground and low ex
cited states in odd-A nuclei are

(V (j) IHGI ¥ (J)) + An = U' + |/(s, _ 2)3 + J2 - U’ + E,. (11)

where / is the angular momentum of the quasi-particle. Since there are 
several one quasi-particle states in each odd-A isotope, there is no gap like 
that in the even isotopes.

3. Number of Particles
For a state with r quasi-particles, 1, . . r, the expectation value of the 

number operator is



Nr. 9 13

j

8j Z 8$ — X

|/(ej-2)2+ d2. \Z(et-Å)2+A2

In even-A nuclei, the average number of particles in the ground state is

(!?0|N| !P0) - n -
— L |/(£;-2)2 + A2

(13)

Given the shell model energies in a particular shell, (13) and (6) arc suf
ficient to determine 2 and A, for a given isotope, which in turn determine 
the ground state wave function and energy. The same values of 2 and 
A are used for the excited states. This insures that those states are orthogonal 
to the ground states, and is expected to be a good approximation for states 
of few quasi-particles, which are the only ones considered in the present 
work. One could adjust 2 and A for higher states. However, in this work, 
the average number of particles dillers from the number N in the ground 
state. For instance, in a state with two quasi-particles of angular momentum 
k, the average number of particles differs from that of the ground state by

(/<, 7<) I ïV I V (k, Å’)) - (^0 IN I Fo) = 2 •
J/(e*-2) 2 + z12

(14)

Although for the lowest quasi-particle states this quantity is small, since 
2 aw ek for the lowest elementary excitations, this variation in average number 
is sometimes nearly two for the distant two quasi-particle states. On the other 
hand, the error in the energy value of the slate is not expected to be large 
since the solutions of I1G are stationary with respect to a variation in n. 
Still, a basic assumption of this work is that the excited states vary smoothly 
and slowly from isotope to isotope.

For the odd-A isotopes Eq. (13) is also used. In this case, the error 
in the average number of particles is small for the lowest states and unim
portant in determining energy eigenvalues for the high one quasi-particle 
states for the same reason.

4. Accuracy of the Solutions
For a degenerate level, the Bardeen solutions give energies which are 

correct to order when compared to the exact solutions with the pairing 
force. In other words, the energies are good to order G/A, since A = GQ 
in this case. For a system of non-degenerate levels there is an effective pairing 
degeneracy,
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(15)

which indicates the accuracy. Therefore, even if the state near the Fermi 
surface has a low degeneracy, the solutions can give useful results so long 
as the pairing force scatters sufficiently to other states. One situation in which 
one might expect these solutions to be inaccurate is that in which a nuclear 
shell has a j = 1/2 subshell rather isolated from other levels. Such a situation 
may occur in the region of 50 neutrons. In this case, the solutions might 
be quite inaccurate for two or three isotopes near the point where the gap 
is small.

In addition to the small errors in the calculated energies which have 
been discussed above, the present approximation method introduces a 
characteristic uncertainty which arises directly from the fact that the wave 
functions are not eigenfunctions of the number of nuclear particles. This 
is the introduction of spurious states, and in particular of one spurious 
spin zero two quasi-particle state.8)» 9) Many levels are involved when the 
gap is large, so this spurious state is then distributed over many levels; 
there are, nevertheless, some situations in which one state is almost entirely 
spurious, as is the case in Pb206. One can usually recognize such a situation 
when it occurs.

C. P<2> Force
1. Perturbation Theory

For the long range part of the shell model particle interaction we use 
the last term of (2) as two-bodv P(2) force:

“long range
-5/4rc| / JT P(2) (cos 0y)

“ ij

Z lFF(- 1)^(1) yf/z(2)
j“

5/1 mi 5/2mo ^2,rø2'5/i'mi'»

(16)

where (cos 6) is the Legendre polynomial of order two. The reason 
for this choice of force is that, for nuclei far from a closed shell, it can produce 
permanent quadrupole deformations which are experimentally observed ; 
and for nuclei with or near closed shells, where its effect is weaker, it can 
provide an explanation for the observed quadrupole vibrational spectra. 
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Even for s.c.s. nuclei, which we consider, the long range interaction between 
the outside nucleons and the closed shell core plays an important role. 
However, we shall take the PW force acting only among the outside nucleons, 
and assume that the effect of the core can be included as a quadrupole 
force and charge renormalization for the outside particles.

For the perturbation treatment to follow, the radial dependence of the 
force is of less importance than the angular dependence given by P® (cos 0). 
In a j shell, for example, the energy spectrum is given entirely by the 
angular dependence of the force. For the evaluation of the matrix elements, 
we use the radial dependence r^rj, as this is simply connected with the 
quadrupole field description of §II.C2. This is the force, r?rJP<2) (cos 0), 
which is diagonal in the U (3) coupling scheme of Elliott.5) For the 
evaluation of the radial matrix elements, harmonic oscillator wave func
tions are used.

If it is sufficiently weak, the P<2) force may be treated as a perturbation 
to the pairing force calculation. For this purpose, it is convenient to expand 
the force (16) in terms of creation and annihilation operators for quasi
particles :

«long range " | Z {¥o«<2> + W2) + 1’n'2’ + %o<2> + $31<2> + ^(2)}. (1?)

where, as in Belyaev, the subscripts refer to the number of creation and 
annihilation operators, respectively. The general form of the terms is given 
by Belyaev10). In first order perturbation theory, only ^u(2) and ^?22<2> 
contribute to the relative level spacing. The effect of is to add to the 
energy of a quasi-particle of angular momentum j an amount

h

(18)

where the “C”-symbol is a Clebsch-Gordan coefficient.
For the perturbation to have no ellect on the number of particles in the 

ground state, to first order in the coupling constant /, the chemical potential 
must be shifted simultaneously by an amount

<j|r2|ji>2
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This causes an additional shift in energy for a quasi-particle of angular 
momentum j of an amount

A Ej = - AÅ(Uf-Vf). (20)

If G ((A, the inclusion of this contribution is equivalent to the readjust
ment of the F’s and V’s so as to satisfy (6) and (13) with the inclusion 
of P® to first order in /, thus leaving the quasi-particles independent 
except for the interaction part of the Hamiltonian, ^B40(2) + ^3i(2) + ^22<2)- 
This contribution due to A/. is unimportant except for quasi-particles far 
from the Fermi surface.

2. Collective Coordinates
It is easily seen from the experimental data on transition rates and 

excitation energies that this perturbation treatment of the long range force is 
not adequate for all states of most of the isotopes considered. First, the large

The term $22(2) has no effect on zero or one quasi-particle states, but 
for two quasi-particle states it splits the energy according to the total angular 
momentum, J, to which the two quasi-particles are coupled, thus breaking 
the degeneracy of the pairing Hamiltonian. For two quasi-particles of 
angular momentum j\ and j2 coupled to J, the energy shift is

where “W” is a Racah coefficient.
The first two terms on the right, which have the J dependence of the direct 

and exchange part of two shell model particles interacting with a P® force, 
arise from the normal interaction of the hole and particle part of the two 
quasi-particles with each other, the U, V factor expressing the fact that a hole 
and a particle interact with opposite sign from two particles or two holes. 
The third term, which only affects J = 2 states, arises from the mutual 
annihilation of the hole and particle parts of the quasi-particles and their 
subsequent creation through the P(2) force.
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B(E2) values for the deexcitation from the first excited 2 + state of even nuclei 
to the ()+ ground state make it impossible to explain this state as a two 
quasi-particle state perturbed by a P<2> force. The pairing correlations 
may introduce some enhancement of the values above a “single
particle” estimate, but in all cases they introduce less enhancement than 
that indicated by the collective treatment which follows. One finds, in 
the case of Pb206, that the enhancement predicted by the collective treatment 
is 2.4 times that of the two quasi-particle 2+ state with the largest enhance
ment. For Pb206, where the effective charge (see Eq. (34)) is known from 
experiments in Pb207, the transition rate agrees better with the collective 
B(E2) than with the quasi-particle value. Thus, even though the collective 
approach may be least accurate in the Pb case, it may still be more accurate 
than the perturbation approach. In all other cases, the collective treatment 
increases the enhancement over that produced by pairing correlations 
alone by larger factors: a factor of about six for the Sn isotopes and about 
four for the Ni isotopes, for example. In these cases, the effective charge 
is not known from experiments analogous to those on Pb207, but the collec
tive treatment agrees with experimental transition rates for effective charges 
of about the magnitude of that in Pb207, while larger effective charges would 
have to be used to obtain a fast enough decay from a perturbation treat
ment.

Second, the lowest 2+ state is well below the two quasi-particle states 
produced by a pairing force of such strength as to be consistent with other 
data, this lowering also being the smallest in the case of the Pb isotopes. 
Since this 2+ state must be constructed from the quasi-particle states, 
and is far separated from them in energy and of a different character from 
them, a non-perturbation treatment is necessary for this state.

We assume with Belyaev that we can define a collective parameter, 
Q, the quadrupole field or the total nuclear quadrupole moment, and that 
the main effect of the long range force can be described as an interaction 
of each particle with that field. Then,

1
(22)

where Qfl, the quadrupole moment operator, is given by

0 = y 2 + y q^çUv Uvf Vvyy (at + ßt,ßvy

+ y Qvv' ( v' + Vv Uv') (aî ßv' + ßv a/) ’
(23)

w'
Mat.Fys.Medd.Dan.Vid. Selsk. 32, no. 9. 2
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and
<■' = <r|r2Y2|/> with v=jm. (24)

Using harmonic oscillator wave functions, we have the selection rules that 
the parity of v is the same as of v' and

I <2. (25)

We shall also require the condition of self-consistency: that the quadrupole 
moment of the outside nucleons associated with the Y2 degree of freedom
be equal to Q„. For this purpose we use a Lagrangian 
auxiliary Hamiltonian

r [å and the

^pairing 2^^*^ (26)

where, for simplicity, we have dropped the subscript // and consider for 
the moment only the contribution to the energy of the Yq quadrupole 
degree of freedom. To obtain the ground state energy of H we follow a 
method suggested by A. Bohr which is equivalent, within the approxima
tions used, to that of Belyaev. If the quadrupole moment is not too large, 
the intrinsic ground state wave functions for (26) for cven-A nuclei can be 
written in perturbation theory

11, is then fixed by the self-consistency conditionThe Lagrangian multiplier

(28)

Ey + Ey’

vv'

The ground state energy may then be calculated as a function of Q as

(¥'(Q)|H|¥'(Q)) = ir + {

- U' +1 CQ2,
(29)

defining the restoring force parameter C. The rotationally invariant collective 
Hamiltonian, utilizing the five quadrupole degrees of freedom asso
ciated with a Y2 deformation, is then given by
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«en - V + i C £($-<■ ± BZ <%, (30)

where the inertial parameter B is calculated in adiabatic perturbation 
theory to be12)

When quantized, the Hamiltonian (30) will lead to the spectrum associated 
with the harmonic qadrupole surface oscillations, the quanta being phonons 
of spin 2. With this description of the lowest 2+ state, its properties can easily 
be obtained. The energy 0+-2+ is given by

rzco = ^C/B. (32)

The ground state energy shift due to the P<2> force is obtained from the 
zero point energy

J Eo = I h M (%) -1 11M (% = °) • (33)

Assuming the 2+ state to contain the entire quadrupole matrix element 
with the ground state, the B(E2) value for excitation of the 2+ from the 
()+ ground state is given by

(34)

where ceff is the effective charge of the extra-core nucleons. The effective 
charge of a nucleon is its own charge plus an additional positive charge 
arising from the fact that the extra-core nucleons can polarize the proton 
core to some extent. Experiments indicate that the effective charge of neutrons 
in Pb207 is about unity13). In oxygen the proton core deformability seems 
to be somewhat less14). For our calculations we take the effective charge 
of a neutron to be unity and of a proton to be two. The factor 5 occurs 
since the five quadrupole degrees of freedom contribute equally.

For the validity of this collective treatment of the P(2) force two con
ditions are required. First, the amplitude of the collective zero point oscil
lation, ()ave, of the quadrupole moment Q must be large enough compared 

2*  
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to the fluctuations, ÔQ, of the quadrupole moment of the intrinsic state for 
the validity of Eq. (22). Second, the amplitude of collective oscillation must 
be small enough that the lowest order perturbation theory expression for 
(27) be sufficient. For the first condition it is required that

This savs roughly that the 2+ level must lie well below the quasi-particle 
excitation energies, the same condition which is required for the adiabatic 
perturbation calculation of the inertial parameter li to be valid. In practice, 
this condition seems to be satisfied for the first 2 1 level in the s.c.s. nuclei 
considered, but in all cases the 0+, 2+, 4+, second excited state lies near 
the to]) of or above the gap. Another way of stating condition (35) is that the 
collective state must collect a sufficient part of the total oscillator strength; 
i.e., that the collective B(E2) be greater than the sum of the B(£'2)’s for 
the various two quasi-particle 2+ states. The second condition is a measure 
of the degree to which the collective oscillation is really harmonic. Although 
these conditions seem quite restrictive at first sight, in certain cases, at least, 
they are not. For one degenerate level of degeneracy 2.Q, the collective 
oscillation has been shown to be harmonic and correctly described by the 
above treatment9) as long as the coupling parameter is not so large that 
one is too near the transition point at which a stable equilibrium deforma
tion occurs. Thus, in this model, the only errors in the collective treatment 
are of order even though the 2+ state lies just below or far below the 
quasi-particle excitations. In this work, the collective properties of s.c.s. 
even nuclei are described by the above method. This affects mainly the 
total binding energy and properties of the 2+ first excited state. For the other 
states, this effect of the P® force on the excitation energies is estimated 
by first order perturbation theory, using the quasi-particle states given by 
the pairing force. This is not expected to describe correctly the splitting 
of the quasi-particle levels, since there may be other equally important 
effects from other components of the force which are not included in this 
calculation.

In the case of s.c.s. odd-A nuclei, one also expects that there should be 
collective electromagnetic transitions and that a perturbation treatment of 
the P<2) force is not adequate in all cases. Thus we use a collective treatment,
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analogous to that above, for the effect of the P<2> force on the one quasi
particle levels of these nuclei, corresponding to the coupling of the quasi
particle to the collective oscillation. The intrinsic wave function in this case is

(36)

(37)
w'Qw'^v^v' 2

Çp'j/'( + V,/ Pj,") t pt t \TJ

EV'+EV"

The quadrupole moment is given by

(^(Q)IQI^(Q)) 

q2v^(Uv^ + Vv-Uv^2
Ev-+Ev- 1

where the first term is the single-particle quadrupole moment of the quasi
particle. Ignoring the restriction on the v" sum, we may associate the second 
term with the collective quadrupole moment Q of the corresponding even 
system (cf. Eq. (28)). This approximation should be good to the extent 
that there are large numbers of states contributing to the sum. The Hamil
tonian for the intrinsic state as a function of Q contains non-diagonal as 
well as diagonal terms in the one quasi-particle state and may be written

H-t7'+|cO2+^'£,(«î«, + Âft)
- y

“ X Qvv' ( L'v v' Vv ^p') (^p ^v' ßv' ßv) 0 ’ 
vv’

(38)

the two terms in addition to those of (29) being the quasi-particle energy 
and the cross term from 1/2 z(Q + Qs.p.)2- Assuming Q))Qs.p.’ we have 
dropped the term quadratic in Qs . In the collective Hamiltonian we 
utilize the five quadrupole degrees of freedom Q to produce the rotationally 
invariant expression

«oon - I C2' oj + I +Z Ev (4 «r + Ä A)
Z fl V

+ Z * W uv- M («Î + Ä- ft) (ft,.pp'/z
(39)

C and B are given by (29) and (31), respectively. We thus ignore the differ
ence in the inertial parameters for neighbouring even-even and odd-A nuclei 
(cf. Ref. 10, (136)).
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This dillers from the Bohr-Mottelson collective Hamiltonian for a vi
brator coupled to a single particle by the factor (UVPV'- VrVV') in Hint. 
The effect of this factor is that quasi-particles near the Fermi surface are 
more weakly coupled to the oscillation, while those farther from the Fermi 
surface are coupled more strongly. It also dillers from the Bohr-Mottelson 
collective Hamiltonian in that the pairing energy is included. For simplicity, 
and because the coupling is not too strong for the single closed shell nuclei, 
we have calculated the effect of the last term in (39) by second order pertur
bation theory. In this case, the low lying one quasi-particle states receive 
an energy shift

The Hamiltonian (39) will also have associated collective slates, but there 
is not yet experimental evidence for these states for s.c.s. odd-A nuclei.

III. Energy Level Systematics
A. The Shell Model Particle Well

'fhe energy levels of the s.c.s. nuclei, Eqs. (9), (10), and (11), are found 
by first calculating the quasi-particle energies, using a numerical solution 
of Eqs. (6) and (13). Next, the collective properties arc determined as dis
cussed in § II. C 2 and, finally, PW interactions between quasi-particles 
and their coupling to the vibrations are treated by the perturbation methods 
of § II. In order to proceed with such a calculation one must know 
the single-particle energies for a shell model particle moving in the effective 
well for one particle outside of a double closed shell, and must also know 
how these levels shift with A as one proceeds through the nuclear region.

When the levels of the one particle outside of the closed shell are not 
known, there is some uncertainty added to the calculation. There are some 
theoretical calculations for the level positions based on effective potentials 
with a few parameters, from which one has some knowledge of the well.15)’16) 
Also, there are experimental energy level results from nuclei other than the 
s.c.s. nuclei treated in this work, which can be used to determine the single
particle energy levels in a particular region. If we wish to find, say, the single 
neutron levels for a region with a closed proton shell, we look at the energy 
levels of isotopes with one neutron and even numbers of protons outside 
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of the closed shells. For regions with large enough proton numbers, such 
that the neutrons and protons are filling dillerent orbits (Z^28), the short 
range interaction between the protons and neutrons is small (it is zero for 
our pairing force unless the particles are in the same levels). Therefore, 
it is reasonable to calculate the effect of the even numbers of protons on the 
odd neutron as a long range force for which an intermediate coupling 
phonon calculation can be used. Such calculations have had some qualita
tive success for heavy nuclei,17) although it is not certain that such a simple 
treatment of the effect of the neutrons and the protons on each other is quan
titatively correct. We have made only crude use of this method, with the 
hope of gaining some knowledge of the single-particle levels in a particular 
region, working backward from the known experimental levels to try to 
find the values of the single-particle levels which are consistent with the 
experimental data. In this work, both of these methods have been used to 
determine the single-particle levels. However, the lack of experimental data 
and single-particle levels is a major uncertainty in this work.

The rate and manner in which the single-particle states shift with A 
are difficult to establish. However, if the dependence is something like A_1/3, 
then our results are very little affected by this motion in most regions. In 
none of our s.c.s. regions is there direct evidence that the change in the 
single-particle energies with A affects the accuracy of our calculations, 
particularly in view of the uncertainty in the level positions. Still, there 
is a possibility that, when the number of particles changes as much as it 
does in, say, the Sn region, there are systematic deviations introduced. 
The change in the single-particle levels with A does apparently play an 
important role in determining the levels of N = 50. In this work, we have 
not changed the energy level separation of the levels in any one region, 
although we have investigated the variation in the depth of the well in 
the binding energy calculation.

B. The Choice of Parameters}

Once the single-particle well with its energy levels has been established 
for a given closed shell region, the consequences of our model are determined 
in terms of the two coupling parameters G and /. It is well established that 
a short range residual nuclear force is necessary in a description of nuclei. 
The strength of this force, which is simulated in our calculation by the 
pairing force with its coupling parameter G, can be determined in many 
ways. For example, the systematic experimental odd-even mass difference 
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discussed in the next section is affected very little by the long range force, 
and can thus be used to determine G to about 3O°/o in most regions. Closely 
related to this is the so-called energy gap of even-even nuclei.18) In heavy 
highly deformed nuclei, this shows up in the fact that the first intrinsic 
excited state of an even-even nucleus usually lies above 1 Alev, while very 
low intrinsic excitations often occur in the neighbouring odd-A nuclei. In 
the case of the spherically symmetric s.c.s. even-A nuclei which we consider, 
there is also an energy gap in which only the collective 2+ level occurs. 
The position in energy of the two quasi-particle excited states, which lie 
at or above the top of the gap, depends strongly upon the strength of the 
coupling parameter G. In cases where an experimentally observed excited 
state can be uniquely associated with a two quasi-particle excitation, one 
can make an independent estimate of G. Such a situation occurs in the case 
of observed states of high spin, J, and odd parity. First, the two quasi
particles forming such a state must have opposite parity. In each mass 
region considered there is always just one single-particle state of parity 
opposite from the rest, and this must be the /-state of one of the quasi-particles. 
The high J value of the excited state can then determine rather uniquely 
which is the second quasi-particle. The 9~ levels in Pb204 and Ph202 and the 
7“ level in Sn120 permit such a determination to be made. This leads to 
a value of G between 23/A and 30/A for Pb and about 19/A for Sn. The 
P<2> force is included as a perturbation in this determination.

Once the value of G has been determined, the coupling parameter / 
of the long range part of the force may be determined from the quantities 
it most affects, namely the position of the first 2 + states of the even-A 
nuclei and the B(E2} value for the (0 + ->2 + ) transition. For any one isotope 
the experimental excitation energy can be fit with the theoretical value 
by an appropriate choice of /, a larger G requiring a correspondingly larger 
/. However, we require that in any one mass region (corresponding to 
a particular double closed shell with one kind of particles outside) one 
value of Gand / or rather X (cf. below, Eq. (41)) be used for all the isotopes. 
With this requirement, one can determine the G and / which together give 
the best fit to the position of the first excited 2+ level as a function of Z 
or N in an entire mass region. Where good comparison can be made, the 
G determined this way is in agreement with that determined by the pre
vious methods.

Although the B(E2) value depends strongly on /, it also contains a 
factor Cgff which may vary somewhat from shell to shell. Thus, except 
in the case of the Pb isotopes for which ceff is independently determined 



Nr. 9 25

from E2 transition rates in Pb207, one can determine eef£ only from the 
B(E2) values and, assuming ce(f to be constant in one mass region, see 
whether the variation from isotope to isotope is consistent with experiment. 
The G and / determined for Pb from the B(E2~) value of Pb206 are con
sistent with the values determined from the previous methods.

Although we did not try to determine uniquely the best values for G 
and /, it is seen that both have a simple and smooth A dependence in going 
from region to region. G varies more or less as A-1, the value 19A-1 Mev 
being better for the regions from N = 28 to Sn, and G = 23A-1 being better 
for N = 82 and Pb. The corresponding value of / in going from region to 
region varies more or less as A-7'3 is expected (cf. Ref. 10, (93)). We 
consider instead the quantity X defined by 

(41)

where M is the nucleon mass, 7îco0 = 41 A_1/3 Mev, n is the total number 
of oscillator quanta associated with most of the single-particle (harmonic 
oscillator wave functions) states in the region in question. That is n = 3 
for the N = 28, Ni, and N = 50 regions; n = 4 for the Sn and A7" = 82 regions, 
and n = 5 for the Pb. For the calculations, X was considered as a fixed 
constant in each region and /lco0 was defined in each region in terms of a 
representative value of the mass number A. This quantity was then found 
to have a value of about A = 110A-1 in each of the regions considered. 
The actual parameters used will be indicated with the theoretical results.

C. Energy Levels in S.C.S. Nuclei

In this section and in the Appendix, we shall present figures and tables 
from which the reader may estimate the position of all of the calculated 
zero, one, and two quasi-particle states and the collective 2+ state, and 
from which he may determine the calculated wave functions. In the case 
of Pb206 and Pb204, all of the calculated levels will be explicitly shown to 
indicate how the two quasi-particle states labelled by their spins, j and 
j', and parity are broken up by the force according to the total angular 
momentum J of the resulting state. For other even-A nuclei only those 
excited states, aside from the collective 2+ state, which correspond to two 
identical quasi-particles will be indicated, and the breakup of the degeneracy 
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by P(2) obtainable from (18)—(21) will not be shown. From such a figure, 
the positions of the other excited states corresponding to two different 
quasi-particles can be obtained, aside from the effect of P<2>, as the mid
point between the two excited states corresponding to pairs of quasi-particles 
of the two types (cf. Eq. (10)). This procedure is indicated in the ligures for 
Pb206 and Pb204. For the odd-A isotopes all of the one quasi-particle states 
are indicated. These are each non-degenerate levels aside from the m 
degeneracy of the quasi-particle angular momentum, J = j.

1. Pb Isotopes
The energy levels in Pb207 define the neutron hole well quite accurately. 

Since the experimental single-particle levels are known for the entire 82—126 
neutron shell, this region should be a good one for our methods.

One also knows the positions of some of the particle levels in the next 
shell from Pb207. Since these are unimportant in Pb206, and grow even 
less important as the number of neutron holes in the 126 shell is increased, 
they serve only to renormalize G in our calculation.

The one disadvantageous feature for the Pb isotopes is that the first 
hole level has spin 1/2. For this reason, in the two-hole calculation, Pb206, 
the lowest excited state is one with two quasi-particles of angular momentum 
1/2, which is simply a 0+ state. For reasonable magnitudes of G, this state 
seems to be almost entirely spurious, and must therefore be ignored.

In the odd-A Pb isotopes the main systematic experimental feature is 
the position of the i13/2 state, which has been determined by a study of the 
M4 isomeric transition to the f5/2 state.19* For any reasonable strength of 
the pairing force, G, we obtain the correct position for this level. It is 
generally true that, although the absolute energies depend on the size of G 
in odd-A nuclei, the relative positions of the one quasi-particle levels are not 
very sensitive to the strength of the pairing force or the P(2) force, but depend 
mainly on the positions of the single-particle levels for any G which is 
consistent with the gap.

All of the experimental odd-A Pb ground states are found within 0.1 
Mev, as can be seen in Fig. 1. In Pb205, the theoretical (1/2)-state is below' 
the (5/2)_ state by about 0.05 Mev, while experiment gives the ground 
state spin as (5/2)—,20> ; and the (5/2)“ state might rise a little fast, since it 
is above the (3/2)“ state by about 0.1 Mev in Pb197, while rather uncertain 
experimental results give (5/2)“ as the ground state spin. Such small devi
ations can easily be explained by the uncertainties expected in the cal
culations, especially by the presence of other perturbations besides the P<2).
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Fig. 1. Energy levels of the odd-A Pb isotopes.
The experimental points are large dots with spin and parity assignments placed on the right 
when known. The theoretical results are the small dots joined by solid lines giving the positions 
of the one quasi-particle states for G = 23/A and X = 0.4. The effect of the coupling of the 
quasi-particle to the collective oscillation is included by Eq. (40) for the lowest few states. 
The labels on the experimental curves are the angular momenta of the one quasi-particle states. 
The experimental values are taken from Bergstrom and Andersson,19) the table of Strominger, 
Hollander and Seaborg, and the work of Dzelepow and Peker21).
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Above about 0.8 Mev a number of other states are arising from the 
phonons which have not been indicated in the figure. We seem to predict a 
(3/2)“ ground state in Pb195 and the presence of low lying (3/2)“ and (1/2)“ 
states in Pb203 and Pb201.

In the even-A Pb isotopes the position of the 2“ level is known down 
to Pb200. Using G «^0.1 Mev, this energy level is predicted quite well as 
the lowest two quasi-particle level which can give rise to a 2+ level. However, 
the B(E2) for this state in Pb206 is four times the single-particle value22), 
suggesting that the intrinsic states lie somewhat higher and that the 2+ state 
is collective. The position of the 2+ level as a function of A and the value 
of the B (E2) in Pb206 are accurately predicted. (Cf. § VII). However, 
of all of the s.c.s. nuclei, perhaps in Pb is the collective treatment of the 
2+ state least well justified. The 2+ level and the levels corresponding 
to two identical quasi-particles appear together with some of the experi
mental levels in Fig. 2. Fig. 3 shows how the calculated levels vary as a 
function of G.

The positions of all of the zero and two-quasi-parlicle levels are shown 
in Figs. 4 and 5 for Pb206 and Pb204, together with the experimental values. 
The agreement with experiment for Pb206 is, as expected, not as good as 
the results of True and Ford.13) However, all of the experimental levels 
with measured spins can be matched with quasi-particle levels to within 
a few tenths of one Mev, except for the lowest 2+ level for which the collective 
treatment gives the correct energy. It must be pointed out that our treatment, 
which introduces the collective 2+ level and retains as higher excited states 
all of the J = 2 two quasi-particle states as effected by P<2) in perturbation 
theory, contains a spurious 2+ two quasi-particle state analogous to the 
spurious ()+ two quasi-particle state of the Belyaev solution of the pairing 
Hamiltonian. Thus, in Figures 4 and 5, there is one extra 0+ and one extra 
2+ state. In our case as in that of Ref. 13, the ground state of Pb206 is mostly 
(Pi/2)2 = 0 so that the state composed of two p1/2 quasi-particles is mostly
spurious, the other two quasi-particle spin zero states being mostly real. 
On the other hand, the lowest 2+ state of Ref. 13 and likewise our collective 
2+ state have large contributions from (p1/2 /à/2) an(i (Pi/2 P312) an(l lesser 
contributions from several other configurations, so that, with our method of 
calculating, the spurious character is spread over several of the low lying 
2+ two quasi-particle states.

For G = 0.128 which is chosen so as to fit the position of the 9“ level 
in Pb 204, and which is consistent with the data for Pb206, one predicts the 
energy of the 9“ level in Pb202 to be 2.09 as compared with the experimental
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Fig. 2. Energy levels of even-A Pb isotopes.
The experimental points are large dots with spin and parity assignments placed on the right 
when known. The theoretical points are indicated by small dots. Those theoretical points which 
are joined by solid lines are the two identical quasi-particle states for G = 23/A and are labelled 
to the left by the angular momenta of the quasi-particles. The effect of the force is not 
included for these states. The other two quasi-particle energies are found by taking the average 
energy between the appropriate two levels (see Figures 4 and 5). The collective 2+ theoretical 
level is shown by small dots joined by a dashed line. The experimental values are taken from 
the table of Strominger, Hollander and Seaborg and the work of Dzelepow and Pf.ker21). 
X = 0.4.
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Fig. 3. Theoretical energy levels in even- and odd-A Pb isotopes as a function of G.
The notation is that of Figs. 1 and 2. Only the zero and two identical quasi-particle states 
are given for the even-A isotopes and the one quasi-particle states for the odd-A isotopes. The 
solid lines are for G = 0.0911 and the dashed line for G = 0.145.
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value of 2.171. The long lifetime of this level shows that it must lie 
the near lying 6“, 7“, and 8” levels. The P^ f°rce puts the 9“ 
these other states coming from (/g/2 z13/2)> but the (p1/2 ^13/2) b » 
particle states lie well below the 9~ in Ph206, close in Pb204, and
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206Pb Angular momentum
Fig. 4. Energy levels of Pb206.

The experimental levels, taken from True and Ford13), are given on the right for each spin. 
On the left for each spin for G = 0.128 is the two quasi-particle state perturbed by anq 
Eq. (20) (see text), the labelled unperturbed states being given to the left of the diagram. 
The second column for each spin also includes the effect of The lowest 2+ level, marked 
[2+], is the collective level. The state (-Pj/2^J = o 's mostly spurious and there is one spurious 
state among the low lying 2+ quasi-particle states. The effect is omitted in the highest states. 
X = 0.4.

in Pb202. Thus, we can understand why this long-lived 9 state is seen in 
Pb202, and Pb204, but not in Pb206.

2. Sn Isotopes
In the odd-A Sn isotopes nine ground states are known. In addition, sys

tematic information about the (11/2)“-(3/2)+ separation is obtained from 
the isomeric MI transition, and several excited states are known in Sn117.
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Fig. 5. Energy levels of Pb20i.
The notation is the same as in Fig. 4. The spurious character is spread over several of the low 
lying 0+ states in this case.

Of course, Sn101 is far from the stability curve, so the single-particle well 
cannot be obtained directly from experiment. One can learn something 
about the (11/2)--(3/2)+ separation from the isotopes with 81 neutrons 
and even numbers of protons (52Teg?3, 54XeJ35, 56Bag37, and 58Cegi9). How
ever, one has a hard time to place the (l/2)+ state correctly with respect 
to these two states and the separation between the 5/2, 7/2 states and the 
1/2, 3/2, 11/2 states is not known very well.

We tried calculations with several values of the single-particle energies. 
Although it is possible to choose a well which gives better results, the results 
using the well of S. G. Nilsson11) are presented in Fig. 6. All of the 
important features which are known experimentally fit well (to about 

Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 9. 3
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Fig. 6. Energy levels of the odd-A Sn isotopes.
The notation is the same as in Fig. 1, with G = 19/A and A’ =1.1. The single-particle levels 
are taken as /5/2(0); ff7/2(0.22); S1/2(1.9); d3/2(2.20); h11/2 (2.8 Mev).

0.1 Mev). One should notice that the 1/2 state remains the ground state as 
A changes by six. This feature depends not only upon the pairing force, 
but also upon the P<2> force. Also the P® force is important for keeping 
(3/2)+ the ground state spin in Sn 123 and 125, for without it the (11/2)- 
would be the ground state, contrary to experiment.

For the even-A Sn isotopes shown in Fig. 7 the 7” state in Sn120, coming 
almost entirely from the two-quasi-particle state with one (11/2)“ and
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Fig. 7. Energy levels of the even-A Sn isotopes.
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The notation is the same as in Fig. 2, with G = 19/A and X = 1.1 ; and the single-particle energies 
are given in Fig. 6.

3*
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one (3/2)+ quasi-particle, is moved little by the long range force. It is lit 
quite well by G = 0.187, corresponding to 0.0911 in Pb (G = 19/A). The 
6+ state from two (ll/2)~ quasi-particles is also fit well, falling about 
0.1 Mev below the 7“ level when ^3^ and are included by (18), (19), 
and (20).

However, the important experimental results for the even-A Sn isotopes 
arc the 2+ states. There is a maximum in the 2 + —0+ energy separation 
at Sn114.23) This feature is fit in quite good detail by the collective state 
which occurs for the G = 0.187. In this case, the higher values of G will 
give rise to collective 2+ states which will not lit the experimental values 
very well. Thus the combination of the 7~ and 6+ states in Sn120 and the 
detailed experimental results for the 2+ state serve to pick the value of G 
accurately as 19/A.

3. Ni Isotopes
Since the levels in Ni57 are not known we must again use indirect evidence 

to lind the well. For the neutrons moving in the 28—50 shell, the p^— p1/2 
separation is known rather well from the magnitude of the spin orbit inter
action. One needs to know, in addition, the position of the (9/2)+ and 
the (5/2)“ levels with respect to the p levels.

The (9/2)+—(l/2)~ separation can be estimated from the isotopes with 
49 neutrons and even numbers of protons. The pairing-force calculation 
is insensitive to this, since the (9/2)+ state does not play a very important 
role in the Xi isotopes. However, the position of the (5/2)“ level is quite 
important. Fig. 8 shows a sample calculation of how the levels in 26^e29 
can give some information about this level. However the well of S. G. 
Nilsson16) seems adequate for these isotopes, in spite of the apparent 
inconsistency of the (9/2)+-(1/2)- separation with experimental data.

Choosing the energy levels for the neutrons from ref. 13, we carry 
out the pairing force plus P<2) calculation. The results are shown in Figs. 9 
and 10. The calculated ground state spins in the odd-A isotopes all agree 
with experiment to within 0.1 Mev. The motion of the 2+ first excited state 
in the even-A Xi isotopes is best fit by the G = 19/A.

4. N = 82
There are experimental results for isotopes with 82 neutrons, for protons 

in the 50—82 shell from 52Te134 to 64G(1146. For all these isotopes, most of
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Fig. 8. Energy levels of 20^99-
K is the strength of the coupling of the single-neutron states to the collective proton vibration. 
At K = 0, one has the assumed single-particle levels plus a phonon at 1.5 Mev. For K = Ko, the 
value of K is estimated from .?6Fe.^|, O6Fe3((J, and ogNi^, the results are compared to the exper
imental values for Fe , which are given as large dots with energies to the right. The p3/., + 
phonon state which is given in the figure is the one with J = 1/2.

the extra-core protons are in the (7/2)+ and (5/2)“ levels. Therefore, only 
the separation of these levels need be known very well, especially since 
the 1/2, 3/2, 11/2 states are well separated from these levels. We use a 
separation of 1 Mev for the protons between the (5/2)+ and (7/2)+ states, 
which seems to be consistent with the levels in 5iSb72 and 51Sb74. The 
three higher states are taken as one state of pair degeneracy nine at 
2.0 Mev.
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Fig. 9. Energy levels of odd-A Ni isotopes.
The notation is the same as in Fig. 1 with G = 19/A and X = 1.85. The single-particle energy 
levels are

P3/2<°); /5/2<°-73); Pi^1-56)’ and 09/2<4-52 Mev>-
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Fig. 10. Energy levels of even-A Ni isotopes.
The notation is the same as in Fig. 2 with G = 19/A, X = 1.85, and the single-particle levels 
of Fig. 9.

• •o. •o + •o + • — o +
56 56 60 62 64 66

Ni Ni Ni Ni Ni Ni

Figs. 11 and 12 give the result of this calculation. For the odd-A nuclei 
the ground states are correctly determined, as are the only two excited levels 
whose spins are known, the 0.163 Mev, (5/2)+ level in La139 and the 0.145 
Mev, (7/2)+ level in Pr141.

In the even-A nuclei one finds that the 2+ collective levels are well 
determined for G = 23/A.
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Fig. 11. Energy levels of odd-A isotopes for N = 82.
The notation is the same as in Fig. 1. See the text for the discussion of the well. G = 23/A and 
X = 0.975.

5. N = 50
The region with a closed shell of neutrons and various numbers of 

protons in the 28—50 shell is a poor one for our calculation for several 
reasons. The first difficulty is that of finding the proper well for one proton 
outside of the double closed shell, i.e., 29CugQ. But just as important in 
this case seems to be the fact that the percentage change in A is so great 
before one is at the isotopes for which there is empirical information that 
the well seems to have changed quite a bit.
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The notation is the same as in Fig. 2. See the text for the discussion of the well. G = 23/A and 
X = 0.975.

Another characteristic of this region is that the Z’s of the stähle isotopes 
are just at the values for which the p1/2 level is being filled. From the 
information we have, this level is rather separated from the other levels
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Fig. 13. Energy levels of odd-A isotopes for N = 50.
The notation is the same as in Fig. 1. G = 26/A, X = 1.22, and the single-particle energy levels are 

z5/2(0); p3/2<0-6); pi/2(L8); ff9/2 (3-4 Mev)-

of the shell. As explained in § 11, such a situation can result in the Bardeen 
solution to the pairing force being very inaccurate.

A one-plionon intermediate coupling calculation is done, using the Cu 
levels to find the proton well in the same way as Fe55 is used to find the 
neutron well. This places the p3/2, f5/2, Pi/2 states in roughly the same posi
tions for the single proton as the corresponding neutron states in the same
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Fig. 14. Energy levels of even-A isotopes for N = 50.
The notation is the same as in Fig. 2 with G, X, and the well as in Fig. 13.

shell. One finds the Zö/2 state of the order of 1 Mev above the p3/2 state. 
If this is the well for the protons, it is impossible to obtain the experimental 
(3/2)“ ground states in 35Br8° and 37Rb87 with reasonable values of the 
G and / parameters.
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Fig. 15. Energy levels of odd-A isotopes for N = 28.
The notation is the same as in Fig. 1. G = 19/A, X = 3.06, and the single-particle levels are 

d3/2’ <°); /7/2> (2-5)’ Ps/2’ <5-57); /5/2’ <6-54 Mev>-

On the other hand, it is true that for the N = 50 isotopes the values 
of A are considerably larger than for the Cu isotopes used to determine the 
proton well. As one increases A, the spin orbit force decreases. It is possible
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Fig. 16. Energy levels of even-A isotopes for N = 28.
The notation is the same as in Fig. 2 with G, X, and the well as in Fig. 15.

that the an(l P3/2~/?i/2 separations have decreased so much as
one goes from 63 to 85 that the (5/2)~ state has come below the (3/2)_ 
state. If one takes such a well, with a level ordering of f5/2, p3/2, p1/2, g^z, 
it is possible to fit all of the odd-A N = 50 ground states as well as the known
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Fig. 17. Exact diagonalization of pairing force for particles moving in a j = 7/2 shell compared 
with the experimental levels of the N = 28 isotopes.

The experimental levels are indicated by dots with spin and parity assignments to the right 
and the theoretical levels by lines with the resultant angular momentum shown to the left of 
the line.

excited state information, within the accuracy of these methods, if the 
(9/2)+-(l/2)~ separation is taken to be about 2.0 Mev and with G = 26/A. 
(Cf. Fig. 13).

For the even-A nuclei shown in Fig. 14 the most interesting feature 
is the low ()+ excited state in 40ZrgQ. From our calculation we obtain a 
state of two quasi-particles of spin 1/2 about at this position for G = 23/A. 
As this state must be 0+, this is a possible explanation for the experi
mental state. However, the slate might be quite spurious, in which case 
the real lowest ()+ excited state would be somewhat higher in energy for the 
same G. The (9/2)+—(1/2)- separation is critical in determining how spuri
ous this state is. With only the levels in Sr88 and Zr90 it is difficult to draw 
much more information from these isotopes. Incidentally, if the 0+ state 
is really associated with the two quasi-particle state, we would expect a
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Fig. 18. Same as Fig. 17 except that in this case the force diagonalized is the sum of a pair
ing force plus a force of such relative strengths that the 0+ — 2 separation of the even iso
topes is produced by the combined results of the two parts of the force, the pairing force 
contributing two thirds and the P^ force contributing one third to the separation.

()+ state to lie near the 2+ 1.85 Mev state in Sr88. The most significant 
manner in which our Zr90 results diller from previous detailed calculations24) 
is that the f5/2, and especially the p3/2, configurations are admixed, and seem 
to contribute to the low energy spectrum.

The results for both even-A and odd-A isotopes are quite sensitive to 
the choice of the single-particle levels in this region, and the results shown 
in Fig. 13 have been obtained only after several calculations with rather 
wide freedom in the choice of the single-particle values.

6. N = 28
Although 21Sc2| experiments give the proton well for neutrons in a 

closed shell of 28, the region is still not a good one for our calculation. 
The small degeneracy of the levels in this region, i.e., Peff ~ 4, leads to 
poor Bardeen solutions. The results of the calculation with a G = 19/A
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Fig. 19. Same as Figs. 16 and 17, but with a relatively stronger force, the pairing force 
only contributing one third and the P^ contributing two thirds to the 0+~2+ separation of 
the even isotopes.

and P(2) force are given in Figs. 15 and 16. Although the 2+ state is fit pretty 
well as a collective state, the levels in the odd-A isotopes are not well fit. 
If the low lying odd parity excited states in 23V51 and 25Mn53 are to come 
from the single quasi-particle states corresponding to elementary excitations 
to levels in the next shell, such a large long range force perturbation will 
be needed to break down the seniority coupling scheme. Certainly, per
turbation theory is inadequate for the long range force. The theoretical 
(3/2)+ state listed in Fig. 15 is the one quasi-particle state associated 
with the d3/2 level in the shell below.

We also performed an exact diagonalization of the pairing force plus 
p(2) force under the assumption of a degenerate f7/2 level. Fig. 17, Fig. 18, 
and Fig. 19 give the results for three different combinations of G and 
all taken to fit the mean position of the 2+ levels in the even-A nuclei. 
From these figures we see that it is possible to fit the experimental data for
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Fig. 20. Coupling parameters.
The coupling parameters used in each mass region are indicated. The vertical lines indicate the 
extent to which the magnitude of the parameters may be determined by fitting the experimental 
data.

the even-A isotopes and the low lying (5/2)“ states in the odd-A isotopes with 
a pairing plus a force. The (3/2)+ state in V51 presumably is associated 
with excitations from the shell below. If the f5/2, p3/2, and p1/2 states from 
the next shell were included, one would obtain somewhat different results, 
and in particular the (3/2)“ state might be lowered.

For regions lighter than N = 28, one would not expect our methods 
Mat.Fys.Medd. Dan.Vid. Selsk. 32, no. 9. 4
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to work very well. In these regions, the protons and neutrons are tilling 
the same levels, so that the short range interaction between protons and 
neutrons becomes important to the extent that the particles in the closed 
shell are excited into the next higher shell. For example, there is evidence 
that the double closed shell of AT = Z = 20 is not strong enough for our 
methods to be very accurate. Moreover, the effective pair degeneracy of 
the well becomes rather small. In conclusion, for the s.c.s. nuclei with 
A >49, we fit the energy level systematics rather well with an approximate 
solution to the pairing plus P® residual force. Only in the N = 50 case 
does the change in the well with A in one region seem to give important 
effects. The two parameters, G and X, which are obtained as likely in each 
region are plotted in Fig. 20. From this it is seen that their A dependence 
is consistent with a volume force. This means that with only two parameters 
the low energy systematics for the intrinsic and 2+ collective states of 
nuclei with one closed shell can be derived approximately.

IV. Total Binding Energies
A. Even-Odd Mass Differences

Assuming that an interacting shell model picture is a good one, the 
binding energies of nuclei can give information about the residual interaction. 
A systematic difference in the binding energies of even-odd and even-even 
nuclei is a direct consequence of the pairing force. The P<2) force, on the 
other hand, produces a ground state energy shift which, though large, has 
very little even-odd structure. Thus, a comparison between the experimental 
odd-even mass differences of the s.c.s. nuclei which we consider and the 
theoretical ground state energy differences between odd- and even-A nuclei 
can be used to help determine the magnitude of the pairing force constant G.

We define the quantities Pn and Pp

Pn(Z, N) = E(Z, N)+E(Z, N-2)-2E(Z, N - 1), (42a)

Pp(Z, N) = E(Z, N) + E(Z-2, N)-2E(Z — 1, N), (42b)

where E(Z, N) is the total binding energy of the nucleus, (Z, .V). We con
sider Pw for Z closed and Pp for 2V closed. From (30) and (39) we see that, 
aside from the small shift due to the coupling of the quasi-particle to the
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Fig. 21. Even-odd-A mass difference.
The Pn (Z, N) I E (Z, N) + E (Z, N-2)-2E (Z, N-l) and Pp (ZN) = E (Z, N) + E (Z-2, N)_ 
2E (Z-l, N) are experimental quantities.25) The theoretical curves are simply 2EV, twice the 
energy of the lowest lying quasi-particle for the odd-A isotope. Curves a and b correspond 
to G = 19,/A and 23/A, respectively. Curve c (for lead only) corresponds to G = 30/A.

phonons, which we ignore, the odd-even-A difference given by Pn or Pp 
should just equal twice the energy of the odd-A quasi-particle, 2Ej. In Fig. 
21, the lines represent the quantity 2Ej for the ground state for various 
values of the coupling parameter G. The points are the experimental quanti
ties Pn or Pp.

In each of the six pictured mass regions, the lower curve is the calculated 
mass difference value for G = 19/A, A being the representative mass number 
of the region. The next curve is for G = 23/A, and in the Pb region a third 
curve for G = 30/A is included. The experimental points indicate that the 
data is consistent with the selected G values, but does not very strongly 
choose one over the other. Perhaps in the Pb region the two stronger values 
of G are preferred, while in the N = 28 region the lower value is better. 
This is in agreement with the energy level information discussed in the 
preceding section which indicates a preference for the value G = 23/A in 
the Pb, = 82, and N = 50 regions and the weaker G = 19/A in the other 
regions.

4*
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B. Absolute Binding Energies

In addition to the evidence for the gap, and therefore for the strength 
of the short range part of the residual shell model two-body interaction, 
the total binding energy data can give evidence for the absolute ground 
state energies of nuclei. Although the residual force employed in this work 
is certainly not the true force, it is hoped that in choosing a two-body inter
action which gives the correct energy level spacing, one obtains the most 
important portions of the nuclear states. In particular, one would like to

0 ---------------------------------------------------------------------

Fig. 22. Energy diagram for non-interacting shell model particles.

be able to calculate the total binding energy of the shell model particles 
outside of the closed shells.

In a particular region let us call the binding energy of the double closed 
shell nucleus IF0. Neglecting the Coulomb effect for the moment, if one adds 
one extra particle (or hole) it experiences an additional binding energy 
of £0 (cf. Fig. 22). The assumptions of this work imply that as more particles 
of the same type are added they fill the well defined by the isotope with one 
particle outside the double closed shells, so that, except for a possible 
gradual change with A of e0 and of the energies of the well, as well as of 
the binding energy of the core, IV0, the additional binding energy due to 
the outside particles is determined by single-particle energies, the two- 
body interaction, and the Coulomb force. Including the Coulomb force, 
the binding energy of the isotope with one particle outside the double 
closed shell is



Nr. 9 53

W(l) = W0±£0-(E^-E<0)), (43)

where the Coulomb energy, Ec, is given by the Weizsäcker mass formula26)
as

Z(Z-l)
A1/3

Mev. (44)

The binding energy of the isotope with n particles outside of the double 
closed shell is

IV(n) = W„ +21 [£o- O( - £1)] - Ve(n) - Vt(n) - (£<”’- £<»>), (45)
4 = 1

where VG is the total interaction energy of the pairing force and UL is the 
effect of the P<2> force in the ground state of the n particle system.

From Eqs. (9) and (45), one finds

- W(n) + + n s0 = V (n) + VL(n) + E<”>- E<°> (46)

for an even-A nucleus, while

-W(n) +W„ + n - U' (n) + VL (n) + £<•>- E<“> + | < ' 'V +d2 (47) 

for an odd-A nucleus. In Eq. (47) the quasi-particle energy which appears 
is the smallest one for the isotope. It is difficult to know a priori the A 
dependence of e0 and Wo or whether it should be the same for all regions. 
We make two calculations in each case, one holding £0 constant and the 
second giving £0 an A_1/3 dependence. We use the average £0 as determined 
from adjacent nuclei.

The most favourable case to consider is that of the Pb isotopes, for here 
the experiments are accurate and one knows the binding energy of the double 
closed shell isotope, Ph208, and the isotope with one hole in the neutron 
shell, Pb207. From these one finds27)

£0(Pb207) = - 7.357 ±0.043. (48)

Using (48), one has accurate experimental values for —W(n) + Wo + ne0 
for Pb206 and Pb204. In Fig. 23 these values are compared to the theoretical 
ones for G = 0, G = 0.111, and G = 0.145. One sees that both for £0 constant 
and for £0~A_1/3 the theoretical results are consistent with the data, and
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Fig. 23. Absolute binding energies of the Pb isotopes.
a and b are the experimental curves of — W(n) + Wo + ne0 for e0 constant and e0~ A-d/3)? respect
ively; c, d, and e are the theoretical curves for U(n) + VL(ri) for G = 0.111, G = 0.145, and 
G = 0, respectively. e0 — — 7.357 from Pb208 and Pb207 experimental binding energies.27)

the value of G = about 23/A is favoured. This is consistent with the results 
of the energy level calculation. However, the errors in the experimental 
results are large enough to make this result somewhat uncertain.

For the Ni isotopes and for the AT = 82 region, one is at the beginning 
of a major shell. However, for neither of these series of isotopes is the binding 
energy known for the double closed shell and the double closed shell plus 
one nucleon isotopes. Therefore, one can merely determine if the results



Fig. 24. Binding energies of the Ni isotopes.
a is the theoretical curve of U'(n) + VL(ri) for G = 19/A, b is — W(n) + Wo + ne0 with e0~

The curves have been fit at Ni58. Curves c and d are analogous to e and a of Fig. 23, respect
ively.

of the theoretical calculation are consistent with the known experimental 
results, and cannot experimentally determine the total binding energy of 
the n particles outside of the closed shells. However, the binding energy 
curves have considerable structure, reflecting the two-body force by a dip
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Fig. 25. Binding energy of the N = 82 isotopes.
a is the theoretical curve for U(n) + V L(ri), b and e are the values of — H’(n) + 1VO + ne0 for 
c0~ and c0 constant, respectively; they are fit at 34Xg26. Curves c and d are analogous
to a and e, respectively, for G = 0.

in the — W(n) + IV0 + 7iE0 curve for the evcn-A and odd-A nuclei separately, 
as well as the even-odd mass difference (cf. Figs. 24 and 25). In both cases, 
after the experimental curves are normalized at the first point, the dip 
is quite well reproduced if e0~A_1/3, but the statistics do not rule out a 
constant s0.



Nr. 9 57

The Sn isotopes are in the middle of a shell, forcing us once more to 
fit at one isotope; and there is very little structure to the curves except 
the rise of the Fermi level and the even-odd mass difference. For this reason 
we do not present the diagram. In this case the constant e0 seems to be 
favoured. Of course, these results depend upon the positions of the single
particle levels which are not too well known. The N = 50 region is also in 
the middle of a shell, so the total binding energy information is not so 
useful, since one must fit at one point.

In conclusion, we see that the total binding energy data is consistent 
with the theoretical results in every case. In addition, in the Pb region, the 
results can be used to help select the G which is most favourable. There 
is an indication that the well depth changes as A-1'3 near closed shells 
and that it might have a slightly different A dependence in the middle of 
a shell than at the beginning or end. One should remember that there are 
rather large uncertainties in both the theoretical and empcrical results 
which go into drawing these conclusions.

V. Electric Quadrupole Moments

For s.c.s. odd-A nuclei described by the collective Hamiltonian (39), 
the total quadrupole moment operator is the sum of the single-particle 
and collective operators

Qo -Zq^(UrUr-VrVr.)(4.X,. + ßl-ß^+Qo. (49)
w'

The single-particle operator, Qs p , of which we have only included the 
part diagonal in the number of quasi-particles, cannot change the number 
of collective quanta (phonons); and the collective operator changes the 
number of phonons by ±1, but does not affect the quasi-particles. Thus 
Qs p contributes to the quadrupole moment in zeroth order perturbation 
theory, while the contribution from Qo first appears in a term propor
tional to /. For a quasi-particle of angular momentum j, the single-particle 
moment is

Gs.p. = I ' -r < J I y» I j>„-, (G-F) fen
(50)
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For the coupled system, making the same assumptions needed to obtain 
(34), we obtain for the collective moment contribution

0"”1= +2GTÏ)<yl''2|7>(t'bVb|eeII. OU

so that the total quadrupole moment is given in perturbation theory by 

0 - + <j I I ./> (d~ d) A« (1 + g) ■ (52)

Quadrupole moments are known experimentally for only four of the s.c.s. 
odd-A nuclei which we consider. The experimental and theoretical moments 
calculated, using G and / which best lit other data, are shown in Table I. 
An effective charge of two units was used in the calculation.

The table compares the experimental and theoretical electric quadrupole moments of s.c.s. 
nuclei, based on the coupled system of quasi-particle and quadrupole vibration.

Table I

Isotope i z 
c ( U2 - V2) Q theoretical [ 10 24 cm2] Q experimental (10“24 cm2)

57La139 7/2 1.2 -.25 + .21 + .27

59Pr141 5/2 1.6 .44 -.36 -.05

37Rb«2 3/2 1.0 -.47 + .15 + .14

23V51 7/2 2.2 .25 -.17 + .03

It is seen that the La139 and Rb87 moments agree well with experiment. 
The theoretical moment of Pr141 is too large by a factor of 7, but this result 
could be improved considerably by the use of a different shell model well 
which would in turn alter particularly the quantity (t72—V2) in (52). 
However, it is difficult to see how the sign of the V51 moment could be changed 
within our model, for this would mean that, with only three protons beyond 
the twenty closed shell, the /ÿ/2 shell is effectively more than half filled. 
Including the (/3/2 levels below the shell in the calculation of the V’s and 
U’s does not seem to have a strong enough effect to cause this. The meager 
experimental data for the quadrupole moments of odd-A s.c.s. nuclei do 
not provide a detailed test of the nuclear wave functions. Thus, the question 



Nr. 9 59

remains open as to whether admixed configurations to the pairing force 
wave function other than those produced by the quadrupole field may also 
contribute significantly to the quadrupole moment. Also other authors have 
not succeeded in explaining the V51 moment by considering configuration 
mixing28).

VI. Magnetic Dipole Moments in Odd Nuclei
A. Magnetic Moments with Pairing and P<2) Force Model

The magnetic moment operator for the coupled system of phonons 
and quasi-particles is the sum of the quasi-particle magnetic moment and 
that of the phonon. The quasi-particle magnetic moment operator is

^s.p. X +
vj»'

Vv,-VrUr,)(4 ßl' -ßr«,.).
w'

where /( is the usual particle magnetic moment 

./ = z±2’

(jj is the total single-particle (/-factor, and

(53)

(54)

(55)

for protons and neutrons, respectively. The only non-diagonal terms in 
(53) are those for which v and v' are spin orbit partners. It is seen from 
(53) that quasi-particles have (he same magnetic moments as particles, 
since (L72+V2) = 1. This is easily understood, since particles and the cor
responding holes also have the same magnetic moments. The second term 
in (53) plays no role since the collective Hamiltonian (29) cannot change 
the number of quasi-particles. Thus, with only pairing forces, the odd-A 
nuclei will exhibit single-particle values (the Schmidt line values) for their 
magnetic moments.

The collective Hamiltonian (39) will lead to magnetic moments different 
from single-particle values by coupling the quasi-particle to a phonon and, 
of more importance, by admixing near lying quasi-particle states. For the 
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first and less important effect we must know the //-factor, gR, for the phonon. 
This depends upon what part of the angular momentum of the collective 
2+ state comes from the protons and what part from the neutrons. Our 
model, in which the collective motion involves the extra-core particles 
together with the core (included as a renormalization effect), suggests a some
what higher //-factor for extra-core proton than for extra-core neutron 
nuclei. However, for the calculations we have taken gR = 0.45. The phonon 
magnetic moment operator is then gRR, where R is the phonon angular 
momentum. Since neither the phonon nor quasi-particle magnetic moment 
operators can change the number of phonons, the shift of the magnetic 
moment from its single-particle value will first appear in perturbation 
theory in a term proportional to %2.

In the perturbation approximation one obtains2! from the diagonal part
of (53)

5 1 72
R = Rs.p.+ 7 îîm C' a^z

J 3

ha> \ 
h cd + Ej1 — Ej)

where and are tabulated by Bohr and Mottelson (Table V, Ref. 2) 
or can be taken as

(57 a)

V- ftr - (+1 >-i' 1 )+ 61 • <57b>

If quasi-particle states /', j" which are spin orbit partners of each other 
appear in the one phonon amplitude, there is an additional contribution 
to /< from the non-diagonal part of (53). This additional contribution is

(58)

where
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For i = j' or j = j" this expression (without the U, V factor) is equivalent 
to IV. 8, Ref. 2. The other cases where these terms can contribute are when 

and J = J" + 1.
Using (56) and (58) and the G and / which best fit other data, we have 

calculated the shift of the magnetic moment from the Schmidt line for 
all s.c.s. nuclei for which the magnetic moments are known experimentally. 
The result is that, although the shift from the single-particle moment is 
always in the right direction, it is always too small by a factor of from 
four to ten. The reason for this is the factor (UvUv>-VvVv>'), appearing 
in the collective Hamiltonian (39), which greatly weakens the coupling 
of the ground state to the collective vibration. Thus it does not seem to 
be possible to understand the shift of the quasi-particle magnetic moment 
of s.c.s. odd-A nuclei from the single-particle value on the basis of the 
coupling of the quasi-particle to the collective oscillations.29)

B. Magnetic Moments with Configurations Admixed by a Ô-Function Force

Abîma and Horie30), and Blin-Stoyle,31> have pointed out that a 
small amount of mixing of certain kinds of configurations can produce 
large changes in the magnetic moments of nuclei, without changing appreci
ably the pure shell model configurations upon which they base their calcula
tions.

From the results of Section A of this chapter it is clear that the configura
tion mixing produced by the long range part of the force is insufficient 
to account for deviations of the magnetic moments from the Schmidt lines. 
Moreover, the pairing force which we use to approximate the short range 
force does diller from an actual short range ô-force in several ways. Although 
these differences do not seem to show up in calculations of the gross proper
ties of the nuclear wave function, it is easy to see that they arc extremely 
important in calculating magnetic moments. If we assume that an improved 
Hamiltonian, HR, is of the form of a ^-function force and a P(2) force,

Hr +1JV (rt, rj) 6 (r,-f,) + W>. (60)

j ij V

then the Hamiltonian, H, used in this work is related to this Hamiltonian by
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Hr = H+V, (61)
where

v =2?u (ri’rj) 0 <ri - rj> ~ A Gu ’ (62)y y
and Gy is the pairing force as defined in Chapter If. If we use V as the per
turbation in calculating the extra configuration mixing which plays a part 
for magnetic moments, then the calculation is quite similar to that of Ref. 30.

As these authors point out, there arc only a few kinds of admixed 
configurations which can change the magnetic moments in first order 
perturbation theory on shell model states. There are two such kinds of 
admixtures. First, when the unperturbed state has an even number of 
particles in both the j1 = Z1+l/2 and the j2 = l1-]./2 shells of a spin-orbit 
doublet, and the upper level is not filled, there are contributing configurations 
in which one particle in the lower level is elevated to the higher level, with 
a total angular momentum for particles in the two levels being unity. I.e., 
the original configuration (0)j2”2 (0) is changed to [j?1-1 (ji)jT + 1 (j2)] C1)- 
The second type is quite similar, but in this case a particle is transferred 
between the states of the particles in the odd group and its spin orbit 
partner.

Our pairing force does not admix configurations of these types and, 
since the strength of the pairing force needed in our calculations gives 
about the same gap as the force used in Ref. 30 for configurations of iden
tical particles, we can use the same d-force to obtain the admixed con
figurations instead of using V. As a rough check on the consistency of 
our wave functions with the experimental values of the magnetic moments, 
we carry out a configuration mixing calculation with a d-function force 
with the same parameters as used in Ref. 30. We use constant radial matrix 
elements. Our calculation differs from that of Arima and Horie only in 
that (i) our ground state wave functions are admixtures of many different 
configurations with mixture coefficients given by our pairing force calcula
tion, the only configurations which are in our odd-A ground state wave 
functions neglecting the phonon admixtures, being of the type j”1 (0)J^2 (0) 
. . .jp~ (0) j; jni/, where j is the angular momentum of the ground state 
quasi-particle; and (ii) our wave functions contain a spread in the number 
of particles.

In Table 11 we give the results of this calculation. The wave functions 
used are those parts of the one quasi-particle states which have the correct 
number of particles. The calculation was carried out for only one Sn isotope 
since the results will be similar for the other two Sn isotopes in which the
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Table II
Magnetic moments in odd-A nuclei. p is the Schmidt value for the isotope. 
The experimental values are taken from Ref. 32.

Isotope Spin Z^s. p. Z^theor. Z^exp

Ni61......................................... (3/2)“ — 1.91 — 0.21 0
La139...................................... (7/2)+ 1.72 2.24 2.76
Pr141 ...................................... (5/2)+ 4.79 3.92 3.92
Sn115...................................... (l/2)+ — 1.91 —0.70 —0.91

magnetic moment is known. In the N = 28 region our wave functions with 
a fixed number of particles are almost pure configurations, so there is almost 
no change in the results of Ref. 30.

For the most part, our results are an average of the results of configura
tions used in Ref. 30, although this is not always true. It would take a 
detailed calculation to prove that the magnetic moments of odd-A nuclei 
can actually be determined by this method; however, one sees that pertur
bations of the type considered produce shifts of the magnetic moments 
from the Schmidt lines of the observed order of magnitude.

VII. Electromagnetic Transition Rates

In addition to the valuable information concerning parity and spins 
considered in § III, electromagnetic transition rates can yield much more 
detailed information about the wave functions of nuclear states. We have 
already seen how the strong enhancement of the E2 transition rates in 
even-A nuclei not only can be used to identify the collective states, but 
that the magnitude of the transition rates can help select the proper force 
strengths for our pairing and P® type of force (cf. § III. R). In this chapter, 
we investigate more systematically the electromagnetic transition rates from 
the collective 2 + states in the even-A nuclei as well as the single-particle 
part of the transitions from quasi-particle states.

A. Odd-/1 Nuclei

Electromagnetic transitions between states in odd-A nuclei will proceed 
by both particle and collective types of operators. The latter type will be 
most important for E2 transitions. Rut since there is at present no evidence 
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on this type of transition, we restrict ourselves to the single-particle part 
of the transition operator. For any single-particle operator, the matrix ele
ment for a transition from a single quasi-particle state of angular momentum 
jt to a single quasi-particle state of angular momentum jf is given by

(V7 jfmf I © I (- <Jfmf I © I (63)

where | © | is the ordinary single-particle matrix element. In 
equation (63) the factor (—1)T is ±1, depending upon whether the 
operator is even or odd under time reversal, i.e., rOr-1 = (—1)T ©; or in 
terms of the matrix elements,

I 0 I Tjfmfy = | © (64)

The single-particle operators for the electric and magnetic 2L pole transi
tions are

9)1 (EL) = (r) + if2 (r) a x r • grad , (65 a)

GW = /3 (r) L ■ grad Y^ + f4 (r) a ■ grad Y^, (65 b)

where the /)(r) are real functions of the scalar r. From these we see that

<rj\. 777J 3ft (EL) = (jfmf 13ft (EL) (66 a)

< TÅ- I GW I = - <Jfmf I GW I Ji mi> > (66 b)

holds for all values of L. Therefore, from equation (63)

(<Plfmf\^(EL) I (EL) |j>(> (67 a)

I I «.,) - (UffUlt+ V!fVti) <jfmf I W (ML) . (67 b)

From equations (67 a) and (67 b) one can express the lifetimes for transi
tions between one quasi-particle states in terms of the lifetime for transi
tions between single-particle states with the same electrical properties, 
angular momenta, and energy separation. Calling the lifetime of the, single
particle states ts-p-33)} the reciprocal lifetimes for the single quasi-particle 
transitions are

TÎ-*/

1
(68)

with
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(£/-Â) (e^-Â)

(69 a)

(gy-Â) (fi~Â)

(69 b)

where D(ML) and D(EL) are the reduction factors for magnetic and electric 
2l pole transitions, respectively. From equation (69) one can easily see the 
effect of the pairing force upon the transition rates. If the states i and f are 

g —Â
both far above the position of the chemical potential, so that ±== 1,

the transition rate is single-particle. This is the case when the probablility 
of the ground state containing a configuration with particles in these states 
is almost zero. As one adds particles, Â approaches the value ef, from below, 
and both the electric and magnetic reduction factors diminish in size, but 
the reduction of the electric transitions below the single-particle value is 
faster than the reduction in the magnetic transitions. For example, when 
gf-gy«Zl, by the time z = £y, equation (69) shows D(ML) = 1 while 
D(EL) = 0. This is quite a different behaviour than would be predicted by 
a pure shell model or a shell model with a diagonal pairing energy. (By a 
diagonal pairing force we mean a pairing force which acts within each 
j-shell with no matrix elements between different /-shells). For instance, 
in the magnetic case, the non-diagonal matrix elements of the pairing force 
are very important in keeping the matrix element approximately constant 
while the chemical potential, Â, moves through two close lying levels. This 
feature depends simply on populating both of these states equally. Since 
one does not do this in either a non-interacting shell model or with a 
diagonal pairing force, the magnitude of the reduction factor will vary 
much more in these cases as the number of particles is changed. Generally, 
the result is that the magnetic transitions tend to vary rather more gradually 
with changes in the number of particles than the shell model result, and 
that the electric transitions can display strong reductions even in pure 
quasi-particle states. In comparing the experimental transition rates to the 
theoretical ones it is most significant to compare the experimental with

Mat.Fys.Medd.Dan.Vid.Selsk. 32, no. 9. 5
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Fig. 26. M4 transition rate in odd-A Pb isotopes.
Curves a, b, c are the theoretical values of the reduction from single-particle for G = 30/A, 
23/A, and 19/A. The experimental values19) are normalized at Pb222.

the theoretical reduction factors in order to remove the very large effects 
of energy differences.

In the odd-A s.c.s. nuclei, the only lifetimes which have been measured 
are those of the isomeric states. The most complete results are for the Pb 
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isotopes, for which the M4 transitions between the z13/2 and f5/2 states have 
served so well to trace the position of the z13/2 state (cf. Chapter III). 
The lifetimes arc measured in Pb207, Pb203, Pb201, Pb199, and Pb197 19h 
The comparison of the experimental reduction factors with the prediction 
of the pairing force calculation is made in Fig. 26. The single-particle ‘2L 
pole electromagnetic transition rate has an energy dependence given by 
ÇEÎ- Ef)2L+1. Using this dependence and the experimental lifetimes, ener
gies, and conversion coefficients, one finds that the experimental reduction 
is almost constant for the five isotopes. These “experimental” reduction fac
tors are based on a comparison with a single-particle estimate which neglects 
shell effects on the nuclear radii, an approximation which could affect 
the relative M4 reduction factors, where the nuclear radius enters in the 
sixth power.

The values plotted in the figure are normalized to the Pb207 value, 
which is unity in our model. Because of the uncertainty in the experimental 
reduction factor, a detailed comparison with the theoretical curves may 
not be significant. It is of interest, however, that, for the values of G indicated 
by other evidence, the Af4 reduction factors are indeed expected to vary 
only little over the isotopes considered. As already mentioned, this would

Table III
Electromagnetic transitions in one quasi-particlc states. Dexp = Pexp/Psp, 
where Ps p is a theoretical estimate of the transition when treated as single
particle.33) Dtheor is for G = 0.128 in Pb, 0.187 in Sn, and 0.238 in N = 50. 
a0 is the radius parameter.

Element Transition
Assumed Level

Change
^exp

(a0=L2)
■®exp

(a0 = t-1)
-^theor.

Pb207 .............. 1.064 M4 z13/2_>/5/2 0.25 0.42 1.00
ptø205 ,13/2_>/5/2 0.93
ptø203 0.825 M4 I'13/2_>/5/2 0.30 0.49 0.85

Pb201.............. 0.629 M4 l’13/2->/5/2 0.24 0.41 0.78

Pb199.............. 0.424 M4 i13/2_>/5/2 0.26 0.44 0.73

Pb197.............. 0.235 M4 z13/2—>/ö/2 0.27 0.46 0.70

Pb195.............. i’13/2>/5/2 0.70

Sn117.............. 0.159 M4 )iU/2_>^3/2 0.41 0.68 0.96

Sn119.............. 0.065 M4 ^ll^-*6^ 0.57 0.95 0.94

39 1 50 ..................... 0.913 M4 9,9/2_>Pl/2 0.26 0.43 0.68
4«................. 0.105 M4 9'9/2->Pl/2 0.20 0.33 0.48
43TC- ................. 0.390 M4 Pl/2->9r9/2 0.35 0.59 0.65

5*
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not have been the case if the configuration mixing introduced by the 
pairing force had not been taken into account. As to the absolute values 
of the transition probabilities, the single-particle estimate for the expected 
nuclear radius is larger by a factor of two or three than the experimental 
value for Pb207 ; however, there is considerable uncertainty in the theoretical 
single-particle estimate (cf. Table III, p. 67).

The lifetimes of the h11/2 slates are known in Sn117 and Sn119 34!. The 
internal conversion coefficients, which are quite large for these transitions, 
have not been measured. However, the errors in the values of Dexp, the 
experimental reduction factor introduced by using the theoretical values of 
the internal conversion coefficients35!, are less than those due to the uncer
tainty in the single-particle estimate. The theoretical value of the M4 reduction 
factor in the pairing force calculation is almost unity, since in this case the 
separation between the <73/2 and 7i11/2 levels is small compared to the gap. 
These results would be approximately unaltered for any values of the pairing 
strength and of the single-particle energies which fit the spins and energy 
levels, as well as the 2+->0+ transition rates of the Sn isotopes. Table III, 
in which 7>theor, the value of the reduction factor in the pairing calculation, 
is calculated with a pairing strength and single-particle energy levels used 
to give the results shown in Fig. 6, indicates that the experimental and 
theoretical results are consistent.

In the N = 50 region, lifetimes have been measured for three M4 transi
tions between the p1/2 and p9/2 states: 39Y89, 41Nb91, and 43Tc93 21). Using 
the theroretical conversion coefficients, one finds that the reduction factors 
given by the experiments and the single-particle estimates arc consistent 
with the pairing force results. The values of Z>theor quoted in the table are 
calculated from the energy levels and pairing strength which leads to the 
energy levels of Fig 13. The heightened reduction in the M4 matrix ele
ments for 41Nb9J apparently reflects the diminution in the gap due to the 
filling of the level with spin 1/2, which is far in energy from other levels, 
as discussed in § III. The relative values of the experimental reduction 
factors also show a dip for Nb91 compared to Y89 and Tc93, although this 
might not be accurate enough to be significant.

In the N = 82 region the lifetimes are known for the 0.165 Alev Ml 
transition in La139 and the 0.142 Alev Ml transition in Pr141. However, 
both of these transitions arc “/-forbidden”, and a configuration mixing 
calculation of the same kind as was used for magnetic moments (§ A7) 
would therefore be needed in order to account for these transitions36!. The 
0.024 Alev transition in Sn119 is also /-forbidden.
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In a similar way, perturbations must also admix other configurations 
to all the single quasi-particle states. The amount of admixture would 
presumably depend upon the unperturbed states, and thus would vary 
for a one quasi-particle state of a particular type as the number of particles 
changes. Such effects could alter some of the quantitative results, for 
instance, in the Af4 reduction factors.

B. Even-.<4 Nuclei

1. Single-Particle Transitions in Two Quasi-Particle States
In the same way as the result (68) was obtained for one quasi-particle 

states, for a transition between two states which can be described as two 
quasi-particle states, xPi the reciprocal lifetime is given by

1

Tt->/
(70)

where Ts,p- is the single-particle lifetime*  for the electromagnetic (2)£ 
multipole transition

The best experimental comparison can be made for transitions from 
the high angular momentum odd-parity states discussed in § III. These 
states may often represent rather unique quasi-particle configurations. 
We restrict our discussion to those cases in which the experimental life
times are known.

The 7_ to 6~ El transition in Sn170 is reduced about 2.5 x 10 8 com
pared to a single-particle estimate. Since there are no possible shell model 
configurations in this region of isotopes which would lead to El transitions, 
any shell model theory would lead to a transition rate of essentially zero.

The half-life of the 2.2 Mev state in Ph206 is 1.25 x 10 4 sec.22), 37). 
We predict that this 7“ state is mainly a combination of an z'13/2 quasi- 
particle coupled with a p3/2 quasi-particle and an f5l2 quasi-particle. The 
2.00 and 1.68 Mev 4+ states to which the 7“ states decay by E3 transi
tions are mainly combinations of the an(l (^5/2)4 two quasi-
particle states. For these main parts of the wave functions the E3 single-

* in Eq. (70) is related to Moszkowski’s in Ref. 33 by I J I J

Moszkowski.
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particle transition is forbidden. There will also be a certain amount of the 
(/ö/2 ^7/2)4 and (j°3/2 fuzh two quasi-particle states in these 4+ states, which 
allow the E3 transitions; however, we expect the transition rate to be far 
below single-particle. In units of the single-particle estimate, the transition

Pb
Fig. 27. Decay of the 9“ state in Pb20i.

strengths for the 0.202 and 0.516 Mev transitions are of the order of 0.3, 
which seems to be somewhat large from the considerations mentioned 
above. However, it is difficult to estimate the amount of mixing of quasi- 
particle configurations which does occur.

The half-life of the 9“ state in Pb204 is measured to be 4.02 x 103 sec38) 
for decay into two 4+ states by a 0.912 and a 0.622 Mev E5 transition. 
The 9“ state is mostly a state of an z13/2 and an /‘5/2 quasi-particle coupled
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to their maximum spin. We find that the 4+ final stale for the 0.912 Mev 
transition is mainly a state of two f5/2 quasi-particles, while the 4+ state 
associated with the 0.G62 Mev transition is mainly one with one f5/2 and 
one p3/2 quasi-particle. Of course, these states are so close in energy that 

4 +

9-13,610

5-

Fig. 28. Decay of the 9 state in Pb202.

one can expect an admixture of these configurations. Table IV shows that 
the 0.622 Mev transition is consistent with a description that it proceeds 
via a two quasi-particle transition between the states which are expected 
to dominate, the reduction factor being about 0.7. The 0.912 Mev transi
tion, however, is enhanced compared to the theoretical value by a factor 
of the order of 100 if the transition proceeds via (*13/2/5/2)9 —>(/s/2)4 + - 
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Table IV
Electromagnetic transitions in two quasi-particle states. G = 0.128 (in Pb). 
The column titled “Assumed Level Change” indicates the type of the quasi- 
particle which changes during the transition. Where two assumptions have 
been made for the spin assignments, the states might be admixtures, with 
the first assignment having the heaviest weight. 7)exp is given in units of 
(eeff/e)2-

Element Transition Assumed Level Change -^exp
(«o=l-2)

^exp
(«0=1-1) ^theor

pfc20 6 0.516 E3 013/2 P3/217 _ + 0’13/2/ö/217_ 0.26 0.45 0.98 x prob.

0.202 E3

1/7/2 P3/214+ + [/7/2/ö/214 + 
1'13/2P3/217_ + 013/2/5/217_ 

■^/7/2P3/214++ l/7/2/5/214+ 0.18 0.29

of /7/2 quasi- 
particle in 
4+ state

Pb204 . . . 0.912 E5 F5/2 i’13/219 _-*l/5/2P3/21 4+ 47 112 0.58

1/5/2 '13/219 _->[/5/2P3/214+ 2.6 6.2 0.73

0.622 E5 1/5/2 z’13/219 1/5/2 P3/214+ 0.4 0.94 0.73

F5/2113/2 9_-*l/5/21 24+ 7 17 0.58

Pb202 0.787 E5 P5/2 1’13/2 9-^5/2124+ 37 88 0.56

1/5/2'13/219 1/5/2 P3/214+ 2.1 4.9 0.34

0.547 E5 1/5/2 '13/219 P5/2 P3/214+ 0.31 0.74 0.34

1/5/2'13/219_^-[/5/2124+ 5.6 13 0.56

0.129 E4 013/2/5/219_ 013/2 P3/214_ 0.29 0.60 0.15

Sn120 . . . 0.089 El 2.5 x 10~8 0

Even if the 4+ state is taken as a two quasi-particle state, this
E5 transition is enhanced by a factor of perhaps 5.

In Pb202 there is a situation which is almost identical to the one in 
Pb204 (cf. Fig. 28)39)> 40) : a 0.787 Mev Eb transition which might be expected 
from energy considerations to be largely between (z13/2 ^5/2)9 an(l (/s'2)4 
two quasi-particle states, and a 0.547 Mev Eb transition which might be 
expected to be largely (i13/2 f5/2^9- corresponding to the 0.912 
Mev and 0.622 Mev transitions in Pb204, respectively.

For the 0.547 Mev transition, a reduction factor of 0.34, which results 
from the pairing force calculation with the assumption of a (1'13/2/5/2)9-“^ 
(/s/2 713/2)4+ transition, is consistent with the experimental results. However, 
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the 0.787 Mev transition seems to be strongly enhanced above the theoretical 
value, resembling the 0.912 Mev transition in Pb204.

The 9“ state in Ph202 decays with a 37°/0 probability into a 5“ state 
bv a 0.129 Mev E4 transition.39) As explained in § III, the 5“ state as
sociated with the (z’13/2 /â/2) two quasi-particle states is placed above the 
9“ state by a P(2) force in perturbation theory, while the 5“ state lies lowest 
in the (Ô3/2P3/2) two quasi-particle configuration. Moreover, these results 
are in agreement with the detailed calculations in Pb206. 41) We thus expect 
the 0.129 Mev E4 transition in Pb202 to correspond to a transition between 
the (1'13/2/5/2)9- an<i (,13/21d3/2)5- two quasi-particle states. Table IV shows 
that a theoretical reduction factor of 0.15 is consistent with the experimental 
results if we use this interpretation.

2. The 2 + ->0+ E2 Transitions
As indicated in the discussion of the choice of parameters, the B(E2) 

values for the lowest 2+->0 transition of the collective state may be 
used to determine the effective charge.42) In Table V we list the experimental 
B(E2) values together with the theoretical values for the s.c.s. nuclei for 
which the 2+ level has been seen. The theoretical values are calculated 
using (34) with eeff = 1 for the closed proton shell nuclei and eeff = 2 for 
the closed neutron shell nuclei.

It is seen that the correct value of the B(E,2) is obtained for Pb206 with 
use of the experimentally measured effective charge eeff = l.l13). The Sn 
B(jE72) values are also reasonably well accounted for by eeff = l- For the 
Ni isotopes a somewhat larger value of eeff seems to be required-----about
eeff = 1.4. All of the closed neutron shell nuclei seem to require an effective 
charge well above unity to fit the few measured values, as expected. How
ever, the value eeff = 2 seems to be a little too high. A value eeff =1.5 would 
give a better fit to the B(E2) of these nuclei.

In conclusion, the experimental values for the reduction in the 4/4 
transition rates in the odd-A Pb isotopes appear to be rather constant, 
which is consistent with the theoretical reductions for the values of G used 
in this work. The theoretical reduction factors for M4 transitions in the other 
odd-A s.c.s. nuclei are also consistent with experiment, in all cases the reduc
tion factor being not less than 0.5 (and greater than 0.7, except in rather 
unusual cases). This result can be extended qualitatively to other nuclei. 
In every case, the pairing correlations will tend for magnetic transitions 
to maintain the transition rate near the single-particle value even as particles
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Table V. B(E2) values
The theoretical and experimental B(F2) 0+->2 + reduced transition prob
ability is shown for s.c.s. nuclei. The value eeff = 1 is used in computing 
the theoretical value for Ph, Sn, and Ni, and eeIf = 2 for N = 82, N = 50, 
and N = 28. In the fourth column the “single-particle” estimate B(E'2)S p 
= 3 1(F5 A4/3 e2 10-48 cm4 was used; and in the last column the experi
mental references are given.

Isotope

B(E2)exp 
e2 10-48 cm4

Theoretical

B(^2)exp
e2 10“48cm4

Experimental

B(2?2)exp

B(£2)s.p.
Ref.

PP)2O6 0.13 0.14 4 (22)
Pb204 ...................... 0.22
pfr202 0.29
Pb200 ...................... 0.33
Sn112...................... 0.25 0.18 11 (44)
Sn114...................... 0.20 0.20 11 (44)
Sn116...................... 0.26 0.21 12 (22)
Sn118...................... 0.29 0.23 13 (22)
Sn120...................... 0.28 0.22 13 (22)
Sn422 ...................... 0.25 0.25 14 (22)
Sn424 ...................... 0.20 0.21 12 (22)
Ni58 0.020 0.072 11 (45)
Ni60........................ 0.046 0.091 13 (45)
Ni62........................ 0.071 0.083 11 (45)
Ni64........................ 0.068
Xe436 ...................... 0.34
Ba438 ...................... 0.51
Ce440 ...................... 0.73 0.36 16 (46)
Nd442 ...................... 1.01
Sr88........................ 0.180 0.13 12 (46)
Zr90......................... 0.113
Ti50........................ 0.078
Cr52........................ 0.16 0.085 14 (46)
Fe54........................ 0.23

are placed in the levels involved in the transition----- a result which might
explain the striking constancy in the M4 reduction factors throughout 
the periodic table.43)

For even-A nuclei, we conclude that our results for quasi-particle 
transition rates are consistent with experiment within the accuracy obtain
able by our methods, with the possible exception of an enhancement of 
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certain E5 transitions in Pb204 and Pb202. For the collective states, the 
lifetimes can be used to determine the effective charge. In addition, 
in Pb206 we can use the experimentally measured value of ceft to help 
select G.

As the systematic experimental data is extended, the transition rates 
will provide a detailed test of the wave functions obtained with this model.

VIII. Summary

An approximate calculation of the properties of nuclei with one closed 
proton or neutron shell is attempted. Using the approximation methods 
introduced by the theory of superconductivity, we have calculated the 
effects of those parts of the short range part of the residual interaction 
which are common to the pairing force, obtaining the quasi-particle energies 
for several strengths, G, of the pairing force. The deformed field approxi
mation is used to calculate the effect of the relatively long range part of the 
nuclear force, and in particular to determine the positions and B(E2)’s 
of the 2+ collective states in the even-A isotopes.

The most important systematic experimental feature for the even-A 
s.c.s. isotopes is the position of the first excited 2+ state. This state, which 
is of collective character, has a rather constant energy above the ground 
state, and is often quite a bit lower in energy than the next higher excited 
states, thus lying in the gap between the ground state and the intrinsic 
excited states.

We find a simple explanation for this 2+ state. This state, which in our 
work is always the first excited quadrupole vibrational level, is located 
below the first states of two quasi-particles, sometimes rather far below, 
as in the case of the Sn isotopes. In every case, the second excited vibra
tional level is among the quasi-particle states so that it becomes more 
difficult to explore the possibility of higher collective states.

Also in even-A nuclei we find that we can approximately derive not 
only the positions of the 2+ levels, but also the positions of the levels of 
high angular momentum with values of the pairing and P® force which 
do not differ much from region to region, except for the A dependence 
of a volume force.

For the odd-A isotopes, the most significant systematic experimental 
feature is the gradual change in the positions of the states which correspond 
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to our one quasi-particle states, motions which are much smoother than 
those predicted by an independent shell model.

In the odd-A isotopes the positions of the quasi-particle levels do not 
depend upon the strengths of the pairing and P® force so much as upon 
the separation of the single-particle energy levels, for values of the pairing 
force which are consistent with the data in the even-A isotopes. The ground 
state spins are determined within the accuracy expected. In Ph, where both 
the single-particle well is known and systematic measurements for the posi
tion of the i13/2 states have been made, we find that we can quite accurately 
and rather unambiguously predict the relative position of the z13/2 state.

The even-odd mass data gives values for the gap which arc in agree
ment with our results. The determination of the absolute binding energy 
involves questions which are beyond the scope of our methods, but the 
experimental data seems to be consistent with our results.

Very little data is available on quadrupole moments of s.c.s. nuclei, 
but our calculated values are in fair agreement with experiment when 
one considers the change which can occur with the inclusion of small 
admixtures of configurations other than those arising from a pairing plus 
P(2) interaction. The magnetic moment data is much more extensive. 
Although for our wave functions the calculated magnetic moments are 
too close to the single-particle values, the small admixture of other con
figurations can change these moments by amounts of the right order to 
agree with experiment.

The main systematic results from the theoretical study of the collective 
part of the electromagnetic transilion rate is the theoretical value for the 
effective charge. The main systematic feature which we have calculated 
for electromagnetic transitions between quasi-particle states is the tendency 
for the .1/4 reduction factors to remain rather constant for the 1*13/2 “"*" /s/2 
M4 transitions in the Pb odd-A isotopes, which seems to be indicated by 
the experiments. This feature depends essentially on the strongly mixed 
configurations which occur in our calculation. Qualitatively, this result 
would tend to lead to a rather constant reduction factor for magnetic transi
tions compared to electric transitions, which is a possible explanation for 
the striking constancy in the 4/4 reduction factors, while the E3 reduction 
factors arc widely varying.

We conclude that the simple model which we have tried has been 
successful in deriving the observed low energy systematic features of s.c.s. 
nuclei, and that our results might serve as a good basis for a more detailed 
quantitative investigation.
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Appendix

In this Appendix we list the quantities needed to obtain the nuclear 
energy levels and wave functions for typical strengths of the pairing force 
parameter, G, and long range force parameter, X, which are consistent 
with the known energy levels. For each region, the single-particle energies, 
Sj, are given, with the subscript giving the angular momentum of the level. 
Using Eqs. (9) and (10), the quasi-particle energies are determined for 
each isotope by z and d, which is listed in the table.

The properties of the collective state are conveniently calculated from 
the quantities 31 and 33, which are included in the table for each isotope, 
defined by
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A(l)

A(2)

where <j|r2|/>y is defined in Eq. (41). The relation of these quantities 
to the collective parameters B and C of Eq. (3) is given by

A(3)

A(4)

Z = 82, holes in the N = 126 shell (Ph isotopes) for G = 0.111 Mev.

eni2 = °> £/5/2 -0.57, fps;2- 0.90. E. = 1.634. = 2.35 Mev.
U3/2 ' J 712

A 2 (Mev) zl (Mev) 21 (.Mev-1) 2) (Mev“3)

206. . 0.11 0.25 0.40 0.50

205. . 0.25 0.34

204. . 0.33 0.42 0.52 0.42

203. . 0.42 0.48

202. . 0.52 0.53 0.56 0.33

201. . 0.60 0.55
200. . 0.69 0.58 0.57 0.27

199. . 0.78 0.60

198. . 0.88 0.63 0.56 0.20

197. . 0.97 0.64
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Z = 50, neutrons in 50—126 shell (Sn isotopes) for G = 0.187 Mev.

%/2 = 0- %2-°'22’ £«l/2-1'90’ %/2_2-20- «»U/S " 2'80 MCV-

A Z (Mev) A (Mev) QI (Mev“1) (Mev-3)

108........................................... 0.17 0.97 0.33 0.061

109........................................... 0.29 0.98

110........................................... 0.44 0.98 0.34 0.057

Ill........................................... 0.60 0.97

112........................................... 0.76 0.94 0.33 0.049

113........................................... 0.97 0.90

114........................................... 1.20 0.89 0.32 0.044

115........................................... 1.43 0.92

116........................................... 1.64 0.96 0.34 0.048

117........................................... 1.81 1.00

118........................................... 1.97 1.03 0.35 0.052

119........................................... 2.12 1.05

120........................................... 2.26 1.07 0.35 0.054

121........................................... 2.40 1.08

122........................................... 2.53 1.07 0.34 0.057

123........................................... 2.65 1.06
124........................................... 2.78 1.03 0.32 0.060

125........................................... 2.88 1.00
126........................................... 3.01 0.96 0.29 0.060

127........................................... 3.12 0.90

128........................................... 3.24 0.83 0.22 0.053

129........................................... 3.36 0.72

Z = 28, neutrons in 28—50 shell (Ni isotopes) for G = 0.331 Mev.

= 0, Ef = 0.78 £„ , = 1.56, Ea , = 4.52 Mevï>3/2 Pl/2 09/2

A /. (Mev) A (Mev) QI (Mev-1) S3 (Mev-3)

58.............................................. — 0.31 0.80 0.11 0.024
59.............................................. — 0.09 0.94
60.............................................. 0.14 1.04 0.18 0.028
61.............................................. 0.38 1.11
62.............................................. 0.59 1.15 0.21 0.032
63.............................................. 0.84 1.16
64.............................................. 1.09 1.14 0.21 0.032
65.............................................. 1.39 1.08
66.............................................. 1.64 0.99 0.15 0.022
67.............................................. 1.99 0.81
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N = 82, protons in 50—82 shell for G = 0.173 Mev.
eO7/2~0- e = 2-0 MeV'

N = 50, protons in 28-—50 shell for G = 0.291 Mev.
- °- eD3K - °-6- en,2 - b8' S,OI2 - 3-4 Mev-

A 2 (Mev) A (Mev) 21 (Mev1) S8 (Mev" 3)

134............................................ — 0.41 0.54 0.13 0.053
135........................................... — 0.29 0.65
136........................................... — 0.17 0.73 0.22 0.065
137........................................... — 0.05 0.78
138........................................... 0.09 0.83 0.26 0.058
139........................................... 0.22 0.88
140........................................... 0.37 0.92 0.30 0.048
141........................................... 0.52 0.96
142........................................... 0.66 0.99 0.34 0.051
143........................................... 0.78 1.02
144........................................... 0.93 1.06 0.38 0.055
145........................................... 1.05 1.09
146........................................... 1.15 1.11 0.41 0.057

A 2 (Mev) A (Mev) 81 (Mev“1) S8 (Mev-3)

83.............................................. 0.16 0.98
84.............................................. 0.36 1.01 0.21 0.038
85.............................................. 0.58 1.01
86.............................................. 0.82 0.98 0.22 0.037
87.............................................. 1.10 0.92
88.............................................. 1.44 0.86 0.18 0.030
89.............................................. 1.83 0.83
90.............................................. 2.24 0.84 0.10 0.011
91.............................................. 2.59 0.93
92.............................................. 2.85 1.00 0.15 0.025
93.............................................. 3.08 1.04

N = 28, protons in 20—28 shell for G = 0.385 Mev.
CaS/2 ~ 0, e/7,2 - 2.5, £p3/2 = 5-57’ £/5/2 ” 6’54 MCV-

A 2 (Mev) A (Mev) 81 (Mev-1) <8 (Mev“3)

50........................................ 1.90 1.12 0.088 0.010
51........................................ 2.19 1.22
52.............................................. 2.48 1.26 0.13 0.014
53.............................................. 2.77 1.25
54.............................................. 3.08 1.18 0.14 0.013

3.45 1.02 0.13 0.011
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1. Introduction and Summary

In this paper we shall consider the Schrödinger eigenvalue problem

d2R 2dR
dr2 r dr

«(0) < oo and 7?(r)->0 for Z’ —> oo 9

with / = 0,1, 2, . . . and

^(0 = ^-;-Vo(r),

(1-1)

(1-2)

where Vo(r)=|=O only for re[0, L], possessing in that interval an absolutely 
convergent power-series expansion in r; a and b are arbitrary real constants.

In a previous paper(1> the above eigenvalue problem was considered in the 
special case of I = 0 and in the case where | (2 I +1 )2 + 4 ka is not an integer 
—a condition which we shall drop here, thus including in our treatment the 
important case of a = 0.

The main result of the present paper will be the formula

-|A(1) + C(1) <Z2-(c7$)

A(l) Wca(2 2)

for the eigenvalue Â = l/Å*  | £ | L2. Here

and
1*
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(Â2-V (50)4(50^, (1.5)

r

(1-6)

/ \2

where V(s) = l^j + kk2V0(Ls) and s = y (see als° (2.18 a)). The series A (s) 

converges absolutely for every se[0, 1] and for every finite Z. The functions 
Wc q (x) — known as Whittaker functions—are defined by the integral 
formula(3)

i_ x
_2 r e xc 

C, Ç (-1) = , .

which may be used in practical calculations at least in the case where q— c 
and q + c are integers*.  The constants x, c, m, q, and p of the formulae 
(1.3)—(1.6), expressed in the notation of (1.1) and (1.2), are as follows:

2 kbL
2(P + iyc (1.7)

The eigenfunction of (1.1), corresponding to the eigenvalue Åif is given by

m—2
Cs 2 Af (s) for se[0, 1]

Ctr(z0^ WC 3(2Âi.s) for se(l,oo).
(1.8)

Here, A/ (s) is defined by (1.4) with substituted for z, the factor ct(20 is 
obtained from (1.3), and C is the normalizing constant. As is seen, the 
eigenfunction is obtained as a by-product of our calculations.

In certain shell-model problems of nuclear physics the constant k of 
(1.1) appears as a function of r. In the cases where k(r)(E — V(r)) is of the 
form (1.2) our method is applicable after a straightforward modification.

The eigenvalue problem (1.1) is thus on the whole reduced to the forming 
of the series (1.4). The terms of that series contain the potential function 
Vo (r) as such. Consequently the power-series expansion of Vo (r) is not 
needed in the calculations; the mere existence of such an expansion is all

Cf. J. Blomqvist and S. Wahlborn, Arkiv för Fysik 16 (1960) 545.
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that is required for our purposes. Otherwise the method is largely independ
ent of the form of the potential function—which may very well be tabular 
or graphical—and the elementary character of the analysis employed makes 
it particularly well suited for digital computers.

In practical applications one would calculate a finite number of terms 
of (1.4) for (1.5).

In section 2 the solution of (1.1) is found for re[0, L] by the aid of a 
general theorem from the matrix calculus. The solution of (1.1) for re[L, oo] 
is known in closed form in terms of Whittaker functions ((1.6)). Equation 

(1.3) is obtained from the condition that /?(r) and 
dR(r)

dr
must be continuous

at r = L. By way of application, the case of a square well is considered. The 
treatment of a more general case (V0(r) as defined on page 3) would be 
practically the same.

The matrix calculations of section 2 arc carried out in detail in section 3, 
where also the convergence questions are dealt with.

2. The Derivation of the Eigenvalue Equation

We put (11) into matrix form as follows:

where

and

(2.1)

(2-2)

(2-3)

(2-4)
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In the above formulae one has

+ ka - --

The properties of matrix differential equations of the kind (2.1) in which 
P (s) possesses a power-series expansion in s converging absolutely for every 
s within a finite interval [0, sj are set out in a theorem by Gantmacher<2>. 
It follows from this theorem, since the matrix P(.s) of (2.1) possesses the 
required power-series expansion, that the general solution of (2.1) will be 
of the form

(2-6)

with z0 an arbitrary vector. Here

U = (2.6a)

where a is a constant that depends on P_x and P(s), vanishing if 2(p + l) in 
P-i is not an integer. The matrix A(s) is regular at s = 0 so that A(0) = I. 
Consequently there exists a convergent power-series expansion

4(S)-z+2a+ (2.7)

We shall now calculate the matrix A (s) by a procedure, similar to that 
employed in ref. (1), which obviates the use of power-series expansions 
(cf. for instance ref.<2>).

Substitution of (2.6) in (2.1) yields for A the equation

,/l 1
- + -(AP_t_p A)- P(s) A + sm~1AU = 0, 
as s (2.8)

where m stands for 2 (p + 1). As is seen on direct substitution, (2.8) is satis- 
lied for every se [s0, 1 ], s0>(), by the matrix

(2-9)
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where li = s_p_1 P(s) sp~'. The matrix 42(B) is delined as follows(1>:

fl (B) = I + Ç Bdsx + Bt/.sy Bds2 + Ç Bdsx Bds2 Bds3 + • • •, (2.10)

where, in carrying out the integrations, we pul the constants of integration 
equal to zero in all terms.

We shall prove in section 3 that A, as defined by (2.9), may be expanded 
into a power series in s which converges absolutely for every se [0, 1] and 
has the value I for s = 0, i.e., we shall prove that the expression (2.9) is 
really the A(s)-matrix of the general solution of the matrix differential 
equation (2.1).

From (2.4) and (2.9) it now follows that

1
x

1 .0 s'
(2.11)

x

where we have written briefly

(2.12)

(3.13)). Our is required to be regular at the origin. Now, the expression

(2.13)*o = -o

fl (jTp> P(s) sp->) =

-m

The elements A, B, C, and D are calculated in section 3

(!)
in braces has this property, and besides p > 1 ; consequently the vector

0 s-™
= sp"1

must be regular at the origin. This implies the following form for z0:

(2.14)

where Ci is a constant. For s + 0 we obtain from (2.11) and (2.14)
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(2.15)

The vector (2.15) is now the general solution of (2.1) for every se [0,1] 
which is regular at the origin. As the constant a has disappeared, we are 
spared the tedious task of calculating its value.

The solution of (2.1) for se(l,oo) such that 
according to rcf.(1),

(2.16)

here C2 is an arbitrary constant, and the function WC ff(.r) is defined by (1-6).
The constants p, x, m, c, and q are given by (1.7) and (2.5). Since the 
vectors (2.15) and (2.16) must be equal for s =1, it is necessary that

where, according to (2.12), (3.8), (3.9), and (3.13),

2 / 1?1
2)]

A (s) = e +

> \ <■*  * »T \ s- F(s2) </.s-2 \ \ r*  >2 »F (s2 „) ds2 „
»o »o *o • o

(2.19)

(2.1«)
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We summarize the symbols used in (2.17)—‘(2.19):

F(s)--^)2+A2-*L 2v0(£s)

2 kbL
m

in = 2 (p + 1 )

2 bL

Å2 = k\E\ L2

(2.20)

For practical calculations it is convenient first to expand (2.18) into a 
power series in Â2. This we are allowed to do because (2.18) converges ab
solutely for every se [0,1] (cf. section 3). As would be easy to show, we 
obtain

with

x x J® J®1 (*® 8

a(s)- i + £ m/M'AV-. W2r
k = 1 r = k Jo » 0 Jo Jo

and h = e *ssm.

The term
(•« /»s, f*S2r-l

>, (r ; Å) \ fds1 \ hds2 \ \ gds2 r
Jo Jo Jo Jo

has the following meaning: k g's out of the r g's of the integral

Z (r’ °)
f*S2 T— 1

• • fd^ r_i \ gds2 r
Jo

are replaced by h, and the summation is extended over the integrals ob
tained on the performance of all permutations of these k h's and r—k g's.
For instance, pS pSi ps> ps3

Z (2 ’ 1 ) \ fdsl \ hds2 \ fds3 \ f/^4
Jo Jo Jo Jo
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As is clear from (2.15) and (2.16),

CpS^A^s) for se[0,l]
/<<(«) = 1 n C2-21)

ClCT(Âi) q (2 for se(l,oo],

the factor <7(2^) being obtained from (2.17). The constant Cj is obtained 
from a normalizing condition.

For an application we shall consider the simplest example, the square 
well. It is clear from the above formulae that the treatment of a more general 
case would be essentially the same. Now

and
a = 5 = 0

According to (2.20) we have

x = 0, 777 = 2 (/ +1 ), c = 0, and q = I + -.

We then obtain from (2.17)—(2.19)

det

(A2-ffi Ä___G2-A2)** 1
777 + 1 w = 1 2w77 ! (777 + 2 n + 1 ) ! ! 

t G2-A2)”
^w = i 2”n! (777 + 2 n-1)! !

-(l + / + a)VV0>|I(2A)-(?2

H'O, ,(2 A)
= 0,

/(2.22)

n
where A2 = k | E | I2, Xl = kV0I2 and (177 + 2 77 ± 1) !! = 77(771 + 2 Å ± 1). The 

fc = 0
functions W 1 (r) and W , , 1 (x) are calculated most conveniently bv o, i + gv 7 -1, i + 2 - ■
application of (1-6).

In case 777 = 4, we have, as is readily seen,

/(|/z2 - Ä2)2sin | 2q — A.2 + 31/22 — A2cos [/A.2 — A2 — 3 sin |/2q — A2 A2 + 3A + 3\ 
det _____ ,_____ = ”• (Z.2.5)

y - | A2 - A2 cos |'Aq - A2 + sin | Ap - A2 -2-1 '

By using the power-series expansions of sin | Aq-A2 and cos|/Aq-A2 and the 
formula (1.6) it is easy to show that (2.23) and (2.22), with 771 = 4, are 
identical.



Nr. 10 11

3. The Form and Properties of the Matrix Q [s P 1(v) .s'/  ' |

We shall first establish a useful property of the matrices Ï2. Lemma:
Let us assume that it is possible to write the (square) matrix H defined in 
the interval [0,1] and singular at the origin in the form H = Hr + H2 so 
that the elements of the matrix H1 are integrable over the interval [0,1] 
and those of H2 are integrable over every interval [s0, 1] with 0 <.s0<l. Then, 
for sc [s0, 1],

+ (3.1)
where (»s r»s .‘St

(Hr) = / + \ Hy d-sq + \ Hx d.S1 \ H, ds2 + • • •.
• 0 Jo Jo

As is well known* 2), the formula (3.1) holds in the case of ,s0 = 0.
Proof: Since the elements of Hr are integrable over the interval [0,1], 

the matrizant exists for every se[0, 1], and so does [ï2q(H1)]~1 (cf.
ref.* 2)). Consequently the matrix (H1)]-1 H2 (Hx) has the same pro
perties as the matrix H2. We now proceed by the same method as that 
applied to the case of ,s0 = 0 in ref. *2). Let us put

X=^(HJ, T=0(H1 + H2)

and Y=XZ. By differentiation we obtain

(H1 + H2)Y= H.XZ + X^

for every se[s0,l], 0<s0<l, from which it follows that

Hence

for all se [s0, 1], 0<s0<l, which completes the proof.

As was shown in ref.* 1), the series £?(B), where B is a matrix singular 
at s = 0, converges absolutely for every se [s0, 1] when 0 <s0< 1.

Remembering (2.2) and (2.3), we then obtain
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where m stands for 2 (p + 1 ) and F (s) for 
identify and H2 of our lemma with

/ \ 2
+X2-ri(s). We can now

By an obvious modification of a formula introduced in ref.(4> we obtain for 
SE [.Sq, 1 ], 0 <s0< 1,

wn (s) eXS1 (O22 Gsi) <^i

A e_XS1 ,sf F(sx) wu (.sj ds1 co22 (s)
with

=2’a^(s), i = l,2, (3.5)
n = 0

(3.4)

* The formula (3.4) may be verified also by direct differentiation after the absolute con
vergence of the power series a>n (s) and that of the power series e 2P (s) contained in co22(s) 
(cf. (3.10)) have been proved.
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The series ton (s) now converges absolutely for every se [0,1 ] (i.e., not 
only for se[so,l]). Indeed, from the fact that, for .$£[0,1],

|F(s)|<M<oo, and e"xs < 1,
it follows that

I « (i)
2 n

for every n = 0, 1, 2, ... and for every se[0,l].
As both c±xs and F(s) possess a power-series expansion in s absolutely 

convergent for every se[0,l ], the same is true of con(s). Since it was required 
that A (0) = I, and since co11 (s) is regular at s = 0 and £?[] (H^ = I, we must 
replace (3.6) by

«ft (■'■) - Vx ” ’I " </»! \ J* E (’2) ^2 \ ■ \ F „) *2  „ ■ (3.8)

Jo Jo Jo Jo

As e-xssmF(s) is continuous for every se[0,1], and the series œ11(s) is 

absolutely continuous for every se [0,1 ], the integral \ e *s' s™ F (sx) con (sx) dsl
•'o

exists for every se[0,lj and has the properties of srø + 1co11 (s). In compliance 
with the requirement that co21(0) = 0, we set

W21 GO = Çe_XSl.s^F(s1)ù)11(s1)(/s1. (3.9)
’’o

The series co22 (s) is more complicated since the integrations will produce 
an Ins—function in each a22^ (s). As may be shown by means of the abso
lutely convergent power-series expansions of e±xs and F(s), the functions 
œ22(s) and co12(s) have the respective forms

w22(s) = ^^01)^11 («1)^! ] - Ins + o>g)(s) (3.10)

'*  = 1 /(Jo I
and

/ m \
W12(O = JE Qk W11(s)-lns + s“m + 1co^12)(s), (3.11)

' k = 1 J

where the lower limits of the integrals have been chosen to meet the re
quirement A(0) = /. The Qk are numbers depending on x, ni and F(s). 
The functions «^(s) and (s) have the properties of co11(s); in particular,

(0) = Mz2 (0) = 1 •
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We now have from (3.1), (3.2) and (3.4)

co11 (s) being defined by (3.5) and (3.8). By choosing a = Qk we obtain 
from (2.9) and (3.12)

X

(3.13)

Since the functions (s) and (o^ ($) are not needed in the calculations, 
their forms are not given here. As was made clear above, the matrix A(s) 
has all the required properties: A(s) may be expanded into a power series 
in s convergent in the interval [0,1], and A has the property A(0) = I. From 
the fact that A(s) satisfies (2.8) for every .sefso, 1], 0<s0<l, it now follows 
that A(s) satisfies (2.8) for every ss[0, 1].
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Introduction

nniie geological and palaeontological research carried out in Argentina1 October 1954 to March 1955 by Valdemar Poulsen, M. Sc., and the 
writer was made possible by means of generous financial support from the 
Williams Foundation, Buenos Aires. The writer is also greatly in
debted to Mr.T. J.Williams, K. D., and all members of his staff for their constant 
efforts to make our stay in Argentina a pleasant and unforgettable experience. 
He likewise wishes to express his gratitude to the Carlsberg Foundation 
and to the Danish State Research Foundation for financial support 
covering expenses in connection with the voyage and the purchase of scienti
fic equipment, respectively.

Special acknowledgements are made to Professor, Dr. Armando F. 
Leanza of the Geological Institute of the University of Buenos Aires for 
allowing the writer to study his important collections of Lower Palaeozoic 
fossils from Argentina.

Finally the writer is indebted to Professor Carlos Rusconi, Director of 
the Natural History Museum of Mendoza, for kind permission to study 
selected fossils from the Cambro-Ordovician of the San Isidro region west 
of the city of Mendoza.

The main task of the expedition was a study of the Cambrian sections 
of the San Isidro region in connection with collection of fossils for the 
Mineralogical-Geological Institute of the University of Copenhagen. As a 
result of this study and collection Valdemar Poulsen published a paper 
in 1958 under the title of “Contributions to the Middle Cambrian Paleon
tology and Stratigraphy of Argentina” (Matematisk-fysiske Meddelelser ud
givet af Det Kongelige Danske Videnskabernes Selskab, Bd. 31, No. 8).

It was planned to continue the collection of Cambrian fossils at San 
Isidro to the end of our stay in Argentina, but heavy rain in the mountains 
resulted in swelling rivers and destruction of roads so as to prevent further 
activity in this region. It was therefore decided to spend the last few days 

1*  
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at Cerrillo El Solitario, a hill at Canota, 36 km north of the city of 
Mendoza, where Rusconi has discovered a rich and in several respects 
highly interesting Cambrian fauna, described in papers of 1950, 1951, and 
1952. A fairly rich palaeontological material was collected here, containing 
several new genera and species and forming a considerable supplement to 
the material described by Rusconi. This new material, described and 
discussed in the present paper, is preserved in the Mineralogical-Geological 
Institute of the University of Copenhagen.

It should be noted that circumstances beyond the writer’s control pre
vented direct comparison with Rusconi’s material so that any comparison 
with his specimens and comments on generic determinations are founded 
on his descriptions and figures.

All figures in the plates accompanying this paper are photographs taken 
by the writer; the prints have been made with great care and ability by 
Mr. C. Halkieb.
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Remarks on the Locality, Cerrillo el Solitario

5

Cerrillo El Solitario is a small hill in the Canota region 36 km north of 
the city of Mendoza. The hill is the summit of a mountain the lower part of 
which is completely covered by a huge alluvial cone forming the surrounding 
Pampa. The sections in the hill show a 50 m series of strongly sloping 
strata, mainly dark limestone, which form an isolated stratigraphic unit 
withoid connection with younger and older formations.

Descriptions of Genera and Species
Phylum MOLLUSCOIDEA

Class BRACHIOPODA
Order ATREMATA Beecher, 1891

Superfamily OBOLACEA Schuchert, 1896

Family OBOLIDAE King, 1846

Subfamily BICIINAE Walcott, 1908

Genus Dicellomus Hall, 1873

Dicellomus*!  sp. ind.
Pl. 1, fig. 1

M a t e r i a 1 : Two ventral valves.
Remarks: The specimens are fairly similar to Dicellomus appalachia 

Walcott, but they are not preserved well enough for accurate comparison.

Phylum MOLLUSCA
Class uncertain
Order uncertain

Family HYOLITHIDAE Nicholson

Genus Orthotheca Novak, 1887

Orthotheca sp.
Pl. 1, fig. 2

Material: Eight more or less fragmentary specimens.
Description: Shell rather rapidly increasing in width, with an apical 

angle of 11° and a rounded triangular cross-section. Dorsal face more flat 
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than ventral ones, sometimes even with a shallow median depression. Ex
ternal surface smooth to the naked eye, but a high-power lens (x 20 or 
more) reveals surface markings consisting of extremely delicate, very 
closely set transversal striae. Operculum unknown.

Dimensions :
Length of figured specimen............ 7.0 mm
Maximum diameter of the same .. 1.6 —

Phylum ARTHROPODA
Class TRILOBITA

Order AGNOSTIDA Kobayashi, 1935

In his excellent monograph of 1946, “Agnostidea of the Middle Cambrian 
of Sweden”, WestergÅrd pointed out that opinions diverge greatly with 
regard to the taxonomic position of a great many genera, and that “much 
work remains to be done before it is possible to establish a safe phyletic 
foundation”; he also pointed out that in many cases the criteria or com
binations of characters used by several authors fail to give a reliable answer 
to the question whether an individual form is referable to one or the other 
family or subfamily. The present writer is of opinion that Westergård’s 
judgment deserves much consideration, and, accordingly, the following ten 
agnostidean genera are simply described in alphabetic order under the 
heading:

Suborder Agnostidea Salter, 1852

Genus Agnostus Broxgniart, 1822

Agnostus exsulatus n. sp.
Pl. 1, figs. 3—4

Material: Two cephala and two pygidia.
Description: Cephalon and pygidium of moderate convexity, a little 

wider than long, rounded subquadrate in outline. Axial furrows of cephalon 
well-defined throughout. Glabella occupying about 0.75 of cephalic length 
and 0.28 of width, slightly elevated above genae, parallel-sided, evenly 
rounded in front; anterior glabellar lobe slightly wider than long, occupying 
about 0.33 of glabellar length; transverse glabellar furrow well-defined 
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throughout; posterior glabellar lobe attaining its highest convexity in the 
rear, with median tubercle situated opposite anterior ends of basal lobes. 
Basal lobes relatively large, subequilateral, connected by very narrow band. 
Genae separated anteriorly by well-defined preglabellar median furrow. 
Cephalic border narrow, fairly prominent, defined by wide, deeply impressed 
border furrow.

Thorax unknown.
Axial furrows of pygidium well-defined throughout. Axis occupying 

about 0.8 of pygidial length and about 0.4 of width, almost parallel-sided, 
broadly rounded posteriorly, yet with a tendency to become slightly pointed, 
divided by indistinctly defined furrows into 2 axial rings and a posterior 
portion without indication of segmentation; second axial ring with elongate 
median tubercle posteriorly. Pleural fields of uniform width for the greater 
part of their length, separated by faintly marked posterior median furrow. 
Border like that of the ccphalon, but with a pair of marginal spines opposite 
axial termination.

Judging from small, well preserved parts of pygidial exoskeleton the 
external surface of Agnostus exsulatus is smooth.

Dimensions: Ccphalon (holotype) 3 mm long and 3.7 mm wide; 
figured pygidium 2.9 mm long and 3.5 mm wide.

Remarks: Agnostus exsulatus displays a close resemblance to A. pisi
formis (Linnaeus), but it is distinct from the latter by having rounded sub
quadrate cephalic and pygidial outline and shorter glabella with median 
tubercle of posterior glabellar lobe opposite anterior ends of basal lobes.

Genus Baltagnostus Lociiman, 1944

Baltagnostus hospitus n. sp.
Pl. 1, figs. 5—6

Material: Two cephala and an associated pygidium.
Description: Cephalon rounded subquadrate, slightly wider than long, 

moderately convex. Axial furrows well-defined throughout, wide posteriorly, 
narrow anteriorly. Glabella occupying about 0.6 of cephalic length and 
about 0.3 of width, moderately convex, practically parallel-sided, evenly 
rounded in front; anterior glabellar lobe low, semicircular, occupying 0.35 
af glabellar length; transverse glabellar furrow narrow; posterior glabellar 
lobe subrectangular, with indistinctly defined, oblong median node or keel. 
Basal lobes small, subequilateral. Genae of uniform width throughout, 
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confluent, regularly convex. Cephalic border narrow, moderately convex, 
defined by distinctly marked, narrow border furrow.

Thorax unknown.
Pygidium slightly wider than long, rounded subquadrate, moderately 

convex. Axis defined by relatively wide, well impressed axial furrows, 
occupying about 0.85 of pvgidial length and about 0.4 of width, moderately 
convex, with slightly expanded posterior third, broadly rounded posteriorly, 
touching border furrow at median line; axial segmentation almost effaced, 
but 2 pairs of shallow notches indicate the presence of 2 anterior axial rings, 
the second of them carrying an indistinctly defined median tubercle. Border 
furrow slightly wider than that of the cephalon. Border narrow, almost liai, 
with a minute, blunt marginal spine on each side opposite axial termination.

Surface of exoskeleton smooth.
Dimensions: Pygidium (holotype) 3 mm long and 3.4 mm wide; 

figured cephalon 2.5 mm long and 2.7 mm wide.
Remarks: Unfortunately, the holotype of the type species of Baltagno

stus (Proagnostusl centerensis Resser, 1938) is poorly preserved, and ac
cordingly, it is difficult to use it for comparisons with other species of the 
genus. Nevertheless it is evident that Baltagnostus hospitus must be closely 
related to B. centerensis (Resser) and that it differs from the latter in having 
wider cephalon with wider glabella and shorter preglabellar field, and wider 
pygidium with reduced or poorly developed marginal spines. Lociiman 
(1944) referred two other species to Baltagnostus, viz. B. maryvillensis 
(Resser) and B. beltensis Lociiman; B. hospitus differs from the former in 
having a wider pygidium, and it is distinct from the latter by having a wider 
pygidium with angular outline and narrower axis. It is possible that the 
associated cephala provisionally combined with the holotype pygidium may 
belong to Peronopsis ultima n. sp. (p. 13).

Baltagnostus mendozensis n. sp.
Pl. 1, fig. 7

Material: Two pygidia.
Description: Pygidium fairly convex, as long as wide, rounded sub

quadrate in outline. Axial furrows fairly wide and deeply impressed an
teriorly, narrow and shallow posteriorly. Axis occupying about 0.8—0.9 of 
total length and about 0.5 of total width, unfurrowed, moderately convex, 
with slightly expanded posterior third, broadly rounded posteriorly, touching 
border furrow at median line, and carrying a small, oblong median node in 
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place corresponding to second axial ring. Border furrow narrow, but dis
tinctly defined. Border narrow, almost flat, with a minute, acute marginal 
spine on each side opposite axial termination.

Surface smooth.
Dimensions: Length and width of holotype pygidium 2.6 mm (width 

estimated); length and width of smaller pygidium 1.7 mm.
Remarks: The unfurrowed pygidial axis of Baltagnostus mendozensis 

serves to distinguish this species from hitherto known species except B. bel- 
tensis Lochman; the pygidium dillers from that of the latter in having a 
rounded subquadrate outline, narrower border furrow, narrower border 
with acute marginal spines, and a smooth surface.

Genus Clavagnostus Howell, 1937

Clavagnostus chipiquensis (Rusconi, 1952)
Pl. 1, fig. 14

1952. Culipagnostus chipiquensis Rusconi, Rev. Mus. Hist. Nat. Mendoza, Vol. 6, 
p. 11.

1952. ? Triplagnostus chipiquensis Rusconi, ibid., pl. 1, fig. 11 (same specimen as 
that described on page 11).

It appears from Rusconi’s figure that the specimen (“Tipo No. 11250”) 
described by him as “cranideo” of "Culipagnostus chipiquensis n. sp.” and 
figured as “cranideo” of "7 Triplagnostus chipiquensis n. sp.” has no basal 
lobes, and, accordingly, it must be a pygidium. This view is confirmed by 
the fact that the present writer’s material contains two pygidia, which agree 
in most respects with Rusconi’s figure; these pygidia have the same rounded 
outline, the same gradually tapering axis truncated by a border furrow and 
furnished with a well-defined, keel-shaped median tubercle, and crossed 
by a wide transverse furrow; Rusconi’s figure fails to show marginal spines 
and a pair of pits in the wide transverse depression crossing the axis; in 
other respects the pygidia agree so well with the figure mentioned that they 
are referred by the present writer to the same species; judging from the 
characters of the pygidia, especially those of the axis, it admits of no doubt 
whatever that this species belongs to the genus Clavagnostus Howell.

Description: Pygidium subquadrangular, with strongly curved lateral 
margins, a little wider than long, of low convexity. Axis of about the same 
width as pleural fields, gradually tapering, truncated posteriorly by border 
furrow, divided a short distance posterior to centre by a wide transverse 
depression containing a pair of almost circular pits, and bearing a keel
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shaped median node on crest of anterior half. Axial furrows wide and deeply 
impressed throughout. Border furrow narrow, deeply impressed. Border 
somewhat convex, narrow at sides, expanded posteriorly, and furnished 
with a pair of relatively long, slender, diverging marginal spines.

Dimensions: Holotype pygidium about 2 mm long (estimated) and 
about 2.4 mm wide.

Bern arks: The pygidium of Clavagnostus chipiquensis and that of C. 
répandus (Westebgård) (the type species) differ from the other hitherto 
known species in having the axis truncated posteriorly by border furrow, 
and the former dillers from the latter in having strongly curved lateral 
margins, longer marginal spines, and almost circular axial pits.

The pygidum from Cerrillo El Solitario described and figured by Busconi 
(1950 a) as “Clavagnostus calensis n. sp.” (“Tipo 7592”) disagrees with 
that of the type species in so many respects that it can hardly be accepted 
as a member of the genus Clavagnostus.

Genus Diplagnostus Jaekel, 1909

Diplagnostus jarillensis Rusconi, 1952?
Pl. 1, fig. 9.

Material: A cephalon.
Description: Cephalon a little wider than long, rounded subquadrate 

in outline, fairly convex. Axial furrows wide, deeply impressed. Glabella 
occupying about 0.66 of cephalic length and about 0.33 of width, with de
pressed anterior glabellar lobe defined by shallow transglabellar furrow, 
occupying about 0.25 of glabellar length; posterior part of glabella un
furrowed, parallel-sided, and highly elevated above anterior glabellar lobe 
and genae. Basal lobes relatively small, subequilateral. Genae separated 
anteriorly by wide, well-defined longitudinal preglabellar furrow extending 
to border furrow and continuing backwards into anterior portion of anterior 
glabellar lobe. Cephalic border narrow, moderately convex, defined by 
narrow, well impressed border furrow.

External surface smooth.
Dimensions: Cephalon about 1.6 mm long and about 1.7 mm wide. 
Remarks: Two pygidia have been referred by Rusconi to the genus 

Diplagnostus viz. D. jarillensis Rusconi, 1952 (“Tipo 9539”) from Cerrillo 
El Solitario (“Horizonte Villavicense”) and D. zzzz/zrznzz.s-Rusconi, 1955 (“Tipo 
18618”) from the Middle Cambrian of the San Isidro region west of the city 
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of Mendoza (“Horizonte Isidrense”). In J), indianus the broadly rounded 
posterior axial termination is calculated to call the generic reference into 
dispute. The pygidium of D. jarillensis agrees tolerably well with that of the 
type species, D. planicauda (Tullberg). The above-described cephalon is 
tentatively referred to D. jarillensis. Before 1952 the genus was known from 
Scandinavia and Australia only. The Cephalon of D. jarillensis dillers from 
that of Scandinavian species in having much smaller basal lobes and a 
wide, deeply impressed longitudinal preglabellar furrow extending to the 
border furrow, and it is distinguished from the Australian D. humilis (White- 
house) by its wider longitudinal preglabellar furrow and rounded subqua
drate cephalic outline.

Genus Kormagnostus Resser, 1938

In Besser’s diagnosis this genus is “characterized by the absence of 
an anterior glabellar lobe” and by having “a wide pygidial axis which 
expands slightly rearward and extends to the marginal furrow. Pygidial 
border rather wide and slightly thickened”. It may be added that the pygidial 
axis is prominent and with faintly indicated, almost effaced segmentation, 
and that the pygidial border is provided with a pair of marginal spines. 
Lochman (1940) is of opinion that “Kormagnostus is a clear-cut, distinctive 
genus”, and that is correct when combined cephalic and pygidial characters 
are taken into consideration, but it deserves notice that the cephalon of 
Kormagnostus displays a striking resemblance to that of Hypagnostus Jaekel 
so as to make determination of isolated cephala very problematic ; accord
ingly, the generic reference of the isolated cephalon described in the fol
lowing is open to doubt.

Kormagnostus? propinquus n. sp.
Pl. 1, fig. 10

Material: A fragmentary cephalon.
Description: Cephalon fairly convex, slightly wider than long (esti

mated), considerably decreasing in width posteriorly. Axial furrows narrow 
and very shallow. Posterior glabellar lobe without traces of segmentation, 
occupying about 0.5 of cephalic length (estimated) and about 0.4 of width, 
slightly convex, somewhat tapering, abruptly truncated anteriorly by narrow, 
very shallow transverse furrow, with a very small, oblong median tubercle 
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in front of lobal centre. Basal lobes small, triangular, slightly convex. Genae 
strongly convex at sides, falling rather steeply to wide, shallow border furrow. 
Border of medium width, slightly convex.

External surface smooth.
Dimensions: Cephalon about 2.5 mm long (estimated) and about 

2.7 mm wide.
Remarks: As mentioned above, the writer is of opinion that isolated 

cephala of Kormagnostus can hardly be distinguished from those of Hy- 
pagnostus. It is therefore necessary to compare the cephalon of Kormagnostus? 
propinquus with those referred by Rusconi to Hypagnostus viz. H. andinus 
Rusconi, 1955 (“Tipo 18610”) from the Middle Cambrian of the San Isidro 
region (“Horizonte Isidrense”), H. huilichensis Rusconi, 1955 (“Tipo 
18447”) from the Upper Cambrian of the San Isidro region, and H. mol- 
lensis Rusconi, 1952 (“Tipo 9574”) from the Cambrian of Cerrillo El Soli- 
tario. Kormagnostus? propinquus differs from H. andinus in having larger 
glabella and different cephalic outline, and from II. huilichensis in having 
shorter, more tapering glabella with unfurrowed posterior lobe, indistinctly 
defined basal lobes, and different cephalic outline; with regard to cephalic 
outline it agrees fairly well with II. mollensis, but it is clearly distinct from 
that species by its tapering glabella and narrower cephalic border. It is 
much more similar to Kormagnostus esterius Lociiman, 1940, from the 
Bonneterre dolomite of southeastern Missouri and the Pilgrim formation of 
Montana, from which it is distinguished by its indistinctly defined basal 
lobes and by the lack of an indicated anterior glabellar lobe. It is impossible 
for the time being to decide whether one or the other of the two pygidia 
described and figured by Rusconi (1954) as “Kormagnostus cuchillensis n. 
sp.” and “Kormagnostus lanceolatus n. sp.”, both from Cambrian strata near 
San Isidro, should be combined with the cephalon of K.? propinquus or not.

Genus Oedorhachis Resser, 1938

Original diagnosis: “Agnostid with a normal cranidium, which 
possibly lacks a median furrow in typical species. The pygidium has a long 
rhachis, extending almost or altogether to the marginal furrow; rear lobe greatly 
expanded in exfoliated specimens, but poorly impressed on the outer test.”

Resser referred six new species to his new genus viz. 0. typicalis (type 
species), 0. ulrichi, 0. boltonensis, 0. tennesseeensis, O. mesleri, and 0. green- 
dalensis. It appears from Resser’s figures that these species represent two 
different groups, one characterized by wide, subquadrate pygidium with 
the expanded posterior axial portion well-defined by deeply impressed axial 
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furrows, the other characterized by a more rounded pygidial outline and by 
having the expanded posterior axial portion indistinctly defined by more 
or less effaced axial furrows. The latter group of species seems to agree very 
well with the general conception of Pseudagnostus Jaekel, 1909, and the 
species in question may belong to this genus; one of the species (Oe dor hachis 
mesleri) has already been referred by Lochman (1940) to Pseudagnostus. 
The other group, which contains 0. typicalis and 0. ulrichi, seems to con
stitute a well-founded genus.

Oedorhachis australis n. sp.
Pl. 1, fig. 8

Material: An exfoliated pygidium.
Description: Pygidium subquadrangular, wider than long, moderately 

convex. Axial l’nrrows well-defined. Axis occupying about 0.8 of pygidial 
length and about 0.4 of width, broadly rounded posteriorly, extending to 
border furrow, divided by indistinctly defined furrows into 2 axial rings 
and an expanded posterior portion; second axial ring crossed by narrow, 
well-defined median keel extending from posterior part of first axial ring 
to anterior part of posterior axial lobe. Pleural fields tapering posteriorly, 
separated by confluent axial and border furrows. Border furrow very wide. 
Border narrow at sides, somewhat expanded at the rear and divided by shal
low, transverse depression in front of which it is raised into a sharp ridge; 
marginal spines extremely small, situated opposite axial termination.

Surface markings not observed.
Dimensions: Length of pygidium 3.4 mm, width 5 mm.
Be marks: Oedorhachis australis seems to be very closely related to 

0. typicalis Resser (type species) and 0. ulrichi Resser; it differs, however, 
from these species in its less abruptly expanding posterior axial lobe and 
in having the expanded posterior border divided by a long, transverse 
depression extending from one marginal spine to the other; 0. ulrichi shows 
a tendency to develop a similar, but much shorter transverse depression 
on the expanded posterior border.

Genus Peronopsis Hawle & Corda, 1847

Peronopsis ultima n. sp.
Pl. 1, fig. 13

Material: A single pygidium.
Description: Pygidium moderately convex, slightly longer than wide, 



14 Nr. 11

tending to become subquadrangular, with very narrow, slightly convex 
border, and fairly wide, shallow border furrow. Axis occupying about 0.7 
af pygidial length and about 0.3 of width, defined by fairly wide, deeply 
impressed axial furrows, moderately elevated above pleural fields, lance
olate, with acute posterior termination, quite effaced segmentation, and 
almost effaced elongate median tubercle situated a little behind axial centre. 
Pleural fields evenly sloping, slightly increasing in width posteriorly, sepa
rated by wide, relatively deep longitudinal furrow.

Surface smooth.
Dimensions:

Length of pygidium............................... 2.0 mm
Width - -  1.8
Length - axis........................................... 1.3
Width - — at anterior end......... 0.7 -

Remarks: 'flic following combination of characters serve to distinguish 
this species from other species of the genus Peronopsis: Very short axis, 
almost effaced median axial tubercle, wide longitudinal furrow’, and ex
tremely narrow’ border of almost even width throughout. It is possible that 
the cephala provisionally referred to Baltagnostus hospitus n. sp. (p. 7) 
may belong to Peronopsis ultima.

Genus Phoidagnostus Whitehouse, 1936 

Phoidagnostus solitariensis (Rusconi, 1950)
Pl. 1, fig. 15

1950. Gallagnostus solitariensis Rusconi, Rev. Mus. Hist. Nat. Mendoza, Vol. 4, 
p. 72, p. 83, figs. 2 a-b.

Material: An almost complete pygidium and a fragmentary natural 
cast of external pygidial surface.

Description: Pygidium practically as long as wide, subcircular in 
outline. Axial region and pleural fields strongly convex, forming an almost 
hemispheric main body with a small median tubercle half-way between 
centre and anterior margin. Border furrow’ wide, extremely shallow’. Border 
fairly wide, almost flat, horizontal.

Surface smooth.
Dimensions: Length 3.5 mm, width 3.6mm.
Remarks: The pygidium at hand agrees very well with the specimen 

described and figured by Rusconi as “cranideo”, and it is referred by the 
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present writer to the same species; there is a slight difference with regard 
to the location of the median tubercle, which in Rusconi’s drawing is placed 
a little closer to the anterior margin. The highly convex, almost hemispheric 
pygidial main body, the indistinctly defined border furrow, and the Hat, 
horizontal border constitute the most conspicuous distinguishing characters 
of this species.

With regard to the generic reference it should be noticed that pygidia 
of Phoidagnostus are very similar to those of Gallagnostus; species of the 
latter have a sharply marked pygidial border furrow, whereas species of 
the former (as far as is known) have a moderately developed, less distinct 
border furrow. Rusconi’s species in this respect agrees better with Phoid
agnostus than with Gallagnostus.

Genus Stigmagnostus n. g.

(Type species: ? Tomagnostus canotensis Rusconi, 1951)

Diagnosis: Genus displaying the general characters of Peronopsis 
Hawle & Corda, 1847, but distinct from it by having a coarsely pitted 
pygidium. Derivatio nominis: arbypa = Stigma (brand).

Remarks: This genus is known from the Cambrian of Cerrillo El Soli- 
tario only. In Rusconi’s type specimen (“Tipo 11228”), described and 
figured as “cranideo”, neither anterior glabellar lobe nor basal lobes are 
shown; accordingly, the specimen in question must be a pygidium. As far 
as is known, coarsely pitted pygidia have not been observed in other genera 
of the Agnostida. Stigmagnostus should probably be placed in the subfamily 
Peronopsinae. The type species appears to be the only known representative 
of this new genus.

Stigmagnostus canotensis (Rusconi, 1951)
Pl. 1, figs. 11—12

1951. ? Tomagnostus canotensis Rusconi, Rev. Mus. Hist. Nat. Mendoza, Vol. 5, 
p. 14; p. 26, fig. 29.

Original description: “Cranideo1 de 2.6 mm de longitud por 2.2 mm 
de ancho (fig. 29). Forma clliptica. El céphalo es sumamente alargado y 
estrecho, y adelante hay una leve biparticion que parecerfa corresponde!' 
a la glabella, pero que carece del surco transversal que la divide. La concha

1 See the above remarks in connection with the generic diagnosis. 
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es relativamente chata y esta constituida por doble hilera de vacuidades o 
pozuelos algo alargados y dispuestos transversalamente. En dcrredor del 
limbo bay uiia pestana o borde angosto.”

Material: A somewhat fragmentary pygidium and two associated 
cephala.

Description: Cephalon inconsiderably wider than long, moderately 
convex, with almost evenly rounded antero lateral outline. Glabella occupy
ing about 0.7 of cephalic length and about 0.25 of width, defined by fairly 
wide, well impressed axial furrows; anterior glabellar lobe semicircular in 
outline, depressed, defined posteriorly by well impressed transverse furrow; 
Posterior glabellar lobe more convex than anterior lobe. Basal lobes well- 
defined, approximately equilateral. Genae confluent, of almost even width 
throughout, gently sloping anteriorly and laterally. Border furrow relatively 
wide, well impressed. Border narrow, fairly convex.

Pygidium of about same shape as cephalon. Axis occupying about 0.64 
of pygidial length and 0.2 of width, defined by wide, deeply impressed axial 
furrows, lanceolate, sharply pointed posteriorly, moderately convex, incon
siderably elevated above pleural fields, and without perceptible annulation; 
median tubercle not observed. Pleural fields of almost uniform width 
throughout, gently sloping, separated posteriorly by long well-defined longi
tudinal furrow. Border furrow relatively wide, well impressed. Border 
narrow, fairly convex, without marginal spines.

Surface of genae and pleural fields coarsely pilled.
Dimensions: Figured cephalon 1.85 mm long and 1.95mm wide. 

Figured pygidium 2.8 mm long (estimated) and 3 mm wide.
Remarks: Judging from Rusconi’s coarse drawing the type specimen 

is narrower than the pygidium figured here as Pl. 1, fig. 12; this may be due 
to the folding of the Cambrian rocks of Cerrillo El Solitario, which has 
resulted in deformation of some of the fossils; both specimens, however, 
have very narrow, lanceolate, posteriorly pointed, unfurrowed axis, long, 
well-defined postaxial longitudinal furrow, narrow border, and coarsely 
pitted pleural fields, and, accordingly, they are regarded as conspecific.
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Order PTYCHOPARIIDA Richter, 1932

Suborder Ptychopariina Richter, 1932

Superfamily CREPICEPHALACEA Kobayashi, 1935

Family TRICREPICEPHALIDAE Palmer, 1954

Genus Pro meteorasp is n. sp.

(Type species: Prometeoraspis canotensis n. sp.)

The Family Tricrepicephalidae was established by Palmer (1954) to 
cover the genera Tricrepicephalus Kobayashi, 1935 and Meteoraspis Resser, 
1935. Both genera are characterized by having ptychoparoid cranidia with 
deep axial, occipital, and border furrows, 2 or 3 pits in border furrow, and 
pygidia with a pair of more or less backward-directed spines.

The material from Cerrillo El Solitario contains a single cranidium, which 
shows the essential characters of Meteoraspis with the exception of the pits 
in the border furrow and the excessive upturning and convexity of the 
anterior border. In spite of the fact that the mentioned pits are indistinctly 
defined in some species of Meteoraspis, the writer is inclined to regard the 
complete absence of pits in the border furrow as a character of generic 
value.

Diagnosis: Tricrepicephalid trilobites with cranidium like that of 
Meteoraspis but differing from it by lack of pits in the border furrow and by 
having moderately convex, not upturned anterior border.

Prometeoraspis canotensis n. sp.
Pl. 1, figs. 16—17

Material: A fragmentary, slightly deformed cranidium.
Description: Cranidium oblong in shape, considerably curved on a 

transverse axis. Glabella delined by deeply impressed axial furrows, occu
pying about 0.83 of cephalic length and about 0.3 of width, about 1.4 times 
as long as wide, moderately convex, moderately tapering, almost evenly 
rounded in front, with 3 indistinctly defined anterior pairs of lateral glabellar 
furrows, followed by four well impressed, symmetrically arranged pits re
presenting a strongly oblique posterior pair. Occipital furrow very broad, 
deeply impressed at sides, shallow at axial line. Occipital ring fairly convex, 
apparently with its greatest width (sag.) at the median line of the cranidium. 
Anterior and palpebral areas of fixigenae very narrow, the former strongly 

Jlat.Fys.Medd.Dan.Vid.Selsk. 32, no. 11. 2 
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sloping towards the border furrow and the anterior sections of the facial 
suture, the latter highly convex, elevated almost to the level of the crest of 
the glabella; posterior areas of about the same width (trans.) as the glabella, 
tongue-shaped, with bluntly terminating, strongly sloping extremities, divided 
by the broad, shallow posterior border furrow into subequal parts. Eye
ridges obscure. Palpebral lobes slightly curved, fairly prominent, extending 
backwards from a point opposite the second pair of lateral glabellar 
furrows to terminate well beyond the posterior pair of lateral glabellar 
furrows. Anterior sections of facial suture slightly converging from eyes to 
anterior border; posterior sections running almost directly outwards for the 
greater part of their length, then forming even backward curves. Preglabellar 
field extremely short. Anterior border furrow narrow, evenly curved. Anterior 
border fairly wide, moderately arched in longitudinal and transverse profile. 
External surface smooth to the naked eye, but a very delicate granulation is 
revealed by magnification x 20.

Dimensions:

Length of cranidium (estimated).............................................................. 5.0 mm
Width - — at anterior end of palpebral lobes.............. 3.3 —

— - posterior border.............................................. 7.4 -
M aximum distance between eyes.............................................................. 4.7 —
Length of glabella (exclusive of occipital ring).................................. 3.3
Width - — at base........................................................................... 2.7 -

— - anterior end of palpebral lobes.................. 2.0 —

Remarks: The type species described above seems to be the only known 
representative of the genus Prometeoraspis.

Superfamily ASAPHISCACEA Raymond, 1924

Family ASAPHISCIDAE Raymond, 1924

Subfamily ASAPHISCINAE Raymond, 1924

Genus Willi am sin a n. g.

(Type species: Williamsina cortesi n. sp.)

Four species from Cerrillo El Solitario are referred to this new genus, 
which displays considerable resemblance to the genera Blountia Walcott, 
1916, and Blainia Walcott, 1916, of the Asaphiscinae.

Diagnosis: Asaphiscinae with relatively large, approximately semicir- 
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cular, somewhat depressed palpebral lobes situated opposite the glabellar 
centre, and furthermore characterized by lack of a palpebral furrow and a 
palpebral rim. Associated pygidium short, wide, indistinctly segmented, 
with tapering axis of about 6 rings and Hat or slightly concave border. 
Hypostome, thorax, and ventral parts unknown.

Remarks: Williamsina differs from Blountia in having larger, strongly 
curved, depressed palpebral lobes without palpebral furrow and palpebral 
rim and tongue-shaped lateral extremities of fixigenae, and it is distinguished 
from Blainia by the mentioned characters of its palpebral lobes and by the 
more diverging course of the anterior sections of its facial suture between 
eyes and anterior border.

Williamsina cortesi n. sp.
Pl. 1, figs. 19—24

Material: Thirty cranidia, five librigenae, and fourteen pygidia.
Description: Cranidium 1.4 times as wide as long, considerably ar

ched longitudinally and transversally. Glabella well-defined by narrow axial 
furrows, occupying 0.54 of cranidial length and 0.4 of width, as wide as 
long, considerably tapering, evenly rounded in front, separated from the 
anterior border by a well-developed preglabellar field, fairly convex, well 
elevated above palpebral areas of fixigenae, with three pairs of oblique, almost 
completely effaced lateral glabellar furrows. Occipital furrow narrow, deeply 
impressed at sides, very shallow at axial line. Occipital ring narrow (sag.), 
slightly convex. Anterior and palpebral areas of fixigenae moderately wide; 
eye-ridges practically effaced; palpebral lobes relatively large, approximately 
semicircular, depressed, without palpebral furrow and palpebral rim, situ
ated opposite glabellar centre; posterior areas tongue-shaped, strongly 
sloping, divided by fairly broad, well impressed posterior border furrow 
into subequal portions. Anterior sections of facial suture considerably 
diverging from eyes to anterior border furrow, then strongly converging to 
cephalic margin; posterior sections directed outward and slightly back
wards, paralleling posterior cephalic margin for a considerable distance, then 
curving evenly backwards to cut posterior border very close to genal angles. 
Anterior border furrow narrow and shallow, gently curved, paralleling 
anterior cranidial margin for a considerable distance. Anterior border 
fairly wide, flat, horizontal to slightly upturned. Librigenae of medium 
width, moderately convex, with narrow, shallow lateral border furrow, 

2*  
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fairly wide, flat lateral border, and well-developed, wide, rapidly tapering 
genal spine in direct continuation of lateral border.

Pygidium about 1.8 times as wide as long, approximately semicircular 
in outline, moderately convex. Axis defined by wide, shallow axial furrows, 
about twice as long as wide, rapidly tapering, extending to posterior border 
furrow, occupying about 0.77 of pygidial length and about 0.24 of width, 
fairly convex, divided by almost effaced transverse furrows into about 6 
axial rings and a small terminal portion. Pleural fields smooth or with ex
tremely faint indications of segmentation. Border furrow very shallow. 
Border fairly wide, slightly concave, crossed by indistinctly defined post- 
axial ridge.

Surface of cranidium, librigenae and pygidium smooth. 
Dimensions:

Length of cranidium (holotype)................................................................. 5.5 mm
Width - — — at anterior border furrow......... 4.5

- centre of palpebral lobes . . . 5.0
— — - posterior border....................... 7.7

Length - glabella — (exclusive of occipital ring).... 3.0
Width - - - at base.................................................. 3.0

- anterior end of palpebral lobes 2.0
Length - figured pygidium........................................................................ 3.5
Width - — — ........................................................................ 6.2 —
Length - pygidial axis................................................................................. 2.7
Width - — — ................................................................................. 1.5

Remarks: Willamsina cortesi is the dominant species in the material 
al hand.

Williamsina harringtoni n. sp.
Pl. 1, fig. 29

Material: A pygidium.
Description: Pygidium about 1.7 times as wide as long, approximately 

semicircular in outline, moderately convex. Axis defined by narrow, shallow 
axial furrows, about twice as long as wide, moderately tapering, extending 
a little beyond posterior border furrow, occupying about 0.9 of pygidial 
length and about 0.18 of width, fairly convex, divided by almost effaced 
transverse furrows into 5 axial rings and a small terminal portion. Segmen
tation of pleural fields almost completely effaced. Border furrow shallow 
but fairly well defined. Border narrow and flat laterally, gradually in
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creasing in width toward axis and becoming slightly concave. Surface 
smooth.

Dimensions:

Length of pygidium (holotype)............ 2.65 mm
Width - - -   4.65 -
Length - axis —   2.35 —
Width - - -   1.18

Remarks: The pygidium of this species is easily distinguished from 
that of Williamsina cortesi (the type species) by its less tapering axis and the 
increasing width of the border towards the axis.

Williamsina mikkelseni n. sp.
Pl. 1, figs. 25—28

Material: A cranidium (holotype) and a pygidium.
Description: Cranidium about 1.4 times as wide as long, slightly 

arched longitudinally and transversally. Glabella well-defined by narrow 
axial furrows, occupying 0.6 of cranidial length and 0.3 of width, 1.22 
times as wide as long, somewhat tapering, evenly rounded in front, separated 
from anterior border by well-developed preglabcllar field, moderately con
vex, slightly elevated above palpebral areas of fixigenae, with two pairs of 
distinctly defined, oblique lateral glabellar furrows. Occipital ring narrow 
(sag.), slightly convex. Occipital furrow narrow, distinctly marked through
out. Anterior and palpebral areas of fixigenae moderately wide; eye-ridges 
faintly marked, fairly oblique; palpebral lobes fragmentary, probably like 
those of the type species (p. 19); posterior areas tongue-shaped, moderately 
sloping, divided by fairly broad, well impressed posterior border furrow 
into subequal portions. Anterior sections of facial suture strongly diverging 
from eyes to anterior border furrow, then strongly converging to cephalic 
margin; posterior sections directed outwards, paralleling posterior cephalic 
margin for a considerable distance, then curving evenly backwards. Anterior 
border furrow fairly wide, distinctly marked, paralleling anterior cranidial 
margin for a considerable distance. Anterior border fairly wide, almost flat.

Pygidium about twice as wide as long, approximately semicircular in 
outline, almost flat. Axis defined by shallow axial furrows, about twice as 
long as wide, moderately convex, extending to posterior border furrow, 
occupying about 0.8 of pygidial length and about 0.2 of width, divided by 
almost effaced transverse furrows into 5 (6?) axial rings and a small rounded 
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terminal portion followed by very short postaxial ridge. Segmentation of 
pleural fields almost completely effaced. Border furrow very shallow. Border 
fairly wide, approximately horizontal, slightly concave.

Surface of cranidium and pygidium smooth.
Dimensions:

Length of cranidium....................................................................................... 4.5 mm
Width - - at anterior border furrow................................. 4.2 —

- centre of palpebral lobes............................ 4.2 -
— - posterior border............................................... 6.2

Length - glabella (exclusive of occipital ring)................................. 2.7
Width - - at base........................................................................... 2.2 -

— - anterior end of palpebral lobes................... 1.7 —
Length - pygidium.......................................................................................... 3.7 -
Width - — ............................................................................................ 7.7
Length of pygidial axis................................................................................ 3.0 —
Width - - - ................................................................................. 1.5

Remarks: This species differs from Williamsina cortesi n. sp. (the type 
species (p. 19)) in having a less arched cranidium with a less tapering 
glabella, better defined lateral glabellar furrows, almost straight posterior 
fixigenal margin, more diverging anterior sections of the facial suture, a 
more curved anterior border furrow, and a wider, almost Hat pygidium 
with a less tapering axis and approximately horizontal border.

Williamsina ornata n. sp.
Pl. 2, fig. 1 ; Pl. 3, fig. 1

Material: Six more or less fragmentary pygidia.
Description: Pygidium 1.54 to 1.65 times as wide as long, moderately 

convex, with evenly rounded postero-lateral outline. Axis defined by shallow 
axial furrows, 1.84 to more than twice as long as wide, moderately tapering, 
prominent, extending to posterior border furrow or slightly encroaching on 
posterior border, occupying 0.63 to about 0.8 of pygidial length and 0.21 
to 0.27 of width, divided by almost effaced transverse furrows into 5—6 
axial rings and a small terminal portion. Segmentation of pleural fields 
indicated by raised segmental edges. Border furrow shallow, indistinctly 
marked. Border fairly wide, slightly concave, more or less sloping, covered 
with more or less distinctly marked network formed by raised, inosculating 
lines (more distinctly marked in the holotype than in the other specimens).
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Dimensions :
I

Length of pygidium .... 3.1
Width -   4.8
Length - axis.................... 2.4
Width - - ...................... 1.3

II III IV (holotype)
— 3.2 — 4.6 — 5.3 mm
- 5.3 — 7.4 — 8.4
- 2.5 — 3.9 — 4.3

1.3 — 1.6 — 2.3

Remarks: The raised segmental edges of the pleural fields and the sur
face markings of the pygidial border serve to distinguish Williamsina ornata 
from other species.

Superfamily SOLENOPLEURACEA Angelin, 1854 

Family LONCHOCEPHALIDAE Hupé, 1953 

Genus Talbotinella n. g.

(Type species: Talbotinella communis n. sp.)

Diagnosis: Lonchocephalidae with relatively short, strongly tapering 
glabella, four pairs of strongly oblique lateral glabellar furrows; first pair 
developed as shallow pits remote from axial furrows; second pair broad and 
shallow, almost in contact with axial furrows; third pair better defined, 
bifurcating distally so as to circumscribe an extraordinary, usually some
what swollen lateral lobe; fourth pair almost in contact with axial furrows, 
indistinctly defined in some specimens or even effaced. Occipital furrow 
broad, deeply impressed at sides. Occipital ring narrow (sag.) and slightly 
convex (sag.), with well developed occipital spine in typical species. Gla
bella usually separated from anterior border by fairly ample preglabellar 
field. Anterior and palpebral areas of fixigenae narrow; posterior areas 
slightly narrower than base of glabella, with broad deeply impressed 
posterior border furrow; posterior border convex; eye-ridges more or less 
indistinctly defined, oblique; palpebral lobes small strongly curved, situated 
moderately in advance of glabellar centre. Anterior sections of facial suture 
subparallel or slightly diverging from eyes to anterior border; posterior sec
tions extending obliquely backwards to cross posterior border very close to 
genal angles. Anterior border furrow narrow, well impressed. Anterior 
border relatively narrow, moderately convex. Librigenae moderately wide, 
evenly arched, with Hat lateral border and well developed, slender, obliquely 
backward-directed genal spine almost in continuation of lateral border.

Hypostome and other ventral parts unknown.
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Thorax unknown.
Pygidium of type species short, very wide, subelliptic in outline, moder

ately convex, with prominent, slightly tapering axis consisting of three rings 
and a rounded terminal portion extending to indistinctly defined, concave 
border; pleural fields and border with well marked pleural furrows and 
interpleural grooves.

External surface of cranidium and librigenae densely covered with 
minute granulae, distinctly marked on glabella and occipital ring and in
distinct or even effaced on palpebral and posterior areas of fixigenae and 
on librigenae; preglabcllar field, anterior areas of fixigenae, and librigenae 
further marked by extremely delicate, raised, inosculating lines radiating 
from glabella, eye-ridges, and eyes.

Remarks: Talbotinella recalls the genus Talbotina Lochman, especially 
when compared with Talbotina jeweli Lochman (Lociiman & Duncan, 1944, 
p. 130, pl. 12, figs. 6—12). The genera have several features in common, 
such as outline, convexity, and surface markings of cranidium, shape of 
pygidial axis, pleural fields and border of pygidium with well marked pleural 
furrows and interpleural grooves. Talbotinella, however, differs from Talbo
tina in having more tapering glabella, a pair of extraordinary lateral gla
bellar lobes defined by distal bifurcation of third pair of lateral glabellar 
furrows, occipital ring narrower (trans.) than base of glabella, ampler pre- 
glabellar field, less convex anterior cranidial border, smaller, strongly 
curved palpebral lobes, and shorter and wider pygidium.

Talbotinella communis n. sp.
Pl. 2, figs. 2—8 ; Pl. 3, fig. 2

Material: Eight cranidia, a librigena, and two associated pygidia.
Description: Cranidium 1.3 times as wide as long exclusive of occi

pital spine; its anterior part moderately arched longitudinally and trans
versally, posterior part considerably arched transversally. Glabella well 
defined by narrow axial furrows, occupying 0.56 of cranidial length and 
0.45 of width, almost as wide as long, strongly tapering, suhtriangular in 
outline, evenly and narrowly rounded in front, separated from anterior 
border by well-developed preglabcllar field, moderately convex, yet well 
elevated above palpebral areas of fixigenae (for description of lateral gla
bellar furrows see generic diagnosis p. 23). Occipital furrow very broad, 
deeply impressed at sides, shallow at axial line. Occipital ring narrow (sag.), 
much narrower (trans.) than base of glabella, with well-developed occipital 
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spine of unknown length. Anterior and palpebral areas of fixigenae relatively 
narrow; posterior areas moderately wide, subtriangular, strongly sloping; 
palpebral lobes very small, strongly curved, situated moderately in advance 
of glabellar centre; eye-ridges faintly marked, oblique; posterior border 
furrow broad, deeply impressed; posterior border convex, extending ob
liquely backwards from axial furrows. Anterior border furrow narrow, well 
impressed, gently curved. Anterior border relatively narrow, moderately 
convex. Anterior sections of facial suture slightly diverging from eyes to 
anterior border; posterior sections curving gently outwards and backwards 
to cross posterior border very close to genal angles. Librigenae of medium 
width, evenly arched, with narrow, flat lateral border slightly increasing in 
width posteriorly; genal spines well-developed, slender, obliquely backward- 
directed, practically in continuation of lateral border.

For pygidium and surface markings see generic diagnosis p. 24. 
Dimensions:

I (holotype) 11
Length of cranidium (exclusive of occipital spine).. 10.2
Width - - at anterior border furrow..........  7.7

- - centre of palpebral lobes... 8.7
— - posterior border........................ 13.2

Length of glabella (exclusive of occipital ring).........  6.0
Width - - at base.................................................... 5.7

— - anterior end of palpebral lobes 3.7
Length - figured pygidium ... 3.1 mm
Width - — — ... 6.2 —
Length - pygidial axis.............. 2.6
Width - - - ............... 2.2

? mm
8.7
9.7

14.2
6.3 -
6.0
4.0

Remarks: Talbotinella communis is distinguished from other species of 
this new genus by the narrowly rounded front of its glabella and the strongly 
oblique backward course of the posterior cranidial margin from the axial 
furrows to the facial suture.

Talbotinella leanzai n. sp.
Pl. 2, figs. 9—12

Material: A cranidium and a librigena.
Description: Cranidium about 1.7 times as wide as long exclusive of 

occipital spine; its anterior part moderately arched longitudinally and 
transversally, posterior part considerably arched transversally. Glabella 
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defined by narrow, well impressed axial furrows, occupying about 0.7 of 
cranidial length and 0.38 of width, a little wider than long, strongly tapering, 
subtriangular in outline, evenly and broadly rounded in front, separated 
from anterior border by well-developed preglabellar field, moderately con
vex, yet well elevated above palpebral areas of fixigenae, (for description of 
lateral glabellar furrows see generic diagnosis p. 23). Occipital furrow 
broad, very deeply impressed at sides. Occipital ring narrow (sag.), a little 
narrower (trans.) than base of glabella. Anterior and palpebral areas of 
fixigenae relatively narrow; posterior areas of medium width, subtriangular, 
strongly sloping; eye-ridges very indistinctly defined, oblique; palpebral 
lobes small, strongly curved, situated moderately in advance of glabellar 
centre; posterior border furrow broad, deeply impressed; posterior border 
convex, extending almost directly outwards from axial furrows. Anterior 
border furrow narrow, well impressed, gently curved. Anterior border 
narrow, moderately convex. Anterior sections of facial suture almost parallel 
between eyes and anterior border; posterior sections extending outwards 
and backwards to cross posterior border at genal angles. Librigenae of 
medium width, evenly arched, with flat lateral border; genal spines well- 
developed, slender, obliquely backward-directed, not quite in continuation 
of lateral border.

For description of surface markings see generic diagnosis p. 24.
Dimensions of cranidium (holotype):

Length of cranidium (exclusive of occipital spine)......................... 6.3 mm
Width - — at anterior border furrow................................ 4.8 —

— - centre of palpebral lobes............................ 5.7 —
— - posterior border............................................. 10.0 —

Length - glabella (exclusive of occipital ring).............................. 3.7 —
Width - — at base........................................................................ 3.8

— - anterior end of palpebral lobes................ 2.3 —

Remarks: Talbotinella leanzai appears to be very closely related to 
T. communis (the type species); the former differs from the latter in having 
a wider glabella with broadly rounded front, narrower, more convex anterior 
border, subparallel course of anterior sections of facial suture between eyes 
and anterior border, posterior sections crossing posterior border at genal 
angles, and posterior cephalic border almost perpendicular to cephalic 
median line. The associated librigena differs from that of the type species 
in having a slightly wider lateral border, and the genal spine not quite in 
continuation of the lateral border.
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Talbotinella rusconii n. sp.
PI. 2, figs. 13—15

Material: A somewhat fragmentary cranidium.
Description: Cranidium of unknown width (postero-Iateral extremities 

not preserved); its anterior part considerably arched longitudinally and 
moderately arched transversally. Glabella defined by narrow, well impressed 
axial furrows, occupying about 0.7 of cranidial length, a little longer than 
wide, moderately tapering, evenly rounded in front, separated from anterior 
border by short preglabellar field, moderately convex, yet well elevated 
above palpebral areas of fixigenae (for description of lateral glabellar fur
rows see generic diagnosis p. 23). Occipital furrow broad, very deeply im
pressed at sides, shallow at axial line. Occipital ring narrow (sag.), much 
narrower (trans.) than base of glabella, provided with small median node. 
Anterior and palpebral areas of fixigenae relatively narrow; eye-ridges well- 
defined, oblique; palpebral lobes small, moderately curved, situated a little 
in front of glabellar centre. Anterior border furrow narrow and shallow, 
rectilinear. Anterior border relatively narrow, almost flat. Anterior sections 
of facial suture subparallel between eyes and anterior border.

For description of surface markings see generic diagnosis p. 24.
Dimensions:

Length of cranidium...................................................................................... 9.3 mm
Width - — at anterior border furrow................................. 7.7

- - centre of palpebral lobes............................ 9.0
— - posterior border.............................................. ?

Length - glabella (exclusive of occipital ring).................................. 6.3
Width - - at base............................................................................ 5.5

- - anterior end of palpebral lobes.................... 3.3 -

Remarks: Talbotinella rusconii is easily distinguished from the two 
preceding species by its narrower, less tapering glabella, short preglabellar 
field, well marked eye-ridges, moderately curved palpebral lobes, rectilinear 
anterior border furrow, almost perfectly flat anterior border, and lack of 
occipital spine.
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Superfamily NORWOODIACEA Walcott, 1916

Family MENOMONIIDAE Walcott, 1916

Genus Bol asp id ell a Resser, 1937

Bolaspidella lucieae n. sp.
Pl. 2, figs. 16—17

Material: Five cranidia and a librigena.
Description: Cranidium almost twice as wide as long. Glabella well 

delined by deeply impressed axial furrows, occupying about 0.5 of cranidial 
length and 0.2 of width, 1.3 times as long as wide, moderately tapering, 
somewhat truncated in front, separated from anterior border by well- 
developed preglabellar field, fairly convex, with three pairs of very shallow, 
indistinctly defined marginal impressions representing lateral glabellar fur
rows. Occipital furrow well impressed, narrow at axial line, broad at sides. 
Occipital ring wide at axial line, strongly tapering at sides, with a small 
median node. Anterior and palpebral areas of fixigenae moderately wide, 
the latter elevated above crest of glabella and sloping off rather steeply 
towards axial furrows; posterior areas very wide, with strongly sloping 
lateral extremities; eye-ridges indistinctly defined, perpendicular to axis; 
palpebral lobes small, situated well in advance of glabellar centre; posterior 
border furrow broad, deeply impressed; posterior border convex, slightly 
backward-directed near posterior termination of facial suture. Anterior 
border furrow fairly broad, well impressed, gently curved. Anterior border 
of medium width, convex. Anterior sections of facial suture parallel or 
nearly so between eyes and anterior border; posterior sections curving 
outwards from eyes, then backwards to cross posterior border very close to 
genal angles. Librigenae wide, with moderately and evenly arched proximal 
area, well impressed lateral border furrow, and convex lateral border 
becoming almost flat and increasingly wide near genal angles; genal spines 
well-developed, Hat, backward-directed, in continuation of the lateral border, 
rapidly tapering.

External surface of cranidium and librigenae marked by a relativelv small 
number of scattered tubercles and more numerous, irregularly spaced granules.

Dimensions af cranidium (holotype):

Length of cranidium.................................................................................... 1.8 mm
Width - — at anterior border furrow.............................. 1.47 —

- centre of palpebral lobes (estimated) . 1.67
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Width of cranidium at posterior border....................................... 3.35 mm
Length - glabella (exclusive of occipital ring)............................... 0.9
Width - - at base................................................................... 0.66 -

— - anterior end of palpebral lobes............ 0.53 —

Remarks: This species is readily distinguished from the hitherto known 
species of the genus Bolaspidella by the following combination of characters: 
Almost parallel-sided glabella, very shallow, indistinctly defined lateral 
glabellar furrows, and broad, curved anterior border furrow. The librigena 
figured by Howell (1937, pl. 5, fig. 34) as Champlainia rectimargo shows 
striking resemblance to that of Bolaspidella lucieae; accordingly, the present 
writer is of opinion that the librigena mentioned should be referred to the 
genus Bolaspidella.

Incertae Seclis

Genus C a notaspis n. g.

(Type species: Canotaspis aliéna n. sp.)

This genus is known from the cranidium alone.
Diagnosis: Cranidium approximately semicircular in outline, almost 

evenly arched longitudinally and transversally, with unfurrowed, slightly 
tapering, anteriorly truncated glabella, narrow (sag.) occipital ring, short 
preglabellar field, wide fixigenae, small palpebral lobes situated well in 
front of the glabellar centre, evenly curved anterior border furrow, narrow, 
flat anterior border, and smooth external surface.

Remarks: The affinities of this trilobite are obscure. The general shape 
is much the same as in Aposolenopleura? brevifrons Rasetti (1944, p. 239, 
pl. 36, fig. 46), which is “not quite typical of the genus”; Canotaspis aliéna, 
however, differs from Rasetti’s species in having wider fixigenae and a 
curved anterior border furrow.

Canotaspis aliéna n. sp.
Pl. 2, figs. 21—22

Material: An almost complete cranidium.
Description: Cranidium approximately semicircular in outline, al

most evenly arched longitudinally and transversally, about 1.8 times as wide 
as long. Glabella well-defined by narrow, moderately impressed axial fur
rows, occupying about 0.7 of cranidial length and 0.33 of width, almost 
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as wide as long, slightly tapering, truncated in front, unfurrowed, separated 
from anterior border by a short preglabellar field, moderately convex, some
what elevated above level of the fixigenae. Occipital furrow narrow, well 
impressed. Occipital ring narrow (sag.). Anterior and palpebral areas of 
fixigenae relatively wide; posterior areas of medium width; eye-ridges 
effaced; palpebral lobes small, situated well in front of the glabellar centre; 
posterior border furrow narrow and deeply impressed near axial furrows, 
becoming gradually wide and shallow towards the facial suture; posterior 
border narrow, convex. Anterior border furrow narrow and shallow, gently 
curved. Anterior border narrow and flat. Facial suture almost evenly curved 
from anterior to posterior cephalic margin.

External surface smooth.
Dimensions :

Length of cranidium................................................................................... 13.0 mm
Width - — at anterior border furrow.............................. 15.0 —

— - centre of palpebral lobes......................... 19.0 —
- posterior border............................................ 24.0 -

Length - glabella (exclusive of occipital ring).............................. 9.0 -
Width - - at base......................................................................... 8.0 -

- anterior end of palpebral lobes................ 5.5 —

Genus Goycoia Rusconi, 1950.

This genus was proposed by Rusconi to include pygidia of two species 
from the Cambrian of Cerrillo El Solitario, viz. Goycoia tellecheai Rusconi 
and G. limpida Rusconi; in 1952 the same writer added G. cerrillensis 
Rusconi from the same locality. No type species was chosen. These pygidia 
are of a generalized type, which shows considerable resemblance to Asa- 
phiscidae such as Asaphiscus Meek, 1873 and Blountia (Homodictya) Ray
mond, 1937, and, in the present writer’s opinion the validity and position 
of Goycoia must be regarded as problematic until appertinent cephalic parts 
have been found. Taking the possible validity of Goycoia into consideration, 
Goycoia tellecheai Rusconi, 1950 is here chosen as type species.

Goycoia tellecheai Rusconi, 1950 
Pl. 2, fig. 24

1950. Goycoia tellecheai Rusconi, Rev. Mus. Hist. Nat. Mendoza, Vol. 4, Entregas 
3 a-4 a, p. 76, fig. 8.

Material: Three more or less complete pygidia.
Original description: “Pigidio, de 10 mm de longitud por 14.8 mm 
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de ancho (fig. 8). El pigaxis es estrecho con un ancho casi igual en toda su 
longitud. Hay 7 levisimos audios que se los vc ûnicamente cuando la pieza 
es colocada en posicion perpendicular. De estos bosquejos de anillos los dos 
primeros son algo mas aparentes y los posteriores no estån defmidos en la 
parte medial y superior. También en esa posicion perpendicular se alcanzan 
a ver en el ejemplar tipo, pequenas manchas alargadas u ovales, dispuestas 
obliquamente de adentro hacia afuera y adelante.

En la mitad de la concha hay un surco semicircular y entre este y el 
borde externo existe una franja ancha y levemcntc excavata. En cambio, 
dentro de la periferia dcterminada por el surco semicircular se advierten 
6 levisimas pigopleuras, siendo algo mås visibles las anteriores, mientras 
que las posteriores se alcanzan a ver con dificultad cuando la pieza es 
colocada pcrpendicularmente. De esta especie conozco muchos ejemplares 
con los detalles indicados. Ademâs, la concha de cstos pigidios son relativa- 
mente chatas, y tanto su ornamentacion como los otros trilobitas de Mendoza, 
motivos por el quai creo que se trata de un nuevo genero tal vez vinculado 
al grupo Opisthoparia.”

The specimens at hand agree well with Rusconi’s description and figure 
although the latter shows a more strongly rounded antero-lateral outline, 
which may probably be due to partly sediment-covered articulating facets. 
It may be added to Rusconi’s description that the axial furrows are narrow 
and extremely shallow, that the border is crossed by a postaxial ridge, and 
that the external surface is smooth.

Dimensions of figured pygidium:

Length................................. 14.0 mm
Width................................... 21.0
Length of axis................. 10.0 -
Width - — anteriorly. . . . 4.0 -

— posteriorly... 3.0 -

Goycoia brevicauda n. sp.
Pl. 2, fig. 23

Material: Three more or less complete pygidia.
Description: Pygidium 1.7 times as wide as long, semielliptic in out

line, moderately convex. Axis defined by narrow, extremely shallow axial 
furrows, about 1.8 times as long as wide, moderately tapering, extending 
to border furrow, occupying about 0.7 of pygidial length and about 0.2 of 
width, moderately convex, divided by almost effaced transverse furrows into 
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six hardly visible axial rings and a small, rounded terminal portion. Pleural 
fields small, showing five faintly indicated segments. Border furrow wide 
and shallow. Border wide, slightly concave, crossed by faintly indicated 
postaxial ridge.

External surface smooth.
Dimensions:

Length
Width 
Length of axis
Width - - anteriorly. . .

— posteriorly . .

1 II (holotype)
6.0  8.0 mm

10.0  14.0
4.0  5.5 —
2.2  3.0
1.3  1.8

Remarks: This species is closely related to Goycoia tellecheai Rusconi 
(the type species), but differs in having shorter pygidium; it is easily dis
tinguished from G. cerrillensis Rusconi by its shorter pygidium and more 
tapering axis.

Goycoia pecoralis n. sp.
Pl. 2, fig. 25

Material: A pygidium (natural cast of the interior).
Description: Pygidium about 1.3 times as wide as long, semielliptic 

in outline, moderately convex. Axis defined by moderately broad, very 
shallow axial furrows, about 2.5 times as long as wide, moderately tapering, 
extending to border furrow, occupying about 0.7 of pygidial length and 0.2 
of width, moderately convex, divided by faintly indicated transverse furrows 
into seven Hat axial rings and a short, rounded terminal portion. Pleural 
fields small, showing six faintly indicated segments. Border furrow appar
ently shallow. Border wide, concave.

Dimensions :
Length  11.0 mm
Width  15.0
Length of axis  7.5 -
Width - — anteriorly. . . . 3.0

— posteriorly ... 2.0 —
Remarks: Goycoia pecoralis dillers from other species of the same 

genus in having a longer pygidium with narrower, less tapering axis and 
wider border.

U n d e t e r m i n e d s p c c i m e n s
A librigena (PI. 1, fig. 18) and a fragment of a pygidium (Pl. 2, fig. 26) 

fail to show sufficient diagnostic characters, and, accordingly, these speci-
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mens must remain undetermined until more complete material has been 
found.

A pygidium (Pl. 2, figs. 18—19) is considered too fragmentary to be 
safely determined; it shows the general characters of Coosella, but it differs 
from the hitherto known species in its greater width and more strongly 
sloping border; the lack of Coosella cranidia in the material should be noticed 
in this connection.

A librigena (PI. 2, fig. 20) is in several respects similar to that of Coosia; 
the hesitation in generic reference is due to the lack of associated Coosia 
cranidia and to the fact that here we have to do with a somewhat generalized 
type of librigena, which may occur in several different genera.

The Age of the Fauna

In papers of 1950, 
a good number of 
re referred to the 1

1951, and 1952 Rusconi 
species of trilobites from 
following genera;

has published descriptions 
Cerrillo El Solitario which

Amphoton ? Gallagnostus Notocoryphe
Asaph ell us Geragnostus Ogyginus ?
Bathyurus? Goycoia Olenoides
Briscoia ? Homagnostus Parabriscoia
Canotagnostus Huarpagnostus Phalacroma
Canotiana Hypagnostus Prosaukia ?
Clavagnostus Hystricurus ? Pseudo g nostus
Cotalagnostus Keithiella Pseudolevinia
Culipagnostus Levinia Spinagnostus ?
Diplag nostus Mendodiscus Tomagnostus ?

Nine of these thirty genera, Canotagnostus., Canotiana, Culipagnostus,
Goycoia, Huarpagnostus, Levinia, Mendodiscus, Notocoryphe, and Pseudolevinia 
were published as new genera, and, accordingly, they could not contribute 
essentially to stratigraphic correlations. Furthermore, these new genera, 
with the exception of Canotagnostus, Culipagnostus, Goycoia, and Huarpa
gnostus, were placed by contributors to the trilobite volume of the “Treatise 
of Invertebrate Paleontology’’ (Lochman and Rasetti 1959) under the 
heading “Unrecognizable genera’’.

The stratigraphic range of the other genera (as far as is known) is given 
in the following table (p. 34) (M.C. = Middle Cambrian, U.C. =- Upper 
Cambrian, L.O. = Lower Ordovician, M.O. - Middle Ordovician).

Mat. Fys.Medd. Dan.Vid.Selsk. 32, no.11. 3
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It appears from this table that eight genera are Middle Cambrian, six 
genera are Upper Cambrian, four genera are Lower Ordovician, and one 
genus is Middle Ordovician, whereas one genus is known from Middle and 
Upper Cambrian and another from Middle' Cambrian and Lower Ordovician.

M.C. U.C. L.O. M.O.

Amphoton?........................................
Asaphellus........................................ 4-
Bathyurus?........................................ +
Briscoia?.......................................... +
Clavagnostus..................................... 1- 1
Colalagnostus.................................... +
Diplagnoslus ................................... 4
Gallagnostus...................................... + 4-
Geragnostus ..................................... +
Homagnostus................................... 4
Hypagnostus..................................... +
Hystricurus? ................................... 4-
Keithiella.......................................... 4
Ogyginus?.......................................... +
Olenoides............................................ + 9
Parabriscoia1................................... 4-
Phalacroma ..................................... +
Prosaukia?........................................ 4-
Pseudagnostus................................. +
Spinagnostus?................................. +
Tomagnostus ? ................................. +

Provided that the generic determinations are correct, the stratigraphic 
range of the series of strata at Cerrillo El Solitario should be Middle Cambrian 
to Middle Ordovician, but Rusconi follows another line of reasoning. In 
1950 he referred the fossiliferous strata at Cerrillo El Solitario to the Upper 
Cambrian in saying: “En la fauna del Cerrillo El Solitario hay elementos 
vinculados a los del Ordovicio basal de otros naciones, pero los nias son 
del cambrico superior y hasta del cambrico medio, motivos por el cual sigo 
creyendo que el horizonte Villavicense, que ha proporcionado los citados 
organismes corresponden, por Io menes, al cambrico superior, siendo su 
fauna distinta de la del cambrico de San Isidro” (Rusconi 1950 b, p. 85).

In 1951 Rusconi changed his mind and referred the strata to the late

1 According to Lochman (’’Treatise of Invertebrate Paleontology“, vol. 0, p. 0254) Para 
briscoia Kobayashi, 1935 is a synonym of Elkia Walcott, 1924.
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Middle Cambrian without further ceremony, and this opinion was maintained 
in the Cambrian symposium of the 20th International Geological Congres in 
Mexico (“El Sistema Cambrico, su Paleogeografia y el Problema de su Base”, 
Pt. 2, p. 759). Provided that this is correct, Rusconi’s Upper Cambrian and 
Ordovician elements in the fauna must he accounted for, and the question 
of the correctness of determinations must be taken into consideration.

The following comments on Rusconi’s genera do not comprise his new 
genera, which are known from Cerrillo El Solitario only, and, accordingly, 
without importance with regard to the discussion of stratigraphic correlation.1

1 It should be noticed in this connection that most of the present writer’s comments are 
given mainly with regard to Rusconi’s figures, as circumstances beyond the writer’s control 
prevented a study of the actual specimens.

Amphoton?: (Rusconi 1950 a, p. 84). Not figured. The occurrence of this Asiatic 
and Australian genus in Argentina is very improbable.

Asaphellus: (Rusconi 1952, Pl. 1, figs. 1 —2). The figures show species of two different 
genera. The specimens differ clearly from Asaphellus, and the occurrence of 
this Tremadocian genus in association with Cambrian genera is very im
probable.

Bathyrus?: (Rusconi 1950 b, p. 93). Not figured, 'flic occurrence of this Middle 
Ordovician genus in association with Cambrian genera is very improbable.

Briscoia?: (Rusconi 1951, p. 26, fig. 22). The specimen differs greatly from this 
genus in the shape of its pygidial axis.

Clavagnostus: (Rusconi 1950 a, p. 83, fig. 3). This is certainly not Clavagnostus 
(new genus?).

Cotalagnostus: (Rusconi 1952, Pl. 1, fig. 12). The generic determination seems to 
be correct.

Diplagnostus: (Rusconi 1952, Pl. 1, fig. 10). The generic determination seems to be 
correct.

Gallagnostus: (Rusconi 1950 a, p. 83, fig. 2). The specimen should be referred to 
Phoidagnostus Whitehouse.

Geragnostus: (Rusconi 1950 a, p. 83, fig. 1). The specimens differ clearly from this 
Tremadocian genus in cephalic and pygidial outline, and in shape and pro
portions of the glabella and the pygidial axis.

Homagnostus: (Rusconi 1950 b, p. 94, fig. 9). This specimen differs greatly from 
Homagnostus in the shape of the pygidial axis and the posterior border; 
provided that the specimen is correctly figured, the species in question must 
be regarded as belonging to a new genus.

Homagnostus: (Rusconi 1951, p. 26, fig. 21). The specimen differs clearly from 
Homagnostus in the shape and segmentation of the pygidial axis.

Hypagnostus: (Rusconi 1952, Pl. 1, figs. 7 9). The generic determination may be 
correct.

Hystricurus?: (Rusconi 1951, p. 26, fig. 27). This very fragmentary specimen dif
fers greatly from Hystricurus in the shape of the “glabella”, which shows 
considerable resemblance to the pygidial axis of an agnostid trilobite.

3*
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Keithiella?: (Rusconi 1951, p. 26, lig. 25). The specimen dillers clearly from 
Keithiella in the shape of the pygidial axis and the number of axial rings.

Ogijginus?• (Rusconi 1950 a, p. 84). Not figured. The occurrence of this Lower 
Ordovician genus in association with Cambrian genera is very improbable. 

Olenoides: (Rusconi 1950 a, p. 83, fig. 10). Provided that the specimen (a pygidium) 
is correctly figured, it differs clearly from Olenoides in the shape of the axis 
and the lack of pleural furrows.

Parabriscoia: (Rusconi 1951, p. 26, fig. 23). As mentioned above (p. 34), Para
briscoia is a junior synonym of Elkia Walcott. The specimen differs from 
Elkia in the location of the pleural furrows.

Phalacroma: (Rusconi 1950 b, p. 94, fig. 5). Judging from the figure this may be 
Cotalagnostus.

Prosaukia: (Rusconi 1950 a, p. 82). Not figured; the description does not tit in 
with the characters of Prosaukia.

Pseudagnoslus: (Rusconi 1950 b, p. 94, fig. 6). The short glabella, the lack of a 
preglabellar longitudinal furrow, and the shape of the pygidial axis clearly 
show that the specimen should not be referred to the Pseudagnostidae.

Spinagnostus?: (Rusconi 1952, Pl. 1, fig. 5). Provided that the specimen is correctly 
figured, it may be referred to Spinagnostus.

Tomagnostus?: (Rusconi 1951, p. 26, fig. 29). This “cranideo” is estimated to re
present a pygidium of the new genus Stigmagnostus (p. 15).

It appears from the above comments that the agnostic! genera Cotalagnos- 
lus, Diplagnostus, Hypagnostus, and Spinagnostus may he represented in 
Rusconi’s material, and to these may be added Phoidagnostus (= Gall- 
agnostus of Rusconi).

The stratigraphic range of many agnostic! trilobites is well-known owing 
to Westergârd’s excellent monograph of 1946. In the Scandinavian-Raltic 
region Cotalagnostus ranges from the 'Tomagnostus /issus zone to the Jincella 
brachymetopa zone, Diplagnostus from the Ptychagnostus punctuosus zone to 
the Lejopyge laevigata zone, Hypagnostus from the Tomagnostus /issus zone 
to the1 Jincella brachymetopa zone, and Phoidagnostus is characteristic- of the 
Jincella brachymetopa zone. Spinagnostus is known from the Centropleura 
vermontensis zone (St. Albans formation) of northwestern Vermont. Ac
cordingly, the age of the strata of Cerrillo Id Solitaries appear to be late 
Middle1 Cambrian, and the “Upper Cambrian” and “Ordovician” genera 
in Rusconi’s lists of fossils from this locality call for revision.

The material collected by the present writer contains representatives of 
nine1 agnostic! genera, viz. Agnostus, Baltagnostus, Clavagnostus, Diplagnostus, 
Kormagnostus, Oedorhachis, Peronopsis, Phoidagnostus, and Stigmagnostus. 
The stratigraphic range of five of these genera is well-known in the Acado- 
Raltic province (Westergård 1946); their vertical distribution is shown in 
the following table (p. 37).
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MIDDLE CAMBRIAN

Acado-Baltic agnostid 
genera from Cerrillo 

El Solitario

Agnostus  
Clauagnostus  
Diplagnostus  
Peronopsis  
Phoigagnostus  

*Cotalagnostus  
* Ilypagnostus

* Genera not represented in the writer’s material.

It clearly appears from the vertical distribution of agnostid genera shown 
in the above table that the age of the fauna of Cerrillo El Solitario 
is late Middle Cambrian and that the strata constitute a strati



38 Nr. 11

graphic equivalent of the Acado-Baltic Paradoxides forchammeri 
stage, most probably the Jincella brachymetopa zone.

The occurrence of Bolaspidella in the material is of special interest. 
'This genus is characteristic of the so-called Pacific province of North America, 
and its presence in the Cerrillo El Solitario fauna must be regarded as an 
indication of stratigraphic and correlative importance. The species of 
Bolaspidella are dominant faunal elements in the late Middle Cambrian 
Bolaspidella zone although in the Upper Cambrian cratonic realms of Texas 
(Llano uplift), Montana-northern Wyoming, and in the Upper Cambrian 
intermediate realm of Vermont and Gaspe this genus penetrates into the 
Cedaria zone of the Dresbachian (Lochman & Wilson 1958). In the Bolaspi
della zone of the Pacific province of North America the genus Bolaspidella 
is associated with Baltagnostus,1 and this is also the case in the Cerrillo El 
Solitario fauna. As mentioned above, the Acado-Baltie agnostid genera in 
the Cambrian fauna of Cerrillo El Solitario constitute strong evidence that 
the strata of this locality should be correlated with the Jincella brachymetopa 
zone of the Acado-Baltic Paradoxides forchhammeri stage, and the associa
tion of these elements with the Pacific Bolaspidella and Baltagnostus indicates 
that the Cerrillo El Solitario strata, the Jincella brachymetopa zone, 
and the Bolaspidella zone should be regarded as stratigraphic 
equivalents.

It is well-known that during the greater part of the Cambrian period 
the Pacific and the Acado-Baltic provinces were very effectively separated 
from each other; for this reason it has been postulated that a barrier, the 
so-called New Brunswick geanticline, extended along the northwest margin 
of the Acadian geosyncline so as to prevent the mingling of the faunas from 
the two separate realms. However, Howell (1937) described the Centro
pleura uermontensis fauna from the St. Albans formation of northwestern 
Vermont in which Centropleura and another Acado-Baltie genus, Elyx, are 
found associated with Pacific ones, inter alia Bolaspidella. This fauna was 
placed by Howell & Duncan (1939, p. 5) as late Middle Cambrian, and it 
was regarded as a little younger than the Paradoxides forchhammeri fauna. 
However, in Scandinavian areas of continuous sedimentation (alum shale 
series) the Paradoxides forchhammeri stage constitutes the very top of the 
Middle Cambrian, and the youngest zone of this stage, the Lejopyge laevigata 
zone, is followed without hiatus by the lowermost zone of the Upper Cam
brian, the Agnostus pisiformis zone; in view of this fact the youngest

1 Lowermost part of the Riley formation (central Texas) and Conasauga shale (S. Appala
chians).
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possible Acado-Baltic stratigraphie equivalent of the St. Albans 
formation must be the Lejopyge laevigata zone of the Paradoxides 
forchhammeri stage. In consideration of the fact that Centropleura vermon- 
tensis appears to be very closely related to species in the Jincella brachymetopa 
zone of the Acado-Baltic province and that in Scandinavia species of Elyx 
have not been found above this level, the present writer is of opinion that 
the St. Albans formation should be regarded as a stratigraphic 
equivalent of the Jincella brachymetopa zone.

It is a remarkable fact that in northwestern Vermont and in the Mendoza 
region of Argentina invasion of late Middle Cambrian Acado-Baltic Irilobite 
genera into the Pacific province took place simultaneously.

In addition to the Cerrillo El Solitario locality other Middle Cambrian 
occurrences are known from the Zonda region west-northwest of the city 
of San Juan and from the San Isidro region west of the city of Mendoza; 
these somewhat older Middle Cambrian occurrences belong to the Glossopleura 
zone, as pointed out by V. Poulsen (1958); thus the Middle Cambrian 
remained Pacific up to Holaspidella time, when Acado-Baltic invasion 
changed the character of the fauna. The data at hand suggest a transgressive 
tendency in late Cambrian time leading to mingling of Pacific and Acado- 
Baltic faunas in the western hemisphere.

'fhe palaeogeographical conditions in South America during the Cambrian 
are practically unknown owing to the lack of satisfactory evidence, but in 
the writer’s opinion it seems probable that the Acado-Baltic invasion pene
trated into the Mendoza region via the Jujuy embayment of Harkington & 
LEAnza (1957, p. 42); the existence of this embayment in the northern 
Argentine has been ascertained by these authors on the basis of a magnificent 
fossiliferous series of Ordovician formations with a pronounced Acado- 
Baltic affinity.

Zonal division in Cerrillo El Solitario

In 1956 Rusconi published a table, representing his interpretation of the 
Middle Cambrian sequence of strata in the Mendoza region; in this table he 
introduces a division of the Cambrian of Cerrillo El Solitario (“Horizonte 
Villavicense”) into live zones, and a number of species are referred to each 
of them. Such zonal division had not been accomplished in 1955, when the 
present writer visited the locality, and owing to the fact that the expedition 
was about to leave the Argentine, it was necessary to concentrate on the 
collection of fossils from a greatly fossiliferous limestone bed on top of the 
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hill very close to the southern slope; therefore, it is not the writer’s intention 
to take up a definite attitude with reference to the zonal division proposed 
by Rusconi; one observation, however, must be mentioned. The material 
described in the present paper contains well-preserved specimens of Goycoia 
tellecheai Rusconi, which was presented by Rusconi as characteristic of 
Zone 1, and specimens of Phoidagnostus solitariensis (Rusconi), which was 
presented as characteristic of Zone 4, arc found associated with the former. 
This fact is mentioned only to indicate that further collection and study 
may be necessary in order to establish a safe basis for zonal division of 
the scries of strata.
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1. Introduction

^T^he measurements to be described here constitute an experimental survey 1 of the half lives of first excited states of even nuclei between Em218 and 
Pu240. This part of the periodic table is one of the two most prominent regions 
showing large stable deformations of the nuclei, the other one being the rare 
earth region extending roughly from samarium to wolfram. The even nuclei 
in these regions show the typical spectrum of rotation of a deformed axially 
symmetric structure, viz., a band of energy levels of character 0 +, 2 +, 4 +, . . . 
having energies closely given by

h2
à)

Equation (1) and the other equations to follow are conveniently collected 
in the review paper of Alder et aZ/1)). From the observation of these energy 
levels, the effective moment of inertia, 4S at <)nce known. The actual 
amount of distortion of the nucleus cannot be deduced from 3» however, 
without more detailed knowledge of the nuclear motion.

Experimentally, the nuclear quadrupole deformation is derived from 
measurements of the pure electric quadrupole transition rate between 
adjacent levels in the rotational band, usually between the 0+ ground 
state and the 2 + first excited state. This rate may be measured either 
by measuring the cross section for Coulomb excitation of the 2 + state 
from the 0 + ground state, or by measuring the half life, ^1/2’ of the reverse 
gamma transition (2 + ->() +) in a radioactive source. Given this half life, the 
rate of gamma ray emission (2d—>0+) is T (E2; 2-»0)-(/n2) [(1 + a) 
7’1/2] 1, where a is the total conversion coefficient; then

r(E2:2^0) = lflg)5B(E2:2.0), (2)

where B (E2; 2-> 0) is the reduced transition probability. The quantity 
found in Coulomb excitation experiments is

1*
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ß(E2; 0->2) = 5B(E2; 2^0) (3)

on grounds of statistical weight. If this transition probability is due to rota
tion of a deformed nucleus of intrinsic quadrupole moment Qo, we may 
find Qo from

B(E2; 0->2) = 5 (16 tt)“1 e2 Qo- G)

If the nuclear shape is spheroidal, we may use the distortion parameter ß 
given by 

where Zl /? is the difference
/?0 is the mean radius. The
the use of

Qo = 3(5tI)-1/2Z7?2^(1+O.16^+ . . .). (5)

Thus, an experimental half life leads directly to an experimental Qo and ß 
for the nucleus in question.

The nuclear moment of inertia depends on the structure of the intrinsic 
nucleonic motion.

If the nucleons in the rotating nuclear field behaved as completely inde
pendent particles, the effective moment of inertia would be approximately 
that corresponding to rigid rotation,

grl5-?AMRg(l + 0.31jS + . . .), (6)
3

where A is the atomic number and M the nucleon mass. Residual interac
tions between the nucleons in addition to the interaction included in the 
average binding field give rise to correlations in the intrinsic motion, which 
reduce the moment.

In the other extreme, if the residual interaction were so strong as to break 
down the independent-particle motion completely, the effective moment of 
inertia would approach the hydrodynamic value, equivalent to a wave 
travelling irrotationally on the surface of a liquid drop. In that case,

Slrrot = I AMR? j? (0.89 + 0 (/32)). (7 )
3

In fact, the moments of inertia are found to lie between the extremes, 
their actual values furnishing information on the strength of the residual 

3\5/ /<o

between the major and minor semi-axes, and 
value of ß may now be calculated from Qo by
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interactions between nucleons. Recently, methods have been developed for 
incorporating effects of these residual interactions (the pairing correlations). 
It has thereby become possible to make a more detailed comparison between 
theory and experiment than was previously feasible. This question will be 
raised again in the discussion section of this paper.

Before the present work was done, transition probabilities had been well 
studied in the rare earth region both by Coulomb excitation and by lifetime 
measurements, while comparatively little was known of the heavy element 
region. Among the heavy even nuclides, half lives had been measured for 
the first excited states of Em220, Ra224, and Ra226, and Coulomb excitation 
measurements existed for Th232 and U238. Details of these existing measure
ments are given later, in the experimental section of this paper. (The nuclides 
just mentioned are included in the present study, in one case with a dif
ferent result (Em220)). The reason for the lack of lifetime data is that the 
experimental half lives lie close to the limit of present day delayed coin
cidence techniques, around IO-10 sec for the low energies involved. The 
reason for the lack of Coulomb excitation data is that all the nuclides con
cerned are radioactive, and target preparation becomes difficult or impossible. 
Four Coulomb excitation results are available for odd nuclides in this region 
(U233, U235, Np237, Pu239).* 1) We have avoided odd nuclides in this work for 
two reasons. First, the rotational transitions in odd nuclei contain strong 
.1/1 admixtures with the E2 part, thus shortening the experimental half 
lives to be measured, and rendering the interpretation less definite. Second, 
odd nuclei display effective moments of inertia 15 to 50% greater than their 
even neighbours, owing to the presence of the extra odd particle.* 1) They 
arc therefore not immediately comparable with even nuclei.

2. Experiments and Results

The apparatus used for the half life measurements was a fast time-to- 
amplitude converter generally similar to that described by Green and 
Bell*2>, but with a number of modifications. Some of these are described 
briefly in a paper by Bell and Jørgensen*3). The circuit employed RCA- 
6342A photomultipliers and organic scintillators, often made of NE 102 
plastic. In a typical measurement, an alpha emitter having a branch feeding 
the desired excited state was sandwiched between two organic scintillators, 
one detecting the alpha particles and the other the conversion electrons of 
the transition from the excited state to the ground state. The lime-to-ainplitude 
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converter then produces an output pulse spectrum that represents the dis
tribution of time delays between the preceding alpha particles and the sub
sequent conversion electrons. (Occasionally, the preceding radiation was beta 
or gamma rays rather than alpha particles.) From this spectrum, observed 
with a 100 channel pulse analyzer, the half life of the excited state can be 
read off. In every case, the instrumental time resolution was good enough 
to allow the half life to be found directly from the logarithmic slope of the 
recorded time distribution.

The calibration of the pulse amplitude spectrum in terms of time is 
done by lengthening the cable delay from one of the counters by a measured 
amount, and observing the shift of the distribution along the amplitude 
scale. A standard error of 3 °/0 has been adopted to take account of any 
errors in this procedure. The standard error in any particular measurement 
reported here varies with the circumstances, but the 3 % just mentioned forms 
a lower limit.

The individual sections to follow are arranged approximately in the 
chronological order in which the measurements were performed. All state
ments about the radioactive properties of the various sources are taken from 
standard compilations, usually Strominger, Hollander, and Seaborg(4), 
except where separate references are given. Chemical and physical pro
cedures for the preparation and mounting of the sources are given in each 
case.

(a) Th226 ( 72 keV), Ra222 (111 keV), Em218 (325 keV)

The measurements on these three excited stales were made using a single 
source of U230 and its descendants in equilibrium. The procedures will 
be described in detail, both because they are typical of those used in 
all the other cases, and because the U230 source is the most complex one 
used in this study.

The activity was obtained from a source of Pa230 (18 d), which decays 
to U230 (21 d) by a 15 °/0 beta branch. The Pa230 had been made by a 65 MeV, 
4 //amp-hour proton bombardment on 0.3 g of thorium metal.*  The prot
actinium was separated from thorium and fission products by anion ex
change. First it was absorbed on Dowex 1 from a 12 N HC1 solution, allowing 
the thorium to pass through the ion exchange column. The protactinium 
was then eluted with a 2 N HC1 solution. The procedure was repeated using 

* We are indebted to Ing. Åke Svanheden and the crew of the cyclotron of The Gustaf 
Werners Institute, Uppsala, for carrying out the bombardment.
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u23Oand descendants in equilibrium
(SIMPLIFIED)

Fig. 1. A simplified decay scheme of U230 and its descendants. All branches of less than 1 °/0 
intensity are omitted.

a solution 9 N in HC1 and 0.006 N in HF as eluant. Finally, a third cycle 
was made using the former eluant. The protactinium sample contained all 
the isotopes from Pa228 to Pa233, bid only Pa230 gives rise to a uranium 
daughter of any appreciable activity. After letting U230 grow in for about 
three weeks, a separation of protactinium and uranium was performed. 
The activity was again absorbed on Dowex 1 from 12 N HC1 and eluted 
with the above mentioned HC1-HF mixture, uranium remaining on the 
column. U230 was eluted with a 0.5 N HC1 solution and the purification 
cycle was repeated. After evaporation of the HC1 solution the source was 
ready. No visible material was present, as should also be expected.

U230 is the parent of a chain of five successive alpha decays, ending 
(for our purposes) with 19 year Pb210. A simplified decay scheme of this
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Fig. 2. The gamma ray spectrum of U230 and its descendants, seen in a sodium'iodide scintil
lation counter.

chain is shown in fig. 1, in which all branches of less than 1% intensity 
have been omitted. All the observations made on our U230 source are con
sistent with this scheme in energy and intensity. Before the U230 source was 
finally mounted, its X- and gamma-rays were observed with a sodium iodide 
counter. The result, fig. 2, shows radiations that are easily identified from 
tig. 1, and no others. Fig. 2 shows that the source is free of Pa 230, which 
has strong K X-rays and high energy gamma rays. The fact that the 325 keV 
gamma ray is the highest-energy one of appreciable intensity is used later 
in the measurement of Em218.

The U230 activity was deposited on a 0.020 mg/cm2 plastic foil and covered 
with a 0.15 mg/cm2 aluminium foil. This pair of foils was sandwiched 
between two discs of NE-102 plastic phosphor, each 20 mm in diameter and 
2 mm thick, which in turn were coupled to two RCA-6342A photomulti
pliers. The whole assembly constituted a pair of independent 2tc counters 
working on the same source. The total source strength in all five members 
of the decay chain was about 3 x Id4 disintegrations per second.

The pulse height spectrum of one of the 2tt counters is shown in fig. 3. 
The spectrum is dominated by a broad peak at about 250 keV equivalent
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Fig. 3. The pulse height spectrum of U230 and its descendants, seen in a 2 mm thick plastic phos
phor. Two coincidence alpha spectra are also shown. A separate scale at the bottom shows the 

alpha energy scale.

electron energy, caused by the 6 MeV alpha particles. This peak shows 
only faint signs of resolution into its component alpha energies. At lower 
energies there are slight indications of the LMN . . . conversion peaks of 
the 72 keV and 111 keV radiations of Th226 and Ra222, respectively. (The 
coincident alpha peaks in fig. 3 are discussed later.)

A pulse height window was set to cover the broad alpha peak in fig. 3, 
and was left there for all the subsequent observations. The counter so 
arranged may now be designated the alpha counter. The spectrum of 
pulses from the other scintillation counter (the electron counter) coincident
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Fig. 4. The pulse height spectrum in a 2 min plastic phosphor of conversion electrons in coin
cidence with alpha particles, for U230 and its descendants. The dashed curves are illustrative 

only. The two pulse height windows A and B were used in the half life measurements.

with these alpha pulses is shown in fig. 4. Two broad peaks appear, cor
responding to the LAIN . . . conversion of the 72 and 111 keV transitions 
of Th226 and Ra222, respectively. Broken lines in fig. 4 indicate in a rough 
way how the two peaks may be separated.

The two pulse height windows A and B in fig. 4 enable us to detect the 
1 11 and 72 keV transitions almost independently. For verification of this 
fact, we refer again to fig. 3. Here we have plotted the spectra of alpha 
pulses coincident with the 72 and 111 keV transitions. The two alpha peaks 
so revealed are clearly separate. It still cannot be excluded that some 
pulses from the 111 keV transition are mixed with those from the 72 keV 
transition, perhaps to the extent of a few percent. Fortunately the two tran
sitions turn out to have half lives only about 30% apart; the possible ad
mixture effect has been taken into account by assigning fairly generous 
standard errors to the measured half lives.

'fhe two coincident alpha peaks, plus the partially resolved high energy 
alpha group in the singles spectrum, allow us to attach a rough scale of 
alpha energies at the bottom of fig. 3, with the alpha spectrum of the source, 
'fhe scale is non-linear, as expected for a plastic phosphor.
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Fig. 5. The time analysis of the coincidences between alpha particles and conversion electrons 
of the 111 kev radiation of Ra222. A prompt resolution curve is shown for illustrative purposes.

The time analysis of coincidences between alpha particles and the 
111 keV radiation of Ra222 (pulse height window A, fig. 4) is shown in fig. 5. 
The half life read from this curve is (5.2 ± 0.4) x IO-10 sec. The prompt re
solution curve shown in fig. 5 is included, for illustrative purposes only, to 
show that the slope of the 111 keV curve is real and not instrumental. This 
prompt curve was made by partially removing the aluminium foil separating 
the alpha counter from the electron counter, so that a little light from each alpha
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Fig. 6. The time analysis of the decay of the first excited state of Th226. A weak component of 
longer half life has been subtracted. A prompt resolution curve is shown for illustrative purposes.

scintillation could enter the electron counter. In this way every alpha pulse 
is made to yield a true coincidence, with no change of discriminator settings. 
(No claim is made that this procedure yields a highly accurate prompt
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TIME, 109 SEC UNITS

Fig. 7. The time analysis of the decay of the first excited state of Em218. No half life longer 
than 6.5 x 10“11 sec was observed, and the experimental limit has been taken as 8 x 10-11 sec.

resolution curve; an accurate curve should be somewhat narrower and 
steeper than the one shown.)

The time analysis of the 72 keV radiation of Th226 (pulse height window Ii, 
fig. 4) is shown in fig. 6. The half life read from this curve is (3.95 ±0.2) x 
10-10 sec. A prompt curve is also shown, made in the same way as that 
described in the previous paragraph. At the foot of the 72 keV curve there 
appears a weak component (total intensity 0.3% of the 72 keV curve) with 
a half life of about 2.8xl0_9sec. This component is so weak that its pre
sence does not interfere with the accuracy of reading the main half life. Its 
origin could be in any one of several very weak radiations not shown in the 
decay scheme of fig. 1, or in some minor impurity in the source. We can 
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speculate that its energy must he low, because it appears in the 72 keV 
curve, but not in the 111 keV curve. It was not investigated further.

The final observation on the U230 chain concerned the 325 keV first 
excited state of Em218. For this measurement the electron counting crystal 
was removed and a 15 mm thick diphenylacetylene (DPA) gamma counter 
was put in place of it, shielded by enough aluminium to stop all electrons. 
By the use of auxiliary radioactive sources, this counter was biased to 
respond only to gamma rays above 250 keV. Reference to fig. 2 shows that 
this counter then detects only the 325 keV gamma ray of Em218. The time 
analysis for this radiation is given in fig. 7. The curve shows only the 
instrumental resolution of the apparatus, with a slope on its right-hand 
edge corresponding to TV = 6.5 x 10~n sec. We may therefore state con
servatively that the half life of the 325 keV level of Em218 is less than 8 x 101L 
second.

(b) Th230 ( 53 keV), U230 ( 51.7 keV)

Pa230 (18 d) decays both by electron capture to Th230 ( 85 %) and by 
beta emission to U230 (15 %). The electron capture decay to Th230 is accom
panied by plentiful high energy gamma rays (400 keV to 950 keV), many 
of which feed the first excited state at 53 keV. The beta decay to U230 has 
no high energy gamma rays. Thus, coincidences between high energy gamma 
rays and low energy conversion electrons are due solely Io the first excited 
state of Th230. As we shall sec, no such simple selection scheme applies to 
U230, and the results for this nucleus are of lower accuracy.

The source of mixed protactinium activities mentioned in the preceding 
section (a) was used in the present measurement. The half lives of the 
protactinium isotopes are such that after a few weeks only Pa230, and pos
sibly Pa233 (27 d), remain in the source. Under the bombarding con
ditions mentioned (65 Mev protons), the cross section for the formation of 
Pa230 largely exceeds that of Pa233, therefore the activity will be relatively 
pure Pa230. The protactinium fraction from the protactinium-uranium sepa
ration already described could thus be used as source of Pa230. The life
time measurements were performed within one day after chemical sepa
ration, to avoid complications from the growth of U230(21 d) and its daughters.

In order to estimate the amount of Pa233 present in the source, a com
parison was made between the sodium iodide gamma spectrum of our Pa230 
source and that of a source of pure Pa233 of roughly known strength. No Pa233 
was detected, and an upper limit of 10% could be set for the abundance of 
Pa233 in the Pa230 source.
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TIME,10’9SEC UNITS (ARBITRARY ZERO)
Fig. 8. The time analysis of the decay of the first excited state of Th230.
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As a control experiment, a lifetime measurement was made on a Pa233 
source in the same manner as for the Pa230 source, described below. The 
yield of coincidences was small, and no half life in excess of 10-10 sec was 
present. We are thus assured that the Pa230 results are not disturbed by the 
presence of a possible small impurity of Pa233. A second control experiment 
consisted of a gamma-gamma coincidence experiment on the Pa230 source 
before it was finally mounted, which showed that the intermediate states 
between high energy gamma rays in Th230 have half lives less than IO-10sec. 
As a result of these control experiments we can say definitely that the 508 keV 
level of Th230 and the 313 keV level of U233 have half lives less than l()_10sec.

For the measurement of the Th230 53 keV half life, the source of Pa230 
was mounted on a 2 mm thick plastic phosphor. A 15 mm thick DPA gamma 
counter was placed next to this source, and adjusted to accept pulses from 
gamma rays above GOO keV, i.e., principally the 900 keV gamma rays 
feeding the 53 keV state. The low energy electrons in the plastic counter in 
coincidence with these gamma rays showed a clean peak due to LAIN. . . 
conversion electrons of the 53 keV transition, with even a hint of resolution 
of the MN. . . peak. A broad pulse height window was placed on this peak, 
and the coincidence resolution curve was measured. The result, fig. 8, shows 
a clean decay with a half life of (3.7 ± 0.2) x IO-10 sec for the 53 keV state.

The measurement of the half life of the 51.7 keV excited state of U230 
is more difficult. The preceding radiation is the weak beta decay branch of 
Pa230, with end point energy 3G0 keV, but this spectrum is overlain by con
version lines from the stronger electron capture branch. The gamma counter 
mentioned in the preceding paragraph was removed and a 2 mm plastic 
electron counter was substituted for it. The pulse spectrum of this counter 
showed evidence of discrete groups (conversion lines) in addition to the 
desired continuum, but the resolution was of course not good enough to 
enable us to choose any pulse height region that avoided the conversion 
lines. Under these conditions, the resolution curves will show a mixture of 
the desired U230 lifetime and the unwanted Th230 lifetime already measured. 
Several curves were measured with different biases on the beta counter (the 
bias on the original conversion electron counter remaining fixed), and the 
one with the best ratio of U230 effect to Th230 effect is shown in fig. 9. The 
curve was purposely run to a very high statistical accuracy; it shows the 
expected mixture of the known half life of the Th230 excited slate, 3.7 x 1()-10 
sec, and a shorter half life due to the U230 excited state. The resolution of 
this decay curve into its two components would be very difficult if it were 
not for the fact that we already know the longer half life accurately. The
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Fig. 9. The time analysis of the decay of the first excited state of U230. The subtraction shown 
is assisted by prior knowledge of the longer half life (see section (b) and fig. 8).
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Fig. 10. The time analysis of the decay of the first excited state of Ra224.

subtraction indicated by broken lines in tig. 9 yields a half life of 2.6 xlO10 
sec for the first excited state of U230. The error to be quoted in this value is 
to some extent a matter of judgement. Adjusting the position of the sub
tracted component (Th230) causes a variation in the result for the half life
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Fig. 11. The time analysis of the decay of the first excited state of Em220. A small contribution 
from Ra224 has been subtracted.

of the remainder (U230); we take, as the limits of our standard error, the 
half lives outside which the remainder curve shows a distinct curvature. 
In this way we arrive at the value (2.6 ± 0.3) x IO-10 sec. The fractional error 
quoted is larger than that of most of the other measurements in this series.

2*
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It would be worth while to have a better value for this half life. Since 
I’a230 is the only radioactivity that populates the excited state of U230 to an 
appreciable extent, the sole way to observe the U230 decay alone is to use 
magnetic selection to resolve the radiations leading to U230 from the stronger 
ones leading to Th230. We were not equipped to do this at the lime the source 
was available.

(c) Ra224 (84 keV)

The half life of this excited state has been measured previously by Siek- 
man and de Waakd(5) both by the delayed coincidence method (centroid 
shift) and by the recoil method (Doppler shift of conversion line). Their 
results were T\ = (7.5 ±1.5) x IO-10 sec and 7’> = (7.0 ± 1.0) x IO-10 sec, re
spectively. Severiens and Riciiter<6> have found a value 7i = (6.0±1.6) 
x IO-10 sec by another recoil method. Vartapétian<7> linds T\ = (8.4 ± 0.7) 
xlO-10 sec by delayed coincidences, again using the centroid-shift method.

The present measurement was made using a source of Th228 (RdTh, 
1.9 </), an alpha emitter having a 28% branch to the 84 keV state of Ra224. 
fhe source was prepared from a sample of Th228 in equilibrium with its 
daughter activities. Of these Ra224 ( 3.6 <7) and Ph212 (10 7i) have the longest 
half lives. Once these two activities are removed, the remaining daughters 
soon die away. In order to prepare the Th228 free of radium and lead, the 
activity was absorbed on a cation exchange column. The column was eluted 
with 7 N IIC1, which removed lead and radium. Thorium was eluted with 
a 1 M ammonium lactate buffer of pH <=»3.4. 'fhe volume of the resin filling 
of the ion exchange column was chosen to be very small (15 /d). The purified 
thorium activity was therefore present in a very small volume, <5 /zl, which 
was spread over an area of one square centimeter and dried. In this way 
a source thickness much less than 0.5 mg/cm2 was assured.

All the measurements on the half life of the 84 keV state of Ra224 were 
completed within 10 hours of the chemical separation, in order to minimize 
complications arising from the growth of the 3.6 day Ra224 and its descen
dants. The source material was deposited on the surface of a piece of 
10 mg/cm2 plastic phosphor (NE 102), so that only alpha particles could 
produce large pulses with appreciable probability. I he conversion electron 
counter was a 2 mm thick plastic phosphor separated from the alpha counter 
by a 0.15 mg/cm2 aluminium foil. The spectrum of electron pulses in coin
cidence with alpha pulses showed a peak due to LMN. . . conversion of 
the 84 keV gamma ray, and a pulse height window was set on this peak.
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The time analysis of the resulting coincidences is shown in fig. 10, and 
yields the result T\ = (7.6 ± 0.3) x IO-10 sec for the 84 keV state of Ra224. 
Within their errors, all the previously measured values agree with this one.

(d) Em220 (241 keV)

The source of Th228 used for the measurement of the Ra224 excited state 
(see the preceding section (c)) was allowed to stand for two days so as to 
accumulate an appreciable amount of the 3.6 d Ra224 daughter and its 
descendants. Ra224 is an alpha emitter having a 5 °/0 branch to the 241 keV 
excited state of Em220. For the measurement of this state, the alpha counter 
was left unchanged, and the electron counter was covered with 11 mg/cm2 
of aluminium, sufficient to stop all alpha particles and all electrons of 
energy lower than about 90 keV. The pulse spectrum of the electron counter 
in coincidence with alpha particles showed two clearly resolved peaks cor
responding to K and LMN. . . conversion of the 241 keV gamma ray. The 
K/LMN. . . ratio was about 0.7, in agreement with expectation for an 7S2 
gamma ray of this energy. A pulse height window was set on the LMN. . . 
peak, and the time analysis of the resulting coincidences is shown in fig. 11. 
The curve shows a decay with 7h = (1.50 ± 0.10) x 1(F10 sec, followed by a 
weak tail having a half life near the value 7.6 xl()10 sec appropriate to the 
84 keV level of Ra224, already measured. The tail is presumably due to a 
few 84 keV gamma rays dissipating their full energy in the electron counter. 
The presence of this tail does not in any case interfere with the evaluation 
of the main half life in fig. 11. The further descendants of Ra224, extending 
to Pb208, do not include any alpha emitters having appreciable branching 
to excited states with energies high enough to register in the electron counter. 
Two other runs, of lower statistical accuracy, were made on this excited 
state. In one of them, the pulse height window in the electron counter was 
moved from the LMN. . . peak to the K peak. In the other, the electron 
counter was replaced by a 15 mm thick DPA gamma counter biased to 
detect the 241 keV gamma rays. In both cases, the result was in agreement 
with that given above. A final check was made to ensure that the half life 
found was not dangerously close to the limit of resolution of the apparatus. 
For this purpose, the thin alpha counter was removed and replaced by a 
2 mm plastic phosphor. The counters were reassembled and a 5 /tC source 
of Na22 was placed nearby. There was enough scattering between the counters 
of secondary electrons produced by the gamma radiation from this source 
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to give a small prompt coincidence counting rate, with the same biases on 
the counters as before. The resulting resolution curve had a slope on its 
right hand side corresponding to = 7.5 x 10-11 sec, about as expected; 
thus, the measured half life is twice as large as the experimental limit at 
this energy. (The same conclusion might have been drawn from fig. 1 1 by 
noting that its left-hand side has a slope corresponding to a half life of 
7 xlO-11 sec.) We therefore give the value Tl = (1.50 ±0.10) x IO-10 sec for 
the 241 keV excited state of Em220.

J. Ci. Siekman(8> has measured this half life by the delayed coincidence 
method (centroid shift), using a resolving time of about 7 x IO-9 sec. He 
measured coincidences between alpha particles and the K conversion line 
of the 241 keV gamma ray focused in a magnetic spectrometer. Ilis result, 
7’t = (3.1 -t 1.1) x 10_1°sec, dillers from the present result by a factor of 2, 
but his lower limit of error is not far above our value.

(e) Em222 (187 keV)

Ra226 (1620 y) is an alpha emitter having a 6°/0 branch to the 187 keV 
excited state of Em222 ( 3.8 d).*  The further descendants are the well-known 
radium series ending at Pb206. Ra226 free of its decay products was prepared 
in the following way. A few ng of RaCl2 were dissolved in 0.1 N HC1 and 
absorbed on a cation exchange column, which was then eluted with 7 N HC1. 
The drops coming out of the column were collected on separate counting 
discs and dried. These samples were counted in an alpha counter, and 
their decay was followed for 24 hours; in addition, their gamma activity 
was checked, using a sodium iodide scintillator and an oscilloscope dis
playing the pulse height spectrum. The radium fraction was clearly identified 
at the expected elution position; lead, bismuth, and (presumably) polonium 
were eluted first, followed by radium. The radium was found to be quite 
pure. It was stored in a solution of 0.1 N HC1 through which air was bubbled, 
so that Em222 and its short-lived daughters were prevented from growing in. 
The source was mounted just before the beginning of the lifetime measure
ments which were completed within 6 hours.

The Ra226 source material was mounted directly on a 10 mg/cm2 plastic 
phosphor, and covered with enough aluminium (6.3 mg/cm2) to prevent 
any alpha particles from reaching the electron counter. The latter, as usual,

* While this manuscript was in preparation, Foucher published a value for the half life of 
this excited state. His value, (3.5±1.0)x 10-10 sec, is in good agreement with ours (R. Foucher, 
Comptes Rend. 249, 2310 (1959)).



Nr. 12 23

was a 2 mm thick plastic phosphor. The pulse spectrum of the electron 
counter in coincidence with alpha particles showed a large peak corre
sponding to LMN. . . conversion of the 187 keV gamma ray. A pulse height 
window was set on this peak. The time analysis of the resulting alpha
electron coincidences is depicted in fig. 12. The curve shows a clean decay, 
giving a value Ti = (3.2 ±0.2) x IO-10 sec for the 187 keV excited state of 
Em222.

(f) Ra226 ( 68 keV)

The half life of the 68 keV excited state of Ra226 has been measured bv 
Vartapétian and Fouciier<9> using the delayed coincidence method (cen
troid shift), with resolving time 8 x IO-9 sec. They found = (6.3 ±0.7) 
x IO-10 sec.

The 68 keV level of Ra226 is excited by a 24 °/0 branch in the alpha decay 
of Th230 (ionium, 8 xl()4 y). This activity was obtained from a one year old 
source of Th234 ( 24 <7), containing some d'h230. The source was originally 
made by extracting thorium from reactor grade natural uranyl nitrate, and 
very carefully purifying the thorium fraction. In natural uranium, U238 and 
U234 are in radioactive equilibrium. U238 gives rise to the Th234 activity, 
while U234 decays into Th230. In view of the very long half life of Th230, 
only a very small amount of activity will have grown in. From the alpha 
activity present in the source we concluded that the Th230 had grown in 
for about two years, which appears reasonable. The alpha activity was 
0.03 /zC. In order to check the purity, an alpha spectrum was made, using 
a Frisch grid ionization chamber.*  The spectrum showed only one group 
of alpha particles with energy 4.66 Mev, as expected (actually 4.68 and 
4.61 Mev, unresolved). The beta activity (Th234) was about 0.01 /zC, but 
this contamination could not interfere with the measurements.

The procedure for measuring this half life was exactly the same as for 
the 84 keV level of Ra224, described in (c) above. The time analysis for the 
present case is shown in fig. 13. This particular source was ideal in strength 
and thinness, and it yielded the best decay curve observed in this study. (Few 
radioactivities of whatever lifetime have had their decay plotted over five 
decades in a single experiment.) The half life found from this curve is 
(6.3 ±0.2) xlO-10 sec, the assigned error of 3% being entirely due to uncer
tainty of the time-to-amplitude calibration. Il is gratifying that the previous 
measurement of Vartapétian and Foucher agrees exactly with this value.

* We are indebted to Mag. N. O. Roy Poulsen for making this measurement.
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Fig. 12. The time analysis of the decay of the first excited state of Em222.

(g) Th234 (48 keV)

The 48 keV excited state of Th234 is excited by a 23 °/0 branch in the 
alpha decay of U238. The difficulty in using this source is that pure U238 
metal has a specific activity of only 12 disintegrations per second per milli
gram, and yet the source to be used must be thin both for 44 keV MN. . .
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Fig. 13. The time analysis of the decay of the first excited state of Ra226.
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TIME, 1Ô9 SEC UNITS (ARBITRARY ZERO)
Fig. 14. The time analysis of the decay of the first excited state of Th234.

conversion electrons and for 4 MeV alpha particles. A further difficulty lies 
in the presence of U234 ( 2.5 xl05y), which exists in ordinary uranium in 
radioactive equilibrium with U238. U234 decays to Th230, populating the 
53 keV excited state of Th230 with an intensity of 28 °/0. A measurement on 
ordinary uranium chemically freed of its decay products (except, of course,
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Fig. 15. The time analysis of the decay of the first excited state of Ra228.

U234) would give a mixture of the half lives of the Th234 and Th230 excited 
states.

The low specific activity must be accepted, implying very low counting 
rates in the experiment; the U234 admixture difficulty was avoided by using 
a supply of uranium depleted in U235 and hence a fortiori in U234. The 
depiction figure for U234 was not known for this uranium sample. It was 
determined by preparing duplicate sources of normal and depleted uranium, 
as described below, and measuring their alpha activity with a 2% proper- 
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tional flow counter. A source of U238 alone, freed from all other radioactive 
products, should show a specific activity almost exactly half that of a source 
of normal uranium, the contribution from U235 being only 2.5%. The 
counting results showed that the abundance of U234 in our depleted sample 
was approximately % of the equilibrium amount. This amount would 
still be sufficient to require a correction in the measured result for the half 
life of the Th234 excited state, if it were not for the fact that the half life of 
the Th230 excited state, already measured, turns out to be exactly the same. 
We can therefore take the measured value for 'Ph234 without further cor
rection. Before mounting the source, the uranium was freed of its decay 
products, Th234 (24 d) and Pa234 (1.1 m). The starting material, UO2, was 
dissolved in concentrated nitric acid, and oxidised to the uranium (VI) 
state. The solution thus contained UO2(NO3)2 which can be extracted into 
ether, leaving all thorium in the aqueous phase. From the ether phase a very 
small volume, corresponding to the desired amount of uranium, was taken 
out and added to about 200 /zl of a 0.01% solution of insulin in water.

This purified UO2(NO3)2 solution was deposited on the surface of a 
0.15 mg/cm2 aluminium foil, which in turn was on the surface of a 10 mg/cm2 
plastic phosphor disc, 2 cm in diameter. The solution was spread as uni
formly as possible over this area of 3 cm2, and evaporated to dryness, 
the insulin acting as a wetting agent and improving the evenness of the 
deposit. The total alpha activity of the source was about 6 disintegrations 
per second, implying a total mass of U238 of about 0.5 mg, and an average 
thickness about 0.2 mg/cm2. Non-uniformity of the deposit probably raised 
the effective thickness somewhat above this amount. The source was covered 
with a second 0.15 mg/cm2 aluminium foil, and a 3 mm thick plastic phos
phor disc to serve as electron counter. The apparently wasteful use of the 
layer of aluminium foil on both sides of the source was judged to be neces
sary in order to prevent absorption of scintillation light by the yellow 
UO2(NO3)2 deposit.

The source produced a recognizable peak in the alpha singles spectrum 
(with, of course, very bad statistical errors), and an alpha-coincident electron 
spectrum extending to the correct maximum pulse height, but having no 
recognizable peak owing to source thickness effects. These results agreed 
with expectation. The total coincidence counting rate between the chosen 
alpha pulses and the chosen electron pulses was about one count per minute. 
The time analysis recorded in a 70-hour run is shown in fig. 14. The half 
life of the Th234 excited state read from this curve is (3.7 ±0.3) xK)-10 sec; 
on account of the relatively large statistical errors, the assigned error is 
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somewhat larger than usual. (In assessing the drawing of the curve through 
the measured points, the reader should note that the last three plotted points 
on the right, all lying above the drawn curve, are balanced by two points, 
indicated by small arrows, which lie below the curve.)

(h) Ra228 (59 keV)

The 59 keV excited state of Ra228 is excited by a 24% branch in the 
alpha decay of Th232. All the remarks just made about using U238 as a source 
apply to an even greater extent to Th232, whose specific activity is only 4 
disintegrations per second per milligram. In addition, sources of thorium 
depleted in Th228 (1.9 y radiothorium) are not readily available. There is 
one factor in favour of the thorium case, compared with uranium; the con
version electrons of the 59 keV transition are higher in energy than the 
corresponding ones from a U238 source, because of the higher transition 
energy and lower atomic binding energies. Thus we may hope to use the 
L conversion electrons (^ 42 keV) as well as the MN. . . conversion electrons 
(«« 56 keV), gaining a factor of 4 in intensity.

The source used in the measurements was prepared in the Copenhagen 
isotope separator<10>, through the kind cooperation of Ing. O. Skilbreid. The 
charge material for the ion source of the separator was 2 g of ThO2 that 
had been chemically freed of its decay products (except, of course, Th228). 
The ion source was run with a mixture of CC14 vapour and Cl2 as the working 
gas, and produced a strong beam (50 to 100 //A) of (Th232)+ ions. Since 
the nearest mass was four units away from Th232, the separation was excep
tionally clean. The ion beam struck a graphite plate placed 15 mm above 
the source holder, and metallic Th232 sputtered from the graphite surface 
onto the source holder. This procedure involves a loss of a factor of 5 in 
separated material, but it makes it easier to get a uniform deposit over a 
large area, and it avoids the necessity of dissipating the ion beam power 
(<=« 3 watts) in the source holder. Experience with the Van de Graaff targets 
prepared in this way has shown that the number of carbon atoms carried 
onto the target is negligible for our purposes. The separation proceeded for 
about 30 hours, the source holder being rotated periodically during this 
lime to ensure uniformity. The source holder, as in the uranium case just 
discussed, was a 2 cm diameter disc of 10 mg/cm2 plastic phosphor, covered 
with a 0.15 mg/cm2 aluminium foil. The total activity of the source at the 
end of separation was about 2.4 disintegrations per second, implying a 
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total mass of 0.6 mg, or an average density of 0.2 mg/cm2. Both visual 
inspection and rough alpha counting showed that the deposit was very 
uniform. Its appearance was that of a slightly tarnished bright metal.

The Th232 source was mounted as in the U238 case just discussed, and 
counter settings much the same were used. The advantages of electron energy 
and source uniformity outweighed the disadvantage in specific activity, 
however, and the coincidence counting rate was about three times better 
than for the uranium source, viz., 3 counts per minute. The time analysis 
was run for 45 hours, and the result is shown in tig. 15. The half life of the 
59 keV excited state of Ba228 is found to be (5.5 ± 0.4) x IO-10 sec.

(i) Th228 (57.8 keV)

The 57.8 keV first excited state of Th228 is strongly excited in the beta 
decay of Ac228 (6.1 7i). Two beta branches of maximum energy 2.1 and
1.8 MeV, totalling 25% of the disintegrations, feed almost directly into the 
desired state. Further beta branches, of energy 1.1 MeV or less, feed higher 
excited states which then emit a variety of gamma rays. The half life of 
the 57.8 keV state was measured by analyzing coincidences between the 
high energy beta branches and the MN... conversion electrons of the
57.8 keV stale, thus avoiding most of the prompt coincidences that would 
otherwise occur.

The Ac228 activity was obtained from a sample of Ba228 (MsTh 6.7 y), 
which was in partial equilibrium with its daughters. These are the same as 
the ones dealt with under Ba224, section (c), plus of course Ac228. Again a 
cation exchange procedure was used to prepare the source. The mixture of 
isotopes was absorbed from a very dilute hydrochloric acid solution (0.01 N) 
onto a cation exchange column which had previously been conditioned with 
a 0.05 M solution of (NH4)2EDTA (ethylene-diamino-tetraaceticacid-diam- 
monium salt) (pH 4.7) and then washed with water. All activities were ab
sorbed in a band on the top of the resin filling. The column was first eluted 
with 0.005 M (NH4)2 EDTA (pH 4.7) which removed thorium, lead, and 
bismuth, leaving radium and actinium behind. The concentration of the 
eluant was then increased to 0.05 M. This took out Ac228. The fraction used 
had a purity of about 95 % by beta activity, the impurities being Ph212 
and Bi212.

The Ac228 activity was deposited directly on the surface of a plastic 
phosphor 3 mm thick, and had a surface density of about 100 yzg/cm2 (con-
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Fig. 16. The time analysis of the decay of the first excited state of Th228. Note that a few prompt 
coincidences occur in this curve (see the text, section (i)).

sisting mainly of the organic eluant material). This phosphor detected the 
conversion electrons; it was covered with 30 mg/cm2 of aluminium and then 
with a second 3 mm thick phosphor to serve as beta counter. Pulses from 
this counter lying between 1.0 and 1.6 MeV were accepted as the beta events. 
The spectrum of the conversion electron counter in coincidence with these
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Fig. 17. The time analysis of the decay of the first excited state of Th232.

pulses showed a peak from L conversion of the 57.8 keV transition, with a 
bump on its upper energy edge due to MN. . . conversion electrons. In 
addition, there was a low background due to coincidences between nuclear 
beta rays detected in the conversion electron counter and high energy 
gamma rays detected in the beta counter. These coincidences would give 
rise to prompt events in the time analysis amounting to about 15 °/0 of the
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Fig. 18. The time analysis of the decay of the first excited state of U232.

total. The time analysis, fig. 16, shows the expected small prompt component, 
together with a clean decay of half life 4.0 xlO-10 sec. If the presence of the 
prompt coincidences had been ignored and a straight line drawn through 
the points, the half life would have appeared about 5 °/0 lower. We assign 
a slightly larger than usual error, and give for the 57.8 keV excited state 
of Th228 the value Ti = (4.0 ± 0.3) x IO-10 sec

Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 12. 3
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Fig. 19. The time analysis of the decay of the first excited state of U234.

(j) Th232 ( 50 keV), U232 (44 keV), U234 ( 43 keV) U236 (45 keV), 
Pu238 (44 keV), and Pu240 ( 43 keV)

These six excited states were studied in radioactive sources supplied 
through the kind cooperation of Dr. E. P. Steinberg of the Argonne National 
Laboratory. The parent source in each case is an alpha emitter with about 
25 per cent branching to the first excited state of the daughter. (The parents
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Fig. 20. The time analysis of the decay of the first excited state of U236. A long lived contribution 

has been subtracted (believed to be from Am241).
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are, in order, U236, Pu236, Pu238, Pu240, Cm242, and Cm244). Each source was 
supplied already deposited on the surface of a 10 mg/cm2 plastic phosphor, 
with an average strength of a thousand disintegrations per second. On 
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Fig. 21. The time analysis of the decay of the first excited state of Pu238. A long lived impurity 
has been subtracted (believed to be from Cm243).
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Fig. 22. The time analysis of the decay of the first excited state of Pu240. A prompt curve is 
included for reference.
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Fig. 23. The time analysis of the decay of the first excited state of U238. A long lived contri
bution has been subtracted (believed to be from Am241).

account of the small penetrating power of the LAIN. . . conversion elec
trons, the thin phosphor on which the source was deposited was used in 
each case as the electron counter. The source deposit was covered with a 



Nr. 12 39

layer of 0.15 mg/cm2 aluminium foil, and a second thin plastic phosphor 
was pressed against the foil to serve as an alpha counter. The conversion 
electron counter bias was set to accept energies from 30 to 50 keV, approxi
mately. In this way the MN. . . conversion lines, and perhaps the upper 
edge of the L conversion line, were detected. The alpha pulse height window 
covered the broad alpha peak in the usual way. No trouble was experienced 
with any of the sources, and the six measurements were completed in as 
many days.

The result for the 50 keV first excited state of Th232 is shown in fig. 17. 
The half life is (3.45 ±0.15) x 1 ()10 sec. This nuclide is one of two for which 
the corresponding Coulomb excitation measurement has been made by 
Skurnik et the other being U238.

The curves for U232 (47 keV) and U234 (43 keV) appear in figs. 18 and 19, 
with half lives (2.54 ± 0.20) x 10-10 sec and (2.66 ± 0.20) x 10-10 sec, respect
ively.

Fig. 20 shows the curve for U236 ( 45 keV), measured from a parent 
source of Pu240. The weak component of longer lifetime is tentatively iden
tified as due to the presence of Am241 impurity in the source. Am241 (458 y) 
has an 85 °/0 alpha branch to an excited state at 60 keV whose half life is 
known to be 6.3 xlO-8 sec, consistent with our measured curve. It is a logical 
impurity in a Pu240 source, because it can be formed by the beta decay of 
Pu241 (13 y). The long lived component is subtracted in fig. 20, giving a 
half life for the 45 keV first excited state of U236 of (2.32 ±0.20) x 10-10 sec. 
It is clear that exact knowledge of the half life of the subtracted component 
in fig. 20 is not required in any case.

Fig. 21 shows the curve for Pu238 (44 keV), measured from a parent 
source of Cm242. Again we have a longer lifetime due to an impurity, in 
this case Cm243, which decays to an excited state of Pu239 having a half 
life of 1.1 x 1()~9 sec. Making the subtraction, we arrive at a half life of 
(1.83 ± 0.15) x 10_1° sec for the 44 keV state of Pu238.

Fig. 22 shows the curve for Pu240 (43 keV), with a comparison curve 
labelled “rough prompt”. This prompt curve was made by the same tech
nique of light leakage as that described in section (a) above. It was included 
at this point in the measurements because the Pu240 excited state has the 
shortest half life of any of the transitions below 100 keV. The instrumental 
half lives read from the slopes of the two sides of the prompt curve lie 
between 1.1 and 1.2 x 10“10 sec, while the half life of the 44 keV excited state 
of Pu240 is (1.73 ± 0.15) x 10-10 sec. Fig. 22 thus shows that we are still far 
enough from the instrumental limit to make a slope measurement of this 
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half life at this energy, but it also suggests that the still shorter half lives 
anticipated for the first excited states of curium and californium would be 
much more difficult to measure.

(k) U238 (45 keV)

the 45 keA first excited state of U238 is excited by a 24 % branch in the 
alpha decay of Pu242 ( 3.8 xl05y). The Pu242 sample was also provided by 
the Argonne National Laboratory through the kindness of Dr. Steinbebg.

The sample contained 97.3% Pu242 by weight, but, owing to its long half 
life, the Pu242 activity only represented 6.4% of the total alpha activity; 
the main activity was Pu238 (86 y). In this case, therefore, an isotope sepa
ration was essential. The alpha activity due to Pu242 in the sample was 3,200 
disintegrations per second, corresponding to 20 /tig of plutonium. The ion 
source of the isotope separator could not be expected to work on such a 
small mass. The sample was therefore mixed with 1 mg of uranium oxide, 
and a procedure similar to the one described in section (7i) was used, except 
that the activity was collected directly on a 0.15 mg/cm2 collector foil of 
aluminium. The result was a source of Pu242 1 mm wide and 8 mm Ions 
having 170 alpha disintegrations per second, corresponding to 5% yield in 
the mass separation. The source was mounted in the usual way and counter 
settings similar to those of section (j) were employed. The delay curve is 
shown in fig. 23. It can be seen that there is a long-lived tail present in the 
distribution. This is believed to be due to small amounts of Am244 ( 4 5 8 y) 
present in the source as an impurity. The presence of some Am241 is reason
able, even in the mass-separated source, because its mass is adjacent to 
that of Pu242. The 6.3 x 1 () 8 sec half life produced by Am241 has been dis
cussed in section (j), under U236 (see also fig. 20). The alpha decay energy 
of Am241 (5.57 MeV) differs appreciably from that of Pu242 ( 4.94 MeV), and 
it was possible to discriminate against Am241 by using a narrow channel in 
the region of 5 MeV for the pulses from the alpha counter. The poor resolution 
of the plastic phosphor limits the effectiveness of this procedure, but the 
Am241 contribution was reduced to 4% (see fig. 23) from a value of 12% 
when a wide window was used. After the usual subtraction, fig. 23 gives 
(2.25 ±0.20) x 10-10 sec for the half life of the 45 keV excited slate of U238. 
The corresponding Coulomb excitation measurement has been made for 
this nuclideOD.
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3. Discussion

Before evaluating the experimental results, we consider how well the 
rotational model applies to them. In fig. 24 we have plotted the energy of 
the first excited state, £\, and the ratio of the energy of the second excited 
state to that of the first excited state, E2/L\, as functions of A for the nuclides 
of this study. For the rotational description to be valid, E1 should be low 
and relatively independent of A. One suggested criterion* 1) for what is meant 
by “low” is that E) should be below

(8)

This critical value of Er is calculated to be 109 keV for Ra222, the left hand 
radium point in fig. 24; the experimental value of E) for the same nucleus 
is 111 keV. We may thus accept all the nuclides except the emanation isotopes 
as “rotational”, on this criterion. Fig. 24 also shows that the values of Ea/Ej 
for all the nuclides except the emanation isotopes are near the rotational 
value 3.33, as deduced from equation (1). For the emanation isotopes, the 
values of E2/Ei lie closer to the value 2.0, characteristic of vibrational ex
citations. (In any case their second excited states are of 2 + character, 
rather than the 4 + required in a rotational model.) Both of our criteria 
therefore suggest that the rotational description is not a good one for ema
nation isotopes, i.e., that the emanation isotopes are nearly spherical. We 
will nevertheless evaluate the emanation results in the same way as the 
others, enclosing the resulting values in brackets in tables and graphs as a 
warning. (The values of B(E2; 0 ->2) are correct, independent of assump
tions about nuclear shape.)

We note that in this region the question of whether a nucleus is spherical 
or deformed is decided primarily by the proton number Z, the change 
from spherical to deformed occurring between Z = 86 (emanation) and 
Z = 88 (radium). In the rare earth region, the change occurs between neutron 
numbers 2V = 88 and N = 90. The calculated particle energy levels in a 
deformed potential of Nilsson*12) are consistent with these facts.

The first step in treating the experimental half lives is to calculate the 
values of B(E2; 0 -> 2) in units of e2xl0“48cm4 by means of

B(E2; 0->2) = 282 [Ti(l+a)E®]_1, (9)

which follows from (2) and (3), with Ey in keV. The values of Ey are those 
quoted in the preceding experimental sections. The values of a were ob-
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Fig. 24. (Lower part). The energy Ej, of the first excited states of each of the even nuclei used 
in this experiment, plotted as a function of A. The energies for the three Em isotopes are 

too high for a rotational description to apply (see the text).
(Upper part). The ratio, E2/Ex °f the energies of the second and first excited states. The ratios 
for the three Em isotopes lie closer to the value 2.0 (vibrational excitations) than to 3.33 
(rotational excitations). In addition, the second excited states in the Em isotopes are 2+, 

rather than 4 + as required on the rotational model.

tained by interpolation in the K and L conversion tables of Rose*13*,  with 
the additional assumption, based on experiment, that MN. . . conversion is 
always one-third of L conversion. No additional error has been assigned 
for this procedure, because the results could be corrected if better conver
sion tables should become available. The energy values, Ey, often have 
uncertainties of two per cent or so, and at first glance this error would appear 
to be serious, owing to the high power of Ey in (9). In fact, however, a is 
large compared with unity, and varies approximately as E7,5. The factor
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(l + a)Ey appearing in (9) is therefore almost independent of energy, and 
moderate errors in the values of Ey contribute negligible errors to the final 
results. The same effect accounts for the fact, at first sight remarkable, that 
all the experimental half lives lie in the narrow range 1.5 x IO-10 to 7.6 xlO-10 
sec. Moreover, most of this variation is due to actual variations in B(E2) 
and to the variation of a with Z, rather than to variations in Ey.

Table I lists the nuclides measured (col. 1), the values of Ey (col. 2), 
the measured half lives (col. 3), the values of (1 + a) used in applying (9) 
(col. 4), and the resulting values of B(E2; 0 -> 2) (col. 5). Column 6 gives 
the results for B(E2; 0->2) for Th232 and U238, measured by Coulomb 
excitation by Skurnik et al.(11). The discrepancies between their values and 
ours are 13 °/0, quite consistent with the combined errors of measurement. 
These two Coulomb excitation measurements were made by observing in- 
elastically scattered protons or deuterons from the target, and are 
independent of internal conversion coefficients. The agreement between 
the two pairs of values may be interpreted as an indirect verification, within 
15%, of the computed E2 conversion coefficients of Rose<13> for this region 
of Z and energy. The conversion coefficients involved are large (cf. col. 4 
of table I), and it is unlikely that direct measurements of them will furnish 
any closer check of Rose’s values.

Column 7 of table I gives the values of ()0 in units of IO-24 cm2, derived 
from the B(E2; 0 ->2) values by means of

10» I - [10.05 B(E2; 0^2)]1/2, (10)

which follows from (4). The errors shown for Qo and for B(E2; 0 ->2) in 
the table reflect only the errors assigned to the experimental half lives. 
Column 8 gives the values of ß calculated from Qo by means of (5). At this 
point it is necessary to choose a value for %, the average nuclear radius. 
We have used Ro = 1.2 A1/3 x IO-13 cm, so as to agree with other workers in 
this field, particularly Mottelson and Nilsson. (12) In that case, (5) becomes

ß = 3.12 (H)

The fractional errors in ß are closely the same as those in Qo, ranging from 
1.7% to 5.5%. Finally, column 9 gives the value of 3/3rig’ with 3 cal" 
culated from the observed energy of the first excited state by means of (1), 
and !yrig calculated from (6), using the experimental values of ß and the
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Table I.

(1)

Nuc
lide

(2)

(keV)

(3) (4)

1 a

(5)

B(E2;
(e2 10 46

0->2)
cm4)

(6) 
R(E2;0^2) 
from Cou
lomb exci

tation

(7)

Qo 
(10“24 cm2)

(8)

ß

(9)

S/'drig
Ti

(IO10 sec)

Em218 325 (0.8 1.112 \ 0.875 ( > 2.97) () .085) (<•081)
Em220 241 1.50 ± 0.1 1.283 1.8 ± 0.12 (4.26 ± 0.14) (0.121) (0.106)
Em222 187 3.2 ± 0.2 1.70 2.27 ± 0.14 (4.79 ± 0.15) (0.136) (0.135)
Ra222 111 5.2 ± 0.4 7.36 4.37 ± 0.34 6.63 ± 0.26 0.184 0.223
Ra224 84.4 7.6 ± 0.3 22.6 3.84 ± 0.15 6.21 ± 0.13 0.171 0.291
Ra226 68 6.3 ± 0.2 59.6 5.17 ± 0.17 7.22 ± 0.12 0.197 0.351
Ra228 59 5.5 ± 0.4 119.1 6.03 ± 0.44 7.79 ± 0.28 0.212 0.400
Th226 72 3.9a ± 0.2 54.7 6.77 ± 0.34 8.25 ± 0.20 0.220 0.330
Th228 57.8 4.0 ± 0.3 152 7.14 ± 0.54 8.47 ± 0.32 0.225 0.403
Th230 53 3.7 ± 0.2 236 7.70 ± 0.63 8.80 ± 0.35 0.233 0.433
Th232 50 3.45 ± 0.15 308 8.50 ± 0.37 9.7 ± 0.5 9.25 ± 0.23 0.243 0.450
Th234 48 3.7 ± 0.3 377 7.98 ± 0.64 8.93 ± 0.35 0.233 0.467
JJ230 51.7 2.6 ± 0.3 330 8.90 ± 1.00 9.46 ± 0.52 0.245 0.443
1 '232 47 2.54 ± 0.2 490 9.90 ± 0.78 9.98 ± 0.28 0.257 0.470
TJ234 43 2.66 ± 0.2 758 9.50 ± 0.72 9.77 ± 0.38 0.251 0.516
{J236 45 2.32 ± 0.2 614 10.70 ± 0.92 10.35 ± 0.44 0.263 0.485
T’238 45 2.25 ± 0.2 614 11.05 ± 0.98 12.6 ± 0.6 10.52 ± 0.48 0.268 0.480
pu238 44 1.83 ± 0.15 783 11.9 ± 1.0 10.95 ± 0.45 0.271 0.493
Pu240 43 1.73 ± 0.15 880 12.6 ± 1.1 11.26 ± 0.48 0.278 0.488

This is a compilation of the experimental results from the previous section. The experimental 
energy of the first excited 2 + state is listed in column 2, the data coming from the nuclear tables 
of Strominger eZ aZ.d) Column 3 lists the measured half lives and their absolute errors. Column 4 
shows the quantity (1+a), where a is obtained from the tables of Rose<13) by interpolation. 
The reduced transition probability, B(E2), is shown in column 5. Column 6 gives the two avail
able measurements from the Coulomb excitation data (by the kind permission of E. Skurnik 
et alßV). The ground state quadrupole moments are listed in column 7. The deformation para
meter ß is given in column 8. The last column gives the ratio of the moment of inertia to that 
of a rigid rotor, 3/3rig-

value of 7?() mentioned earlier. The simplified formula under these con
ditions is

S/3rig = 2.15 X 10» [Ey Aw(l + (1.31 /D]-1. (12)

fhe experimental uncertainty in ß makes only a small contribution to the 
error in 3/\5rig’ about comparable with the contribution from the uncer
tainty in Ey. The values of 3/ 3rig thus have relative uncertainties of around 
two per cent.

Fig. 25 presents the results for B(E2; 0 ->2) plotted as a function of A. 
An auxiliary ordinate scale on the right also shows the values of | Qo| for the
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Fig. 25. The reduced transition probabilities, B(E2; 0->2), plotted as a function of A. The 
right-hand ordinate refers to the corresponding intrinsic quadrupole moments, | Qo I, calculated 
assuming the rotational model. The errors shown are the absolute ones, the relative ones being 
smaller by about a factor 1/2. The half-brackets on the Em points show that the right hand 
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same plotted points. The error bars on the points represent the estimated 
absolute standard errors (but with no allowance for errors in a, as men
tioned earlier). The relative errors can be taken as considerably smaller, 
perhaps by a factor 1/2. The plotted points have been joined in groups 
according lo Z. It is clear that the B(E‘2) or Qo values depend mainly on Z, 
with a residual tendency to increase with N. The detailed structure of the 
results, e.g., the low values at A = 224 and A = 234, is probably real, but 
we will not attempt any interpretation of these fine points.
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Fig. 26. The experimentally measured deformation parameters, ß, assuming spheroidal nuclear 
shapes, plotted as a function of A. The theoretical curve is due to Mottelson and Nilsson<12).

The Em points have been placed in brackets as a warning (see the text).

Fig. 26 shows the experimental values of ß plotted as a function of A, 
together with a theoretical line due to Nilsson (reference 12). The theoretical 
values represent the deformations which yield minimum nuclear energy for 
a model of independent-particle motion in a deformed potential. The actual 
values refer to particular odd mass nuclei in this region, and are therefore 
not expected to reproduce the experimental values in detail. In addition, the 
residual interactions are expected to reduce the deformations somewhat. 
Quantitative calculations of this effect have not yet been published.*  With 
these remarks in mind, the agreement between theory and experiment is 
seen to be very good.

We turn now to the moments of inertia. Fig. 27 shows the experimental 
values of $/$rig, plotted as a function of ß. The diagram also includes a 
set of experimental values for the even rare earths, taken from Elbek, Olesen 
and Skilbreid<14>. The experimental values are indicated by circles. Crosses 
refer to preliminary theoretical values calculated by S. G. Nilsson and 
(). Prior.**  Theoretical and experimental points belonging to the same

* Such calculations are at present in progress (Z. L. Szymanski, private communication). 
** We are indebted to Dr. S. G. Nilsson for making available the results of these calculations 

prior to publication.



Nr. 12 47

RARE EARTHS
A~ 160

* EXPERIMENTAL

+ CALCULATED (NILSSON)

ß
Fig. 27. The ratios of the moments of inertia to the rigid rotor moments of inertia, 3/3rl , 
plotted as a function of ß. The results for even rare earth nuclei are taken from Elbek, 
Olesen and Skilbreid.<14> Two points for Em have been placed in brackets as a warning (see 

the text). Circles represent experimental points. Crosses are calculated values (see text).

nucleus are joined. The theoretical values have been calculated on the basis 
of individual-particle motion in a spheroidal field with pairing correlations 
added, using the general expressions derived by Belyaev*15). It is seen that 
the agreement between theory and experiment is quite satisfactory, especially 
in the heavy element region. The discrepancies found are on the average 
10 °/0, while the experimental errors are of the order of 3 °/0.

We may summarize our conclusions by saying that recent theoretical 
calculations succeed very well in reproducing the general trends of the 
experimental results. The deviations between theory and experiment are 
of the order of 10%, which is somewhat more although of the same order 
of magnitude as the experimental uncertainty. It remains to be seen whether 
a refinement of the theory and of the experimental accuracy will remove 
the discrepancies.
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Synopsis
Landau has shown that a non-ideal Fermi gas at zero temperature can sustain 

collective oscillations of the acoustical type (zeroth sound). The present work con
cerns itself with the attenuation of zeroth sound in a dilute Fermi gas with repulsive 
interactions. The problem is formulated in terms of the Green function ® which 
describes the propagation of density fluctuations through the system. The simplest 
approximation to ® leads to Landau’s dispersion law which is analyzed in some 
detail. The contribution of the phonons’ zero point oscillations to the ground state 
energy is estimated, and shown to lead to a term which has an essential singularity 
at the origin of the coupling constant plane. The energy and width of the phonon 
are given by the poles in the spectral representation of ®, and the location of these 
poles is determined from the Fredholm solution of an approximate integral equation 
satisfied by ®. In this way it is shown that the width, divided by the displacement 
of the collective state above the single-particle continuum of the free gas, vanishes 
linearly in the long wavelength limit. It is also shown that in the limit of extreme 
dilution the correct damping can be obtained by merely taking the finite lifetime 
of single-particle excitations into account, and ignoring the dissipative effects of 
the non-instantaneous interactions between the particles in the medium. Finally, it 
is also argued that the Fredholm method is the natural tool for discussing many 
problems in the theory of collective motion.
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Introduction

Landau has shown (1) that a Fermi gas at the absolute zero of temperature 
can sustain collective excitations provided the inter-particle forces have a 

finite range and are predominantly repulsive. In the long wavelength limit 
he found that these excitations have a phonon spectrum, i. e., an energy 
proportional to their momentum, but that llieir velocity exceeds the classical 
sound velocity by \/3 (1 +<5), with ô depending on the strength of the forces 
in a very non-analytic fashion. By examining the appropriate density matrix 
Landau has also shown that the mode in question can be described by a 
rather peculiar distortion of the Fermi sphere which is quite different from 
what one would expect for an ordinary sound wave, and in order to em
phasize these distinctions he has called this motion zeroth sound. If the 
temperature of the system is raised, the damping of zeroth sound rapidly 
increases, as Abrikosov and Khalatnikov have recently demonstrated(2).

In deriving the results just summarized, Landau employed the somewhat 
semi-classical theory of Fermi liquids which he previously developed . 
This theory docs not readily lend itself to a systematic study of corrections 
to lowest order results, nor is it clear what approximations have tacitly been 
made in order to arrive at these results. It is therefore of some interest that 
Landau’s findings have been retrieved from the more general field-theoretic 
formulation of the many-particle problem by Galitskii and Midgdal(4), 
and by Glassgold, Heckrotte and Watson®. From this work it appears 
at first sight that Landau’s approximations are essentially*  the same as those 
invoked in the theory of plasma oscillation of an electron gas(6-9). As these 
approximations are known to be strictly valid only in the high density limit 
for an electron gas (10), it is natural to ask whether Landau’s results are 
characteristic of the approximations used, or whether they will also be found 
in a more accurate treatment.

In order to answer these questions we have investigated the corrections 
to Landau’s results for the case of a dilute gas. This is the natural system

* We use the qualification “essentially” because Landau’s treatment automatically includes 
a certain class of self-energy effects, and replaces the actual inter-particle potential by a scattering 
matrix.

1*  
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to choose for this purpose, since one can hope to make systematic expansions 
in the small parameter kFa0(kF being the Fermi momentum, and a0 the 
scattering length associated with the inter-particle forces). One then finds a 
complex correction to the phonon energy, the imaginary part representing 
the decay (or damping) of the highly organized motion into more complicated 
excitations. This damping is found to vanish in the long wavelength limit, 
and Landau’s conclusions are thereby substantiated.

Unfortunately our considerations cannot be applied to any existing 
physical system without greatly transcending our basic approximations. He3 
is, from our point of view, a very dense liquid, and a semi-phenomenological 
theory such as Landau’s appears to us the only possible way of describing 
this system. Nuclear matter is a much more dilute Fermi gas, but in nuclear 
physics the problem of practical interest is the collective motion of a finite 
system, with the attendant breakdown of translational invariance. In view 
of these remarks, the work presented here constitutes a contribution to the 
mathematical physics, but not the theoretical physics, of many-body systems.

In Section II, the problem is formulated in a general way, and an integral 
equation for the Green function which describes the propagation of density 
fluctuations is derived. The phonon’s dispersion law in Landau’s ap
proximation*  is discussed in Section III, and the phonon contribution to 
the ground state energy is estimated; it is shown that the ground state energy 
has an essential singularity al kFa0 = 0. A systematic discussion of damping 
by means of the Fredholm theory is presented in Section IV. As we shall 
see, the Fredholm method is the natural tool for investigating the dispersion 
law of any collective motion, because it leads directly to the poles of Green’s 
function in the complex energy plane. The method is, moreover, very 
practical because the diagonal terms in the Fredholm determinant exist in 
the many-body case, and do not have to be eliminated as in three-dimensional 
scattering problems.

II. Formulation of the Problem

A. The Response to an External Field

The most natural way to formulate the problem at hand is to ask for the 
response of the system to a time-dependent, externally applied field F(t).**  
We shall assume that the resulting interaction Hamiltonian 1V(/) is linear

* For an elementary account of this matter, see ref. (“).
** This approach has, of course, been used by many authors. Cf., e.g., references (12-u). 
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in F (/), and that F (f) can be made weak enough for the Born approximation 
to be valid. We shall, furthermore, assume that F(/) interacts with the 
particles of the target one at a time, that is to say, we assume that W(Z) 
is a sum of one-particle operators. In the case of He3, for example, an external 
field satisfying our requirements would be provided by a beam of light(15), 
a magnetic field, or perhaps by the interaction with cold neutrons.

Since W(f) is assumed to be linear in F (/), we can restrict ourselves 
to an external field having a single frequency co and one wave number q, 
in which case W(t) = (W- œ e~i0)t + h.c.}. In terms of second quantized 
operators we shall write as*

* y s (x) destroys a particle with spin s at the point x, a is the Pauli matrix, \ (d3 r) in
dicates integration over all space, and a sum over spin indices. Frequently, the spin variables 
are suppressed. Of course, eq. (1) is not the most general form Wq>0) can have, since we 
assume that the interaction is both local in x-space and velocity-independent. A more general 
form for w would only lead to tedious complications which are completely irrelevant to our 
consideration.

W,. a - jj (rf’.T) ' <f> (x) [F<®m + a ■ F«„] V(x). (1)

F^co and Fq^co are the parameters which characterize the interaction. Thus, 
if we apply a magnetic field { Hf/< w ei (Q '+ c.c.} to He3, F^œ = 0 and 

= F^qt(a, with u the magnetic moment of the He3 nucleus, whereas 
for neutron diffraction

where as and at are the singlet and triplet scattering lengths, and an is the 
neutron’s spin vector. If we choose the spin quantization axis of the target 
particles parallel to F(1), we can rewrite eq. (1) as

with
(2)

(3 a)

(3 b)

The density operators o0 and ox are, respectively, scalars and vectors in the 
total spin space of the target; if we restrict ourselves to transitions out of 
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a ground state with total spin zero, this means that the stales which can be 
excited by o0 and are, respectively, singlets and triplets, and therefore 
incoherent.

We define the response of the system, 9t (çai), to be the total transition 
rate out of the ground state | 0) induced by the external field. Thus,

9t(c/co) = 9f0(c/co) + 9tx (7 co), (4)
with (/i = 1 )

(</ <u) - 4 711 I2 2’d (<o - E„) | < n | i d3 x W (x) - I 0 > I2. (5)
n *

Here, | n > is an exact eigenstate of the system with excitation energy En.
For purposes of calculation, and also for intuitive considerations, it is 

very convenient to express 9f^ as a ground state expectation value. This may 
be achieved by introducing the autocorrelation function of the density 
fluctuations

• °° ft
<7 co) = - A dt eiwt\ d3 rd3 x' e~iq ' (x~x'> < (Ôox (x, t) (x'))+ >0, (6)

J—00 J

where ( )+ is Wick’s lime ordering symbol. The lime-dependent density 
fluctuation is defined as

% (x, t) = (x) — (x) >0,

where H is the Hamiltonian of the target (in the absence of the external 
held). If co 0, Öo may of course be replaced by q itself in (6). Upon rein
troducing the eigenstates | n ) of 77, (6) becomes

(</ co) = lim
7]^0 n

Knljj'Cxe-1’ *(> z(x)|0>|2

+ En -irt

Comparing eq. (5) with eq. (7)

9\z (qco) = ■ 
if co ) 0 .

According to eq. (7), the poles of (<?co) lie at the system’s excitation 
energies (resonant frequencies), while the residues at these poles are pro-
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portional to the transition probabilities for exciting the corresponding states. 
If the system is a free Fermi gas, these poles are confined to the region of 
the q-a> plane bounded by the curves co = (c/2/2 in) ± qkF/m. The residues 
at these poles are squares of single-particle matrix elements, and therefore 
independent of the number of particles

Hq,
Fig. 1. The response as a function of co for fixed q is sketched here. The shaded portion show 
the response in the absence of interaction, and a>c is defined by eq. (33). The collective resonanc 

is centered at ß .

When the interactions in the system are turned on, &'^(qoi) acquires 
singularities throughout the entire q — a> plane, the residues at these new 
poles being in general quite small if the interactions are weak. In the ap
proximation of Landau (and Galitskii — Migdal), however, only a line of 
new singularities appears, but their residues are anomalously large. They 
therefore correspond to states having transition probabilities out of the 
ground state which are vastly greater than the single-particle probabilities 
mentioned earlier, and it is therefore natural to call these collective ex
citations.

A more accurate treatment exhibits the other singularities, and the 
the huge residues of order TV are spread over many poles in the vicinity 
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of the line of singularities discovered by Landau. For fixed q and as a function 
of co, 9i(çco) then has the form shown in Fig. 1, with the sharp resonance 
centered at Qq coming from the collective excitation.

B. The Propagation of Density Fluctuations

We now turn to the evaluation of (3L(çco). It is not possible, in general, 
to lind an equation which determines &'i(qaP) itself*,  and it is necessary to 
consider the most general 4-point propagator**

* In Hubbard’ spapers on the electron gas I7), an equation which employs the notion of ir
reducible polarization parts is derived for itself. We, however, are concerned with strong, 
short-range forces, for which direct and exchange diagrams are of the same magnitude, and 
which, moreover, must be represented by a rather complicated pseudo-potential (see Figs. 3 
and 4, and eq. (24)). Therefore, it does not appear to be possible consistently to define simple 
polarization parts, and a technique such as the one described here seems to be required.

** Our notation is: x = (x, /), p = (Ä, e), X • p = x • k-et, and y (x)is the Heisenberg operator 
eiHtzp

PsA, ,'W - (2jr)-8jj</4æi . . .

X< (n Ol) K O2) Vs3 (^3) vl O4)) + >0 •

The physical significance of the expectation value in eq. (9) is quite clear: 
when tlt /2 > t3, t±, it represents the probability amplitude for finding a 
“particle-hole” excitation superimposed on the true ground state at (ay, a2), 
if such an excitation was originally prepared at (a3,a'4). The relationship 
between the function defined by eq. (9) and (qcj) will now be given. 
First, note that translation invariance requires eq. (9) to contain the factor 
d (Pi~I}2 + Ps~~P4)’ it is therefore convenient to introduce the variables

p = (pi+p2)/2, p = (p3-cp4)/2, P = px-p2, P'=P^~ps. (10)

Functions which describe singlet (2 = 0) and triplet (2 = 1) excitations can 
now be defined through

ô(P-P') &1_x(pP>P)=^J < Â 0 | — s1s2>® (p!«!, .... p4s4)<- s3s4| 20>, (11) 
81. . . S<

where <20 |ss'> is the usual Clebsch-Gordan coefficient for spin 1/2. Again 
because of translation symmetry, it is more convenient to consider

(9)
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= -’(27r)3 jix’aî<(^(æ)^(o))+>o> C6')

* = (<?, co) being the 4-vector of momentum transfer ; since x = 0, the relationship 
between eqs. (6) and (6') is simply = ( V/8tt3) where V is the 
volume of the system. Upon comparing eq. (6') with eqs. (9) and (11), we 
arrive at the required connection

= 2^7 (12)

The subscript “ + ” on the integral signs indicates that in carrying out hte 
integrations over the energy components of p and p the contours are to be

(a) (b)

P2 Pl

Fig. 2. The definition of 2(15; 26). Double lines represent the “dressed” propagator G (p).

closed in the upper half plane; this prescription produces the correct se
quence of equal-time field operators as demanded by eq. (6').

As Galitskii and Migdal have noted, the function defined by eq. (9) 
satisfies the identity(16~18)

@ (12 ; 34) = (12 ; 34) + G(l) G(2) S(15 ; 26) ® (65 ; 34) (d4p5) (c/4p6); (13)

here G (p) is the one-particle Green function

G(p) = -Ad4xe-ipa:<(^(x)/(0))+>0, (14)
and J

(SJ°(12;34) = G(p2) G(p4) [ô (p2-p3) ö Q^-p^-ô (P1-p2) ô (p3-pi)].

The kernel S(15; 26) is the sum of all diagrams of the type shown in Fig. 
2(a) which cannot be reduced to diagrams like that shown in Fig. 2(b). 
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If the interparticle force v is weak, the leading contribution to this kernel 
is just proportional to the matrix element (15 | v | 26). When the forces are 
strong, but have a range small compared to the mean interparticle spacing, 
•S’ can be expanded in powers of the free space scattering amplitudes. We 
postpone a more detailed discussion of E for a moment, because it is possible 
to effect a considerable simplification of eq. (13) on general principles*.  
Invariance considerations immediately lead to the conclusion that**

12 ( Pi si > Pô S5 ’ P2 s2 > Pô sg)

= à(pi+p5-p2~p&)y<s1s5\SM>Ss(p, p'; P)<Sd/|x2.s6>, [ 
with sm

P = (Pi~Ps) /2 > P = (P2-Pe) /2 > = Pi + P5 ■

Therefore, if we change variables according to eq. (10), employ eq. (15) 
and the inverse of relation (11), and integrate over p', we find that eq. (13) 
reduces to

®z (p ; x) - ®° (p ; X) I 1 + ( da p' /)«> (pip') ®A (p' ; x) I. (16)
with ’ ’ 1

(P ! *)  = d4p ^.(PP’,*),  (17)
and (x#0) +

®°(^;«) = + cfjD —(18)

The kernel in eq. (16) is related to the functions defined by eq. (15) through

'</"</■ I p") - 1/2 { 3 3, ((?1, Q2; 0) + 3» (01,02; (?) ).
I (19) 

«?’ (/> I />') - 1 /2 ( 3, (01. <?2 ; (?) - 3„ ( (>!, Q2 ; Q ) } ,
with

Qi = (p-p' + x)/2, Q2 = (p~p'~^/2, Q=p + p. (19')

Eq. 16 is oui- basic equation; its solution (S^ (p;x), after integration over 
p, gives us the desired quantity (x) from which we can immediately 
deduce the response. The reader will have noted that eq. (16) has the same

* In ref. <4>, a homogeneous particle-hole wave equation is derived from eq. (13). As Gell- 
Mann and Low <17) have pointed out, such a wave equation exists only if the eigenstate in question 
is a discrete one (e. g., the deuteron in the meson-nucleon system). In our problem, the collective 
mode is degenerate with a host of more complex excitations (i. e., it is damped), and so the 
Galitskii-Migdal equation (their eq. 40) only holds in the no-damping approximation. Our 
procedure is always valid, and is, in fact, just as easy to work with as the particle-hole wave 
equation.

** Here we assume that there are no tensor or spin-orbit forces, i. e., that the system’s total 
spin vector is a constant of motion.
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structure as the integral equation for a two-particle Green function in normal 
scattering theory. Loosely speaking, 05/ (p; x) describes the propagation 
through the medium of a particle-hole pair with total 4-momentum x, re
lative 4-momentum p, and spin Â. It is impossible, however, to extract a 
complete orthonormal set of particle-hole wave functions from (/L *)  •

It is of course not possible to solve eq. (16) with arbitrary kernels, and 
approximate solutions must be sought. But the approximation technique 
must be capable of producing resonances in the response, and ordinary 
perturbation theory is therefore ruled out. (In fact, as we shall see in the 
next section, the ground state energy itself has an essential singularity at 
the origin of the coupling constant plane.) The Fredholm method(19), on 
the other hand, constructs the solution as the ratio of two entire functions
of the coupling parameter, and is therefore well defined even if ®2(x) 
is not an analytic function of the coupling constant. The Fredholm solution
reads

with

(x) = 77(x) + -—7
2 7TI

^)
O) ’

#(«) = d4pG(p+x/2) G(p—x/2),
2 711 ,’+

^.(x)=z^r) = i-z^r («)>
n = l n=l

(20)

(20

(22)

92®> (x) - jj d4p Jd4p' ®° (p ; x) R<?’ (p | p') ®° (p' ; x), (23a)

9J<2> (x) = ( d4p (d4p'd4p" ®° (p ; x) B*  (p I p') ®(0)(p' ;x) (p' |p") ®°(p" ; x)

-æo>(x)9!<4>(x),

$<4> (x) - ( d4p ®° (p ; x) (p I p), (23 c)

(23

®° (p ; x) (p|p) ®° (p ; x) (p | p')
®° (p' ; x) «<■»> (p- |p) ®°(p' ; x) R<a> (p' |p')!’

We now return to a closer specification of S, and thereby of the kernels 
of eq. (16). As stated in Section I, we shall be interested in the dilute gas, 
and so an expansion of E in terms of free scattering amplitudes is required. 
For this purpose, we introduce the T-malrix in the ladder approximation 
(see Fig. 3); this quantity plays the role of a non-singular pseudo-potential
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Fig. 3. The T-matrix is represented by the shaded vertex, and the two-particle potential v by 
the heavy dot. The T-matrix is the sum of all the diagrams shown. The single lines in this figure 

represent the free-particle propagator Go (p) defined by eq. (27).

Fig. 4. The two lowest order diagrams contributing to the kernel S are shown in (a) and (b).
The second order diagrams (c) and (d) are not to be counted because they are already included 

by the integral equations for ®(p;x) and the T-matrix.

in terms of which expansions can he carried ont, the lowest contributions 
to S being those of Figs. 4(a) and (b). To each T-vertex there corresponds 
a factor (k1s1k2s2l T (E) | Æ3s3Æ4s4 >, where ÄxSx, k2 s2 (k3 s3, k4 s4) are the 
momenta and spins of the lines leaving (entering) the vertex, and E = a>1+ co2 
= co3 + co4 is the sum of the energies entering or leaving the vertex. Now let 
k = (Äx—Æa)/2 , k' = (ä3 — Æ4)/2 , Æ = Æx + Æ2, and

< k4 Sx k2 s2 I T (E) I Æ3 s3 k4 s4 >
- —ki) S< sis2 I S.V > < k I Ts (E, X) I *'  > < SM I s3s4 >. 

SM

We wish to express < k | in terms of quantities which describe
the free-space scattering. The most convenient parameters are the amplitudes 
fs(k\k'), which are related to the center-of-mass differential cross sections 
for unpolarized particles through
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dak^ - { 1/4 I f0 (k I k’) I2 + 3/4 | A (*  I *')  I2 ) dß.

If these f's satisfy outgoing wave boundary conditions at infinity, then the 
relation

k\Ts(E.K)\k>-fs(k\k')-~{<fik" fs_(k\ k")f* s(k' I £")_ 

k'3-k"2 + i7] ”

+ 1 /2 m d3 k"
mE - j K2 - k"2 + ir]

4

gives the T-matrix correctly to second order in /’<20). The other new symbols 
are

(Jfe) = 0± (K/2 + k) (K/2 - Æ).
with

6T (Ä-) = 1 -0_ (Å-)

I 1 if k>kF (25)
|<> if Â< z.^. I

The factor 1/2 in front of the integrals in eq. (24) is due to the fact that our 
amplitudes are already antisymmetrized: if primes denote unsymmetrized 
amplitudes, then

fs(k\k’)-f's(k\k‘)+(-l)sfs(k\-k').

We are now in possession of the formal apparatus required for our 
investigation. We begin by summarizing the situation when damping is 
ignored.

III. The Undamped Approximation

A. Collective Frequency and Cut-off Momentum

The inhomogeneous term (55° (p; x) of eq. (16) has branch cuts along the 
entire real axis of co, and therefore the solution of this equation must be 
expected to have the same analytic property, no matter what approximation 
for the kernel R is used. In physical terms, therefore, eq. (16) has no un
damped solutions. This is of course due to the fact that the single-particle

(24)
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propagators G which we have used describe “dressed quasi-particle” ex
citations which are themselves damped. If we are to get undamped solutions, 
we must therefore replace 05° (p; x) by

(^(p; x) = Golp+-x G0(p- - x (26)

where 6’0(p) is the free-particle propagator,

0_(À)

\k\2-ir]
2 ni

The lowest order contributions to the kernels of eq. (16) are linear in 
the f's, and therefore arise from Fig. 4(a). They are simply

R? (p I p'l - -1 >• (2 W4{ 3 A (Ql IQ2) + /o «211Q2)}. 
(/< I p') - - J ca.-r)-1 {A «211 <2_>)-/o (<2i IQ2)}.

(28 a)

(28 b)

the Qs being the spatial parts of the 4-vectors defined by eq. (19'). The 
momentum transfer involved in these scattering amplitudes is ç, which is 
always small compared to Ay (long wavelength disturbances). From eqs. 
(26) and (27) it follows that | Z? | and | k' | lie in the vicinity of AF, and 
therefore | Q1 | < kF, | Q2 | < kF. Hence in the dilute gas, where the effective 
range is small compared to ÂÇ1, we can replace the amplitudes in eq. (28) 
by their zero-energy limits. Since /\ only contains slates with odd angular 
momentum, we have

(29 a)
in this limit, whereas

0

(29b)

ci0 being the conventional S-wave scattering length<21). With these simpli
fications eq. (16) becomes trivially soluble,

A.«) 
(3«)Vi// \ J -  o ---- ,

1 — (— 1 / («0 / 2 "0 no (*)

//0 O) = 1/2 7T z $ d4p Go (p + x/2) Go (p—x/2).
with

(31)

Note that eq. (30) has the same structure as the Fredholm solution (20) of 
the complete equation.
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According to our previous discussion, the resonant frequencies of the 
system are determined by the poles of (^(^), i. e., in present approximation 
by the condition

1 -(-1/ (32)

fhe solution of this equation has been extensively discussed in the literature 
for the case of Coulomb interactions* 7'9). We recall that (x) is an even 
function of co, and so we can confine ourselves to co>0; it has a cut along 
the real co-axis when co<coc, where

* Unlike Glassgold et. al. (s), we only find a complex root if kp < — yr/2. It is therefore 
clear that these pathological roots bear no simple relation to the occurrence of superconductivity, 
since they only appear when the forces are extremely strong.

(33)

This cut corresponds to a perturbed continuum of simple “particle-hole” 
excitations which is present whatever the forces, and is of little interest to 
us. If, however, (-1) c/0>(), another isolated solution of eq. (32) can exist 
for co>coc. This is because nQ(q, co) has the properties

Im no (q, co) = 0 , TT0 (q, co) > 0 , 

dIIQ{q, co) 
dco

U() (,<t’ CO—> X *) »
(34)

when co>coc. The explicit form of eq. (32) for co > coc is

with

A ( cy, co) = - 1

1 = (- } (kF(lo I A((b ")>

I (w + Wo) (co - COc)
I 2 c/3 In

= 7 - 72/2 •

CO — CO c

CO + COo + (co~+ — co)

(35)

(36)

In eq. (36) and all subsequent formulae of this section, momenta and energies 
are expressed in units of kF and (k2F/ni), respectively.

We are only interested in the case a0>0, since for negative scattering 
lengths superconductivity is to be expected, and then the whole theory 
developed here is certainly not valid*.  Thus we have a collective root only 
for spin singlet excitations. From eq. (35) we find that this root exists pro
vided q< q®, the cut-off momentum being given by
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g® = 0.736 e-1^, £ = Å’p CIq

n
(37)

when £«1. The collective root has the phonon form as (g/g°)->0:

g{ 1 +0.270 W1/ê [1 +0.309 (g/g°)2 + ...]}. (38)

A plot of the phonon energy in the weak coupling limit will be found in Fig. 5.
Another quantity of interest is the excitation probability of the collective 

state. We recall that this probability is proportional to the residue of (x) 
at the phonon pole. A simple calculation yields

(39)

for this residue, n = (àf3/3 rc2) being the density. Furthermore, 9i?->()as 
q^q°c, as is to be expected.

A word concerning the accuracy of eqs. (37) and (38) is in order here. 
It is, of course, an easy matter to compute the leading correction terms to 
these expressions; for the extreme case Å’Fr/0 = 1 (i. e., <*  = 1/tt), we then 
lind that eqs. (37) and (38) are in error by 9 and 7 per cent, respectively. 
Furthermore, Fig. 5 reveals that eq. (38) reproduces the actual g-dependence 
quite well for the entire range below q°c. We therefore conclude that eqs. 
(37) and (38) adequately characterize the collective root in the present ap
proximation for all reasonable values of the scattering length a0.

On the other hand, once we depart from the extreme low-density limit 
(£->()), the approximation of eq. (29) must be modified, and then the 
simple solution (30) is no longer valid. We shall therefore resort to the 
Fredholm solution as given in Section II. If we retain the kernel given by 
eq. (28), we find that the 2 = 0 secular equation is

1 [/o (?/2 I 9/2) - 3 /i (ç/2 I ç/2)] 770 (x) = 0
16 71°

(40)

instead of eq. (32). The contribution from the second Fredholm determinant, 
eq. (23 d), has been neglected here because it already leads to a result of 
higher order in £ than we shall obtain from eq. (40). We now expand these 
forward amplitudes about q = 0. Retaining terms up to g , we find that

1-(f+Q2f)A(?,«>) (41)

replaces our previous eq. (35). Here,
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C = «o-«o-3 «1), (42)

r0 being the S-wave effective range<21), and the P-wave scattering length 
(i. e., the P-wave phase shift ôp---- (qa^3 as g->0). In deriving eqs. (41)
and (42) we have only kept the real parts of fs (q/2 | ç/2). The imaginary 
parts of the amplitudes should not be taken into account in the present

Fig. 5. The phonon energy 4P as a function of the momentum q can be obtained from this graph. 
The abscissa shows q divided by the cut-off momentum (the latter quantity being given by 
eq. (37)). The ordinate is , 0 v

f — -1 j exp (1/1),

where .0° is the solution of 1 = £ A (q, , i. e. it does not include the parameter £ appearing in
eq. (41). The present curve is therefore “universal” in the sense that it gives ïP or all k'paQ((n. 
The broken line indicates the top of the single-particle excitation continuum in these variables, 

i. e. exp (l/£) = 0.368 (q/<7°).

no-damping approximation; the reason for this will become clear in the 
following section (see discussion following eq. (58)).

From (4) we readily find that the cut-off momentum is now

Qc - 9? | I + 9° (; + + f2 (9?)2 + 0 ((<??)’) I. («)

whereas the collective state lies at 

Mat. Fys. Medd. Dan.Vid. Seist. 32, no. 13.

(44)

2
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with e0 = exp (-2-f“1). It is important to note that for all reasonable 
values of f and £ the cut-off qc lies well below the Fermi momentum. For, 
even if we take a rather dense gas with kFa0 = 1 , we find that g® = 0.032, 
and so the parameter £, which contains the P-wave and the momentum
dependent part of the S-wave, has a very minute effect on eq. (43), the same 
being true of eq. (44).

B. Phonon Contribution to Ground State Energy

The contribution of the phonons’ zero point motion to the ground-state 
energy can be evaluated by using the variational principle and invoking the 
well-known connection between the frequency integral over the response 
and the equal-time pair correlation function in the ground state. The ground
state energy per particle is then(7)

A (q, co)
1 - A (g, co) ’

whence the contribution of the collective pole is

IFIX, 1 </3'' W»’ 0 ' ’co11- 2 n 1 f' \ (2 n)3 2nkFm’
•-0 v

where 9%(£) is the residue at this pole. One obtains an upper limit to this 
integral by assuming eq. (39) to be valid for all g’s, and cutting the g-inte- 
gration off at g®. One then finds

(EoWeoll. < 0 005 r5'’£ (Å-^,/2 m) .

(The ^-dependence of the exact result for (Eo/^coii. *s °f the same form 
as this upper bound.) This contribution to the ground-state energy is, of 
course, completely negligible for all practical purposes. Nevertheless it does 
show that the ground state energy of a hard sphere gas has an essential singu
larity at the origin of the coupling constant plane, a result which is hardly 
surprising if one recalls that changing the sign of £ = kFa0/n leads to a 
drastically different physical system — the superfluid.
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IV. Attenuation of Zeroth Sound

A. Definition of the Complex Phonon Energy

We now consider © (x) = & (q, z) as a function of the complex variable 
z, with co = Rez. According to the spectral representation (7), &(q, z) has 
the following properties: it is analytic throughout the plane except for poles 
and cuts along the real axis; across these cuts Im® is discontinuous while 
Re & is continuous ; it is an even function of z; for co > 0, Im® < 0 as z-> co + iO. 
We recall that eq. (7) follows directly from the definition of @, and therefore 
the preceding statements are generally valid. It is also clear that the excitation 
energies En entering eq. (7) will extend to infinity, and that for a large system 
they must be expected to form a continuous spectrum. In our case, therefore, 
®(<7,z) should have cuts along the entire real axis*.

* Since we shall only interest ourselves in the singlet excitation (A = 0) we drop the sub
script A henceforth.

In the approximation considered in the last section, ®(g, z) was found to 
have a cut in the interval — coc < Rez < coc, and simple poles at z= 
The manner in which these results will be modified by higher approximations 
can be seen most easily by retaining the simplest kernel in the low-density 
limit, eq. (29), but leaving the dressed single-particle propagators in the 
inhomogeneous term of eq. (16). Instead of eq. (30) we then have

... n(.q,z)
1 — (ao/2 7i2n?) 77(q, z).'

This solution already has the infinite cut, because Im77(g, z) is discon
tinuous along the entire real axis. In fact, II (q, z) can be easily evaluated 
in terms of the spectral densities q± (jo, e) appearing in the representation^

(46)

where p is the separation energy (i. e., the chemical potential). According 
to eq. (21), therefore,

p c»,.» / i i \
77(7, z) = \ d3p \ dE\d£' Q+(\p q\,e)Q_(p,e')l — - ; • (47)

The densities o± (p, e) are real and positive definite for real e, and satisfy 
the relation

2
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\ de ie+ (p, e)+Q_(p, £)] = 1 .
•'o

Thus, n {q, z) has the analytic properties listed in the preceding paragraph, 
and therefore the same holds for eq. (45). In other words, the poles at 
z = have now disappeared. However, since —Im/7(g, co + z'D) is small 
(actually 0(/’2), as we shall see) when co2>co2, the denominator of eq. (45) 
nearly vanishes if, for some FJ2>co2,

1 - (aol‘2 zi2 m) Re 77(ç, £?ç) = 0. (48)

When this is the case, the discontinuity of 05 (7, z), and ipso facto the re
sponse, will have sharp resonances (see Fig. 2) of approximately Lorentzian 
shape centered at Re z = , with near since Re (// —770) is also
small. The parameters describing the line shape are then identified in the 
standard way with the energy Qq and width F of the phonon. The solution 
(6(7, z) that we shall find can be used immediately to determine the actual 
shape of the absorption line (i. e., the deviations from the Lorentz form), 
but we shall coniine ourselves to the evaluation of the parameters £}q and rq.

As is well known(4,9,22), the occurrence of a resonance is associated 
with a pole in the analytic continuation of ®(g, z) from Imz>0, Rez>(), 
onto the next Riemann sheet in the lower half plane, the location of the 
pole being z = ^gz'T^ + 0 (E2/ßff). This continuation can be effected 
easily by means of the Fredholm solution (20). All we need do is to evaluate 
T’(7, z) as a power series in z about some point in the first quadrant of 
z—the obvious choice being the zeroth order collective frequency _Q° + i0— 
and look for a root of S)(g, z) = 0 with Imz< 0. The Fredholm method 
has the additional advantage of providing ®(ç, z) as a power series in the 
coupling parameter, since the kernel Ry(p | //) of eq. (16) is itself such a 
power series. In this connection it is interesting to note that the Fredholm 
denominator 3) (7, z) consists of terms which never appear in perturbation 
theory. The perturbation series is contained in the numerator 92 of eq. (20), 
which does not enter into the determination of the pole.

The location of this pole will now be given. Let

(48)

where A (7, z) is the function introduced in Sec. Ill A (cf. eqs. (35) and (36)), 
and B(q,z) contains all the corrections, both those arising from higher 
order kernels and higher order Fredholm determinants, as well as those 
due to using dressed one-particle Green functions in the inhomogeneous 
term of eq. (16). Expansion of eq. (48) about ß9 gives
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This expansion in (z— QQq) converges extremely well because (z —ß°) is pre
sumably small compared to (£?£—coc), the zeroth order level displacement, 
and this latter quantity, it will be recalled, tends to zero exponentially as 
£->0. Therefore, if is a meaningful approximation to the energy, eq. 
(49) provides an accurate representation of 'S (7, z) for the z’s of interest 
to us. Except for terms which vanish exponentially, we thus have

B(q, f^ + zO)

? da)

(50)

for the location of the pole. If 7« 7° and 7°« 1, (we shall confine ourselves 
to this domain throughout),

da)
dA (7, co) 1

(52)

Here, Dq is the displacement of the collective state above the continuum of 
single-particle excitations in the approximation of Section III. Hence the 
“exact” displacement of this state is

(53)

In particular, therefore, the width rq divided by the zeroth order displace
ment is

no = - |lmB(7, 42J + Z 0).
La $

(54)

In the following pages we shall confine ourselves to a calculation of 
(Tq I Dq ), for which we require only ImB. It is of course possible to con
sider the real part of the correction to Dq, but this is of rather less intrinsic 
interest, and is also much more difficult to compute in detail. Our calculations 
of eq. (54) will be found in the following section. Readers who are not 
interested in such details can, with but little loss of continuity, proceed 
directly to Section IVC.
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B. Corrections to the Fredholm Denominator

The complete Fredholm denominator, £(7, c), was given in Section 
II B. To second order in the free space amplitude the kernel RH(P | p') has 
contributions from only two diagrams, those of Figs. 4(a, b); we call these 
kernels R' and R", respectively. Since we shall not go as far as fourth order, 
we only iequire the diagonal elements

(PE\PE) = f 1I2 { 3< ?/2 I 7i (2P> 2e) I - tf/2 >

+ <qI'2\ T0(2p, 2fi)|- q/2)} 
and

'OT>0t>0 - - (0.0) + 0 («’),

where lJ0(k,a>) is given by eq. (31).
In computing the first Fredholm trace with eq. (56), we can replace 

(s5°(p;z) by Go (p + x/2) Go (p — x/2) = (p; x): the difference between
(S5° and 65^ leads to terms of order c/q in Imi£), and does not concern us. 
Therefore the contribution of R" to eq. (23 c) is

2
770 (0,0) 770 (7, co). (57)J (p IF) (P'>*)  = - -^3 ( ar„ j

(55)

(56)

Since a>>a>c, Im//0(7, co) = 0; furthermore, Im/70(/j, 0) = Im 770 (0, co) = 0 
for all k and co. Thus eq. (57) is real, and Fig. 4(b) therefore does not 
contribute to the damping in the present approximation.

Using the representation of the T-matrix given in eq. (24), the Fredholm 
trace of eq. (55) is found to be

+ I m jj d’*[l/o«/2 I*) I2 —3 I A(«/2 I*) I2]

■ig(fe)______ _1|
2 771 £ - p2 — Å’2 + z 7 2me—p2 — k2 — iri I

x
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The imaginary pari of the first two terms inside the curly braces of eq. (58) 
vanishes in virtue of the optical theorem. Because of this, only the real parts 
of the f’s were retained in Section III. The third term of eq. (58) is already 
0(f2), and so we can use free propagators Go in computing its contribution 
to (x). Therefore

£(1)(c/,co) = ^3 77(c7,co)Re[/0(ç/2|ç/2)-3/1(ç/2|ç/2)]. + 2 a£2 J(q , | (59)

where IT (q, co) is given by eq. (47), and

(60)

(61)
with

œ p q
and

(62_)
a> p q

k ds

In order to arrive at eq. (60) we have retained only the S-wave scattering 
in the effective range approximation (eq. (29)), and expressed momenta and 
energies in units of kF and kF/m, respectively.

We proceed directly to the evaluation of Im J. After carrying out the 
E-integration, we find that

— Im J (q, a> + i ())= I+ (q, co) +1_ (q, co)

= % d3Å’/lg (Ä) ©_(/>-ç/2)

provided co > coc. In proceeding further it is necessary to consider the integrals

( cZ3 k' Ô (k2 - k'2) A (k') = 2nk X±(p,k). (63)

The functions x± vanish in certain domains:

X+ (p, à) = 0 if k2 + p2 < 1, (64+)
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Fig. 6. The function / (p, k) defined by eq. (63). The functional form of changes in the in
dicated manner upon crossing the heavy solid lines. The integrand of /+(<?, co) lies within the 

shaded domain, which does not intersect the line /c = p + 1 if co (( 1.

/_ (p, Â-) = 0 if Å’2 + p2 > 1 . (64-)

The functional form of £+ in the balance of the k—p plane is shown in
Fig. 6. Fortunately only one form of /+, namely

X+(P> k) =
k2 + P2 - 1

2 pA' (65)

enters into our calculation if a> > coc, and a>c « 1. This can be proven as follows. 
From the step and delta functions in I+ we have

1< k2 + p2 < 1 + at, (66 a)

1 + g/2 > p> 1'1 q/2 . (66 b)

A lower bound on k for fixed magnitude of p is

k2>(oj+q2l4 -pq)-k2.

To show that %+ always has the form given by eq. (65) we must have 
Åq >(p —l)2. However, by using eq. (66b) we find that
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^o-C?-1)2 > oj~wc,

and so for a>> mc we have the desired result.
The situation with respect to I_ is quite different. From the ^-function

we have
g2/4 — co —pq < A2 < g2/4 — co+pq.

On the other hand, p < 1 according to eq. (64_), and therefore

Å’2 < ~ Mc + CI

if co > coc. Since the right hand side of this inequality is negative, /_ = 0. 
We therefore conclude that after the Æ-integration eq. (61) reads

T TZ .„\ 2 C (P ~ Q M ~ 1 P- Im J (o, co + z 0) = 7r\-----------------
(i) — p • q p 

1-co < (/> - J q)2 < 1

2 tt3 i* 1 Pt « + 2 î s + co — 1
— \ds \ dP —;-------2—årr

P \-M.\7-hw + s~P -7/4,

(67)

with s = (p— q/2)2. We are interested in the behaviour of the function 
defined by eq. (67) in the immediate neighbourhood of g = 0, co = 0, but 
for finite values of the velocity v = a>jq. It is therefore convenient to make 
the transformation z/ = (l — s)/q, in which case eq. (67) reduces to

— Im J (q, vq + 10) = n3 q i v - y
Jo '7 I1 +Q(^-y)-92/4

/o+|/1+g(p-y)-g2/4
x In I-------  ■■ ... .—------

\p-|/l +g(p-y)-y2/4,

In the long wavelength limit eq. (68) simply becomes

- Im J(q, vq + iO)-^^ (r!)

(68)

(69)

provided qv < (z? — 1 ).
Finally we come to the first term of eq. (59), i. e., to the evaluation of 

Im/Z(g,ft>). From eq. (47) we have

- Im 77(g, co + z‘0) = n \ c/3p\ deQ+ (| p + q |, co - e) q_ (p, e). (70)
Jo
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One can readily compute the spectral densities in perturbation theory, 
and for small co and q the further integrations demanded by eq. (70) can 
be easily carried through. The resulting expression is, however, linearly 
divergent as co-> coc, and it is not possible to tell from the perturbation cal
culation itself whether this expression is still valid when co = which, 
we recall, is extremely close to coc (cf. Section III A). A more accurate 
evaluation of eq. (70) is therefore required. With this purpose in mind, we 
ecall that 

(p, £) = - T I/tt Im G (p, p ± e) (71)

we see from eq. (71) that

are immediate
27(p,E) in the

consequences of eq. (46). Upon introducing the selfenergy 
usual way(4),

G (p, e) = ,
(P.£)-^(P,£)

1
e±(p, £) = T-

Im27 (p, // ± e)
I ^(p, P±£)_ Re27(p, p± e) |2 +| Im27(p, p± e) |2 (72)

Putting eq. (73) into eq. (72), and this in turn into eq. (70), we have

27(p, e) has been studied by Galitskii(20) to order f2. For p^Åp,E^p, 
Re27(p, e) is found to be a relatively slowly varying function and can, for 
our purpose, be thought of as having been absorbed into the definition of 
an effective mass m* and the energy p. These changes have no effect on 
(Tg/l)g), however, and so we shall retain the “bare” mass in, and put
p = p0 = (kp/2 77?) hereafter. On the other hand, for p ÅF,

T . |-C2(E-p0)2 77?M
1mA (p, e) ~ <1 c2(Po-£)2m/A|

if £>p0
(73)

if E < Po
with

c2 = ^2. (74)

L (q, M) = — (kFin) 1 Im II (q, co + iO)

1 ( 3 c2j2
.’o [1/2 + zl - (p -I-q)2l‘2]2 +c4Zl4 (1/2 — E—p2/2)2 +c4e4

(75)

where all momenta and energies in eq. (75) are again dimensionless, and

1 = CO —E.
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Integrating over the orientation of p we have

2 p°°
L (q, cd = - \ de \ pdp 

q »'o •—» (1/2 - e-p2/2 )2 + c4s4
arctgt

(p + 9)2/2-l/2-d 
c2d2

The p-integral is now elementary, but the resulting expression is rather 
clumsy, and must moreover be handled with great care if one wishes to 
evaluate L(q, cd) when co is in the immediate neighbourhood of coc. If, 
however, the inequality

(77)

is satisfied, a considerable simplification of the expression referred to be
comes possible. Putting cd = in eq. (77), and using eqs. (37) and (38)9 
we have

therefore eq. (77) is satisfied if q<AqQc- When q~+qQc, the inequality (77) will 
of course break down at co =

After carrying out the approximations permitted by eq. (7 7) we find that 
eq. (76) reduces to

L (7, co)

2 TTC4

q

pa> pl
m\ d2£2d£ \ dy

Jo Jo [y (co + g) — z'c2/!2]2 + (9 (78)

This is just the result one obtains by using perturbation theory for the spectral 
functions q±. The only thing that our calculation has achieved is the 
inequality

8.6 f2 (<?/??)«! (79)

which must be satisfied if L(g,/2°) is to be given by eq. (78). If one wants 

(76)
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to compute the width as q-> cfc, a more accurate evaluation of eq. (76) is 
required.

Collecting our results from eqs. (59), (69), (75), and (78), we finally have

(80)

and according to eq. (54), the expression for the width follows immediately 
from this.

C. The Width

In view of our calculation of the preceding subsection, it is instructive 
to break the leading contributions to Fq into two partial widths, FqTess and 
Fqnt. The former arises from “dressing” the single particle excitations, the 
latter from the modifications of the interaction Jaw between the particles 
due to their immersion in the Fermi sea (cf. eq. (24)). Recalling our results 
of Sections III A and IVB, we find

whereas

(81)

(82)

At first sight it would appear that 7^nt » J^ress. This is somewhat fal
lacious, however, because r/ must be less than q®, and this cut-off momentum 
should be explicitly introduced in (81). When this is done, the more per
spicuous expression

emerges.
It is quite clear that higher order corrections to the interaction kernel S 

(as well as higher order Fredholm determinants) will only append a power 
series in £ to eq. (83). The reason for the very great difference in the ^-de
pendence of eqs. (82) and (83) is a result of the fact that H(q, co), which 
describes the one-particle damping, must grow very rapidly as co tends to 
coc, because for co<coc Im FJ(q, co) does not vanish even if the system is 
free (see Fig. 1). On the other hand, the contributions resulting from the 
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corrections to the kernel E naturally do not display any dramatic increase 
as the single-particle excitation continuum is approached from above.

We therefore conclude that, in the limit £->0, the phonon damping 
which results from the fact that the one-particle excitations have a finite 
lifetime completely dominates the dissipation arising from the non-instan- 
taneous nature of the interaction law between one-particle excitations. 
However, for more moderate values of £ = kFaQln the large numerical 
coefficient in eq. (83) implies that Pdress and rint can be of quite comparable 
magnitude.

Another lesson we have learned is that the Fredholm method is ideally 
suited to an investigation of the present type where one is mainly interested 
in the isolated poles of a Green function. It may perhaps be fruitful to apply 
this method to transport problems in a system with non-trivial interactions, 
such as He3<2).
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Introduction

he hyperfine structure in the spectrum of Neon-21 was investigated for
1 the first time by Koch & Rasmussen1) more than ten years ago. In this 

investigation some of the hfs components of Ne21 were masked by partially 
unseparated Ne20. Nevertheless, it was still possible to obtain the following 
results: the nuclear spin of Ne21 is 3/2 (possibly greater) and the nuclear 
magnetic moment is negative. In recent years, both these observations have 
been confirmed by the use of modern experimental methods; thus, Hubbs 
& Gbosof2) have established with certainty that I = 3/2, and Ramsay et al.3) 
have determined the value of fi = —0.66176 n.m.

In 1955, K. Clusius, Zurich, kindly has sent one of us (E.R.) a very 
highly enriched Ne21 sample (about 1 c.c. at atm. pressure). The spectro
scopical investigation of the hfs of Ne21 was resumed soon after the receipt 
of this generous gift in which the Ne21 concentration had been enriched 
(from 0.3 °/0 in natural Neon) to very nearly 99 °/0 pure by repeated thermal 
diffusion. The renewed optical investigation led to a determination of the 
hfs splitting in a number of terms of the Ne21 arc spectrum. In the case of 
the 2s5 term (Paschen notation), a precise determination of the hfs splitting 
has recently been obtained by Rabi et al.4) working with an atomic beam 
resonance method.

In many respects our spectroscopical procedure was much the same as 
that previously used, and it is given in detail, for example, in the descrip
tion of some investigations on separated Krypton isotopes5). However, 
certain experimental modifications were necessary, partly because the Neon 
was provided in the gaseous state (Kr had been collected in Aluminium), 
and partly because of the large Doppler width of the spectral lines (twice 
that of Kr) in combination with the rather narrow splittings (one third those 
of Kr) — line broadening had now in fact become the limiting experimental 
factor.

1*
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Experimental Modifications

Using the apparatus sketched in Fig. 1, the Ne21 gas was transferred to 
a number of “seeds”, i.e., closed glass tubes about 0.5 x 1 mm in diameter 
and a few centimetres long. Furthermore, the discharge tube was given

£ u.b-oLLvlcLe ct 
later to 
-form seeds

the modified shape shown in Fig. 2. Hereby it was possible to make use of 
a technique, developed many years ago6>, which consists in breaking open 
one or more seeds inside the sealed-oil' discharge tube.

Helium from Canada (free from Ne) was used as a carrier gas, and in 
order to reduce the broadening of the Ne21 lines, the Helium pressure was 
kept lower than usual (2—3 mm Hg instead of 10), although this inevitably 
shortens the life of a discharge tube. The pressure of Ne21 was estimated 
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at 0.1 nun Hg for each seed that was liberated. Up to three or four seeds 
were liberated consecutively during the life span of each discharge tube.

In an attempt to reduce the temperature of the liquid air used for cooling 
the discharge, the Dewar containing the cooling medium was closed with 
a large rubber stopper (penetrated by the U-shaped part of the discharge 
tube) and, during exposure, the pressure above the cooling medium was kept 
down at 15—20 mm Hg by means of continuous mechanical pumping via 
a 1/2 inch exhaust pipe. On starting the pump, the liquid air would bubble 
violently for a short time, no doubt while its nitrogen content was boiling off,

5" czr>

Fig. 2. Discharge tube.

but soon the remaining liquid (oxygen) became perfectly calm—presumably 
at a temperature of 60—65° K. A 3/4 inch steel ball resting on the top of a 
1/2 inch bore through the rubber stopper constituted a combined refilling 
device and safety valve.

The Joule heat evolved in the He-Ne-gas was kept as low as possible 
by reduction of the discharge current to a minimum (1—2 mA). Furthermore, 
the discharge in the thin-walled part of the tube, “A” in Fig. 2, was specto- 
graphed instead of that in the capillary part of the tube normally used. 
These modifications, in connection with the lowered temperature of the 
cooling medium, reduced the Doppler width sufficiently (20—40°/o) and 
made it just possible to resolve a number of the hfs components. This was 
only achieved, however, at the cost of a considerable loss in luminance.

The unavoidable reduction in the brightness of the discharge was 
compensated by a five- to ten-fold increase in the transmission of the Fabry- 
Perot interferometer. This was achieved by coating each quartz plate with 
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seven alternate layers of zinc sulphide and cryolite—instead of the silver 
layer normally used. Moreover, the resolving power of these multilayers 
was perfectly adequate in the whole of the spectral region (yellow-orange) 
that was investigated.

Finally, a new etalon spacer of optimum thickness (40 nun) was produced 
with a tolerance far better than 1 mil.

Measurement of Line Structure Intervals

The spectroscopically resolved hyperfine structure (hfs) of seven Ne21 
spectral lines was measured. All the measured lines represent Is—2p com
binations, and their wavelengths are given in Table 1. Each measurable 
interval in the structure of these seven lines was determined 5—15 times, 
using the best out of 83 exposures.

Table 1.

Wavelength 
Å. Transition

5852 ls2-2px
5881 ls5-2p2
6030 ls4—2p2
6074 ls4-2p3
6266 ls3-2p5
6598 1 s2 2 P2
6717 1 s2—2p6

A plate showing three of the investigated spectral lines is reproduced 
on page 7.

The mean values of all the measured line intervals are collected in 
Table 2, and given there in units of IO-3 cm-1. These values are believed 
to be correct to within 1—2 units. The sequence of the intervals given in 
the last column of Table 2 is in accordance with the increasing energy of 
the hfs components; in an interferogram (Plate 1, page 7), this corresponds 
to moving through a single order away from the centre of the photographic 
plate. In Table 2, the J-value of each term is noted directly below the term 
symbol in question.

At the bottom of Figs. 3—7, the hfs patterns of five of the measured 
spectral lines are shown. The height of each line pattern component is drawn
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mu ■ ■ « ■ ■ Bin
IIIHBH •» ««MM «• -li

Plate 1. An interferogram of Neon-21. V: 6030 Ä. II: 6074 Å III: 6266 Ä. 6—7 orders are to 
be seen on each side.

Table 2.

Ne21 spectrum
Lower 
term

Upper 
term

Total line splitting 
x 10“3 cm-1

Measured intervals 
x 10“ 3 cm-1

Line I..........................
ls2 -2Pi 82 25 57

J = 1 0

11 1«4 ~2p3 66 27 39
J = 1 0

,, III......................
1 s3 -2p6 62 37 25

0 J = 1

IV.....................
ls2 — 2p2 88 27 61

J = 1 1

V
ls4 -2p2 71 29 42

J - 1 1

„ VI .....................
1S5 -2p2 76 12 24 40

J = 2 1

,, Vll ..................
1 s2 -2ps

89 54 35
J - 1 J = 1
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proportional to its calculated intensity, and the mean value of each interval 
that could be measured is given below the corresponding line pattern. 
v stands for the wave number which, of course, is proporional to the energy.

Determination of Term Component Separations

In the case of the spectral lines I, II, and III (Table 2), the line splittings 
are directly equal to the splittings of the terms l.s2, 1 ,s4, and 2p5, respectively, 
because in each case the combining term has J = 0. In Figs. 3 and 4, the 
respective term diagrams of the two lines, 1 (5852 Å) and III (6266 Å), are

Ne21 5852 Å

25 57
Fig. 3. Spectral line I.

given above the line patterns. In each term diagram the F-values are given 
directly to the right of the term components, and the separations are noted 
—also to the right—in between the hfs term components in question.

The term component separations that have been determined are noted in 
the third column of Table 3 (in units of 10_3cm_1). A separation is given 
there as positive, when the upper (i.e. more energetic) hfs component has 
the higher F-value.
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In Table 2 a comparison between the lines 1 and IV on the one hand, 
and II and V on the other, shows immediately that the splitting of the term 
2p2 is rather small. The separations between the 2p2 components can be 
estimated, for example, from the measured intervals of line V (6030 A), 
by the following “trial and error’’ procedure (see Fig. 5). Assume the separa
tions between the 1 s4 components (already found from line II) to be correct, 
assign arbitrary separations to 2p2, construct the line structure pattern 
(bottom of Fig. 5) and determine the “centres of gravity’’ of the resulting 
groups of line components. The selected assignment of the 2p2 separations 
is that which results in intervals between the aforementioned centres of

Ne21 6266 Å

gravity (dotted lines in fig. 5), that turn out to be equal to the observed values, 
viz., 29 and 42 units.

Using the trial and error method just described, the hfs separations 
of 2p2 were evaluated at 6 and 4 units, respectively. The relative uncertainty 
of the ratio of these two separations, i.e. 6:4, is naturally rather great, but 
the uncertainty of the total splitting, 10 units, is fair — maybe 2O°/o. The 
result is included in Table 3. The opposite sign of the splitting of this term 
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as compared with the other terms is analogous to what has previously 
been found for isotopes of other noble gases5)7).

Adopting the estimated values for the 2jd2 separations and applying 
the trial and error method described above, the separations of the term

Ne21 6030 Â

6
4

27

39

I 29 I 42 I
Fig. 5. Spectral line V.

> V

ls5 have been found from the measured intervals of line VI (5881 Å). 
The result is shown in Fig. 6, and given in Table 3 along with the observed 
separations of the other four terms.

Finally, line VII (6717 Å) gives a check on the hfs separations of the

Table 3.

Term J-value Separations Total

1^2.......................... 1 — 57 -25 -82
1 «4.......................... 1 - 39 - 27 -66
2p8.......................... 1 - 37 - 25 -62
2p2.......................... 1 (+6) (+4) + 10
1 S5.......................... 2 -36 -20 -10 -66
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terms 1 .s2 and 2p5. The measured splittings of these two terms, as determined 
from lines I and 111, lead to the structure pattern of line VII shown at the 
bottom of Fig. 7. The resolution obtained spectroscopically permitted the 
measurement of the two intervals that are bounded by the two dotted lines

Ne2' 5881 Å

2p2
J=1

1
J=2

U2

312

6
4

512

10

20

36

1121 24 I 40 I
Fig. 6. Spectral line VI.

712

and the most energetic line component. By calculation from the previously 
determined splittings of ls2 and 2p5 the magnitude of these two intervals 
is found to be equal to 52.5 and 35.5 units (total: 88 units). The corres
ponding directly observed values, as noted in Table 2, are 54 and 35 units 
(total: 89 units), which constitutes a satisfactory agreement.

Theoretical Discussion

Assuming the following formula to be valid for the energy of an hfs
term component

Q
|c(C + l)-/(/ + l)J(J+l)

E = Eq + (7 —■ + 5 2/(2/- 1) J(2 J - 1)
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where C = F (F+1)—/ (/+ 1)—J (./+1 ), and using the value I = the 
interval factors (interaction constants) a and b in Table 4 have been com
puted (evaluated) from the hfs sparations given in Table 3. The a- and 
ô-values in 'fable 4 should be experimentally correct to within 0.5—1 unit 
of IO-3 cm-1.

The graphically evaluated a and b constant for the term 1 ,s5 (see Fig. 8)

Ne2' 6717 Å

Fig. 7. Spectral line VII.

Fig. 8. Graphical evaluation of a 
and b from the following observed 
hfs separations of 1 ss : 36 units (X), 
20 units (Y), and 10 units (Z). 
The width of the graphical lines 
(X, Y, and Z) indicates the ex
tent of the estimated experimental 

error.

may be used to re-calculate a set of mathematically consistent values for the 
hfs separations of this term. This procedure yields the separations 35, 20, 
and 10 in the optical units, or in Mc/sec: 1050, 600, and 300, which compares 
well with the high-precision values 1034.48, 599.44, and 303.93, measured 
by (irosof, Buck, Lichten, and Rabi. These latter values correspond to 
a(ls5) =-8.93 and 6(ls5) = —3.72 in units of 10-3 cm-1.
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An analysis of the hfs separations may be performed in analogy to that 
of the Xe-b and Kr-spectra5>. The most reliable determination of the nuclear 
quadrupole moment is obtained from the interval factors of the ls5 term, 
which may be regarded as a rather pure configuration consisting of a 3s 
electron plus the ion in a 2I)3/2 state, corresponding to a “hole” of the p3/2 
type. Only the hole contributes to the quadrupole coupling. The determina
tion of Q involves an estimate of r3 for the hole (cf., e.g., expressions 
(7) and (8) in ref. 7>), and this can be obtained either from the fine structure 
separation Zl of the ion (cf., e.g., expression (9) in ref. 7)) or from the mag
netic coupling between the hole and the nucleus. The latter procedure, 
employed in ref. 4), involves as a first step an estimate of the magnetic

Table 4.

Term a b

ls2. . -21 -3
1 s4 . . - 16 + 1
1 s5 . . - 9 -4

+ 2.5 (0) 
+ 12ps- • -15

coupling of the s-electron, which, from the Fermi-Segré formula, is found 
to be n(s) = -8.1. Now, since o(ls5) = | a(s) + | "(P3/2)’ one finds o(/J3/2) 
= —9.2 as the interval factor value for the ion. This in turn leads to rzo3r~3

12.4 (cf., e.g., equation 13 in ref. 7>). Using this value, Grosof et al.4) 
found Q = +0.093, with an estimated error of 10 °/0 due to the uncertainty 
in r“3. Moreover, the Sternheimer correction arising from polarization 
effects has been neglected. On the basis of the empirical fine structure separa
tion (zl = 782 cm-1) one obtains the alternative estimate ao3r-3 = 11-2, if 
one assumes an effective nuclear charge of Z.z = Z —2 = 8. Within the estim
ated uncertainly the two values for r-3 are consistent.

For the terms 1 s2 and ls4, the wave functions can he written in the form

V’ ~ QÇ’Ci. D + i).

which represents a superposition of states with the hole in the p3/2 and 
P1/2 levels, while the outer electron is in the 3s level. The coefficients q and 
c2 can be computed from the atomic (/-factors as well as from the multiplet 
separations; these two determinations agree well and both give for the 1 s4 
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term the alternative possibilities (c4 = 0.77, c2 = 0.64) or (c4 = 0.34, c2 = 
0.94).

By means of the above-mentioned wave functions one can calculate 
the a- and ^-factors for the terms 1 s2 and 1 s4 on the basis of those belonging 
to the 1 s5 term, if one applies expressions given by Casimir8) (cf. also ref.7)). 
We first note that the sum of the interval factors for 1 .s2 and 1 ,s4 is independent 
of c4 and c2, and given by

u( 1 .s2) + a(l s4) = I a(s) + I a(P3/2) + i a(P1/2) 

b0 *2) + Z>(1 ,s4) = 1 b(P3/2) = | b(l ,s-5) ,

where a(P1/2) is the interval factor for the p1/2 hole. Assuming a(P1/2) = 
5 a(P3/2), holding for a non-relativistic p-electron, and using the above 
quoted values for a(s) and <z(P3/2), one finds a(l s2) + «(1 s4) = -37, which 
agrees well with the values in Table 4. Also the sum rule for the /^-factors 
is seen to be fulfilled.

In the non-relativistic case, the individual 6-factors involve the same 
combination of c4 and c2 as the (/-factors, and for 1 ,s2 and 1 ,s4 one then has 
the following relation:

b = -3(</-4) b(ls5).

Using «/(I.s-2) = 1.034 and <7(1 s4) = 1.464, and ö(ls5) = —3.7, one obtains 
fr(ls2) = —3.3 and ö(ls4)= +1.4 in good agreement with the optically de
termined values.

The «-factors differ in accordance with the alternative sets of c-coeffici- 
ents; both these c-sets (quoted above) can be derived from the Zeeman 
effect and from the multiplet separation. The first c-set gives u(l,s2) = 22
and a(ls4) = —15, while the second c-set gives <i(l.s2) = —13 and a(ls4) = 
— 24. Thus, the magnetic hfs splitting (Table 4, column a) provides strong 
evidence in favour of the first set (c4 = 0.77, c2 = 0.64).

The p-terms have a more complex structure since, for the terms consider
ed, neither the ion nor the outer electron has a definite j.
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Synopsis
The cæsium halide concentrations for which Cs4PbX6 and CsPbX3 (X = Cl or Br) together 

may be in equilibrium with aqueous solutions of CsX have been determined as a function of 
the temperature, and the range of stability for CsPbX3 alone in equilibrium with such solutions 
at room temperature has also been obtained. Measurements at a series of temperatures of the 
e.m.f. of electrochemical cells, where crystalline CsPbCl3 is involved in the electrode processes 
allow a determination of the entropy change, J S, for the process CsPbCl3(tetragonal) —> 
CsPbCl3(cubic). The value thus obtained is A S = 4.0 cal/mol. degree. On the assumption that 
the process is essentially an order-disorder tranformation, an elementary calculation based on 
Boltzmann’s relation gives A S = 4.1 cal/mol. degree. The results are compared with those 
for BaTiO3.
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Introduction

Perovskite-like crystals usually undergo a transition from slightly distorted 
cubic to true cubic structure at one temperature or another. Sometimes there 
is a simultaneous, great change in dielectric properties, e.g. in BaTiC>3 
from a ferroelectric to a paraelectric state.1 It has been suggested that these 
might be cases of “second order transitions’’, and the temperatures at which 
they occur are often named Â-points or Curie-points.

The term second-order transition was first used by Ehrenfest2 to 
describe a type of transition for which the G-function and the entropy

ShOWS a diS’

continuity. According to Frenkel,3 however, as true examples of such 
transitions have never been observed and are not likely to correspond to a 
stable equilibrium between two phases, it seems preferable to characterize 
a second-order transition in crystals with the following features:

A certain (super-)order of the atomic arrangement decreases continuously, 
though at an ever increasing rate until it vanishes completely at a certain 
temperature, To. The specific heat at constant pressure, Cp, shows an ab
normal rise, reaching a finite or infinite peak value at To and rapidly drop
ping to its normal value as the temperature is raised beyond the point To.

Hence, from a purely thermodynamic point of view transitions of the 
second order may be treated as a generalization of transitions of the first 
kind with the transition temperature T' replaced by a certain temperature 
range A T about T'. The latent heat for the change is replaced accordingly 
by the integral \ACpdT, where A Cp denotes the excess of the specific heat 
over its normal value. Also a first-order transition may be described as a 
limiting case of that of the second order with a specific heat anomaly ACp 
represented by a delta-function.

1 See e.g. H.D. Megaw, Ferroelectricity in Crystals, Chapters 4 and 5. Methuen 1957.
2 See e.g. E.A. Guggenheim, Thermodynamics, p. 276—288. North-Holland Publishing 

Co. 1949.
3 J. Frenkel, Kinetic Theory of Liquids, Chapter II. Oxford 1946.

s = - are continuous, while Cp =

1*
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Throughout this paper we have adopted Frenkel’s point of view. It 
will then be understood that the two types of transitions should not be con
trasted with one another, but only considered ideal extremes of actual 
thermodynamic transitions.

If we have a series of discrete first-order transitions taking place within 
a narrow temperature range and each separately represents only a small 
change of the entropy, it seems legitimate, from a purely thermodynamic 
point of view, to treat the total change as a second-order transition. It would 
appear futile to discuss whether the transition properly belonged to the one 
type or the other—the more so as there will often be unavoidable hysteresis 
phenomena.

The perovskite-like crystals of CsPbCl3 and CsPbBr3 undergo transitions 
from a tetragonal super-lattice to a primitive cubic lattice at47°C. and 130°C., 
respectively, which fulfil some of the requirements for second-order trans
itions.1 In the work referred to, no volume change was observed at the 
transitions, but a small anomaly (discontinuity) was found in the thermal 

for CsPbClg. As there is a certain paral-expansion coefficient

lellism between changes of the latter and changes of the heat capacity at 
constant pressure,2 ACp, this would indicate an anomaly in Cp also. It 
was suggested that the observed transitions were connected with order
disorder transformations rather than drastic changes in the kinematic state 
of certain ions.

To reach a better understanding of the nature of these transitions it was 
chosen to study more closely the simultaneous changes in the thermo
dynamic functions, G (thermodynamic potential) and 5 (entropy) of CsPbCl3. 
As the transition temperature here is only 47°C. this can be done by ordinary 
wet chemical methods, e.g. by measuring the electric potential of electro
chemical cells whose electromotive force depends on the chemical potential 
of crystalline CsPbCh in equilibrium with an aqueous solution of CsCl. 
Before this could be done it was necessary to determine the range of sta
bility of such systems.

In the following X means either Cl or Br.

1 C.K. Møller, The Structure of Perovskite-like Cæsium Plumbo Trihalides, Mat. Fys. Medd. 
Dan. Vid. Selsk. 32 No. 2 (1959).

2 See J. Frenkel, loc. ci/. p. 76.
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The Equilibrium of CsPbX3 with Aqueous Solutions of CsX

When the concentration of CsX in aqueous solution changes from that 
of saturated to that of very dilute solutions the composition of the stable 
Pb-compounds in equilibrium with it changes from Cs4PbX6 through CsPbX3 
and CsPb2X5 to PbX2. It follows from the phase rule that at a given temper
ature one definite Pb-coinpound will be in equilibrium with CsX-solutions 
over a certain range of CsX-concentrations; for two different Pb-compounds 
to be in equilibrium with the same CsX-solution at a definite temperature 
only one CsX-concentration exists. This will then be the concentration at 
which the composition of the precipitate changes at that temperature.

On this basis we have determined the equilibrium temperatures for the 
process Cs4PbX6 CsPbX3 + 3CsX(aq.) as a function of aqueous CsX-con
centrations. A series of CsX-solutions of known concentrations were made. 
A few crystals of CsPbX3 and Cs4PbX6 were placed side by side in a hollow 
microscope slide and a drop of one of the CsX-solutions added. A cover 
glass was quickly pul over it, “scaled” to the microscope slide with paraffin 
oil to make a closed space from which no water could evaporate. The slide 
with its contents was placed upside down, i.e. with the liquid drop hanging 
down from its concave side, on a hot stage. By this procedure water con
densation on the cover glass was avoided during heating of the specimen.

The crystals in the drop of CsX-solution were carefully watched through 
a microscope. If nothing happened, the specimen was slowly heated till 
changes of the crystals could be observed. This was much easier to see than 
one would think, and as a matter of fact even a first trial usually gave the 
transition temperature within 5°C. After heating to above this temperature, 
the changes occurring during cooling were observed and the temperature 
interval for the transition narrowed by subsequent experiments. As an 
example fig. 1 shows how the crystals in equilibrium with a certain CsCl- 
solution changed when the temperature was varied.

An alternative method was also used for the Br-compounds. It is based 
on the fact that CsPbBi’3 is strongly orange-coloured while Cs4PbBr6 is 
colourless. In a very small test tube attached to a thermometer a sample of 
Cs4PbBr6-crystals was placed, about 0.7 cc. of a CsBr-solution of known 
concentration was added, and the test tube well corked. The thermometer 
and the test tube with its contents were very slowly heated in a small water 
bath and the temperature at which the colour of the crystals suddenly 
turned orange was noted.
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Fig. 1. Crystals of Cs4PbCl6(rhombohcdral) and CsPbCl3(cubic) in equilibrium with a CsCl- 
solution at different temperatures (drawn by means of an Abbe’s drawing apparatus; magni

fication lOOx).
a: Time: 0 ; temp. 22° C.
b: - 10 m; - 22° C.
c: - 85 m; - 19° C.
d: - 110m; - 18° C.

There was good agreement between the two methods, but the latter is 
by far the quiekest where it can be applied. It is believed that the equilibrium 
temperatures (as a function of the CsX-concentrations) have been deter
mined with an accuracy of ± 2 °C. An obvious advantage of these methods 
is the small amount of material that is necessary, and for several purposes, 
e.g. when, as here, only an estimate of the stability range is required they 
may be of sufficient accuracy.

The cæsium halogenides used for the experiments were the very pure 
sails prepared by Lannung or prepared from his very pure Cs-alums by 
the method described by him.1 PbX2-compounds were precipitated from 
aqueous solutions of Pb(NO3)2 (Merck, “rein”) and very pure HX, and 
recrystallized several times from hot, dilute solutions of HX (pH <=» 1).

1 A. Lannung, Z. phys. Chem. Abt. A. 161, 255 (1932).
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'Phe compounds CsPbX3 and Cs4PbX6 were precipitated from aqueous 
solutions of these materials as previously described.1

The compositions of the CsX-solutions were determined by evaporating 
to dryness (final temperature 120°C.) weighed samples of the solutions and 
then weighing the residues again.

As attainment of the equilibrium 2CsPbX3 CsPb2X5 + CsX(aq.) was 
verv sluggish, the CsX-conccntrations for it to occur were determined only 
at room temperature and by the first of the two methods mentioned above.

Stability Range of CsPbX3

The results of the experiments mentioned above are reproduced in 
Table 1 and in figs. 2 and 3.

Table 1. Equilibrium concentrations and temperatures

System

Aqueous CsX-conc.
Equilibrium 
temp. °C.

Estimates 
of d H 

cal/mol.g CsX per
100 g H2O

xe, mole 
fraction of 
X" or Cs +

151 12.2O IO“2 63—64
144.5 11.80 - 58
141 11.58 - 49—50

Cs4PbCl6 CsPbCl3 + 3CsCl............ 135 11.20 - 45—46 6100
122 10.34 31—32
113 9.73 20

2CsPbCl3 CsPb2Cl5 + CsCl .......... 20 2.05 le & 58°
15 1.5S - 20

109 7-7« - 69.5
87 6.4, - 51

Cs4PbBr6 CsPbBr3 + 3CsBr........ 75 5.63 - 43 16400
67 5.09 - 37
55 4.25 - 24.5

2CsPbBr3 CsPb2Br5 + CsBr........ 23.5 1.9, t,. > 20°
20.5 1.68 - 20
18.8 1.54 - < 20°)

1 C.K. Møller, Mat. Fys. Medd. Dan. Vid. Selsk. 32 Nos. 1, 2, and 3 (1959) and (1960).
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O 10 20 30 40 50 60 70 <30 90 100 110 g Csßr
Fig. 2. The equilibrium temperature for Cs4PbX6 CsPbX3 + 3Cs+ + 3X~ as a function of 
the aqueous CsX-concentration.—The lower horizontal scale refers to CsBr, the upper one to CsCl.

Fig. 3. Log10 xc as a function of the inverse equilibrium temperature in °K. The left ordinate 
scale refers to CsCl, the right to CsBr.
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Within the experimental uncertainty it appears that the CsX-concen- 
trations for which the equilibrium

Cs4PbX6 CsPbXg + 3Cs+ + 3X (1)

can be established, depend linearly on the temperature. If we neglect the 
temperature dependence of the chemical potentials of the crystalline solids 
and of the activity coefficients for CsX in solution we can estimate the heat 
of reactions for the above processes from van’t Hoff’s relation expressed 
as follows :

(l()SeK =) 3 logeæe = 13-815 log10.Te = — — + const., (2)

where xe is the ionic mole fraction of Cs+ or Cl- at the equilibrium (1), 
'fliese estimates, which should not be considered very accurate, are given 
in the last column of Table 1.

In principle it should be possible to determine the entropy change for 
the reaction

Tetragonal CsPbCl3 Cubic CsPbCl3 (3)

from measurements ol A H for (1) above as well as below the transition 
temperature (47°C.) for (3). Unfortunately it becomes increasingly difficult 
to obtain reliable values for the CsCl-concentrations as functions of the 
temperature above 55°C. because the solubility of the CsPbCl3 becomes 
too great so that the actual CsCl-concentration is not accurately known; 
nor was in our case the temperature in the hollow microscope slide sufficiently 
well determined at higher temperatures. And finally it would be necessary 
to use CsCl-activities instead of concentrations in order to derive rather 
small entropy changes.

The sluggishness of the reaction

2 CsPbX3 ^CsPb2X5 + CsX(aq.) (4)

is presumably connected with the rather drastic changes of the PbX-coor- 
dination taking place here: In CsPbX3 and Cs4PbX6, Pb is approximately 
octahedrally coordinated by the halogen ions, whereas the CsPb2X5-com- 
pounds are likely to contain PbX2-“molecules”.1

It is interesting that H.L. Wells has described a dimorphous form of 
CsPbBig, said to be stable in a narrow CsBr-concentration interval close 
to the equilibrium for (4) with X = Br.2

1 Cf. H.M. Powell and H.S. Tasker, J. Chem. Soc. London, 1937, p. 119 and Ref. 1 
on page 7.

2 H. L. Wells, Z. anorg. Chem. 3, 203, (1893).
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In this region we also have seen crystals which closely correspond to 
the characteristics given by Wells: They were white, needle-shaped, 
showed parallel extinction, and on heating to 140-150°C. they turned orange
coloured. But it looks as if also CsPbClg is dimorphous: Occasionally white 
needle-shaped crystals having parallel extinction can be seen in the CsCl- 
solutions when the concentration is only slightly higher than that correspon
ding to the equilibrium (4) with X = Cl. Although no X-ray diagrams have 
so far been obtained of the white needle-shaped crystals, it seems very 
tempting to guess that they are the Cl- and Br-analogues to the orthorhombic 
CsPhlß-crystals1 and thus represent one of the stages in changing the Pb- 
coordination.

Principle of the Electrochemical Determination
of the Entropy Change

Let us consider an electrochemical cell of the type

Pt I Pb(llg) I PbCl2 I Aqueous solution of NaCI | Hg2Cl2 | Hg | Pt, (5) 

where Pb(Hg) denotes a Pb-amalgam saturated with Ph. The chemical 
process when two faradays flow from the left to the right is:

Pb(Hg) + Hg2Cl2 -> 2 Hg + PbCl2 (6)

Similarly, when the CsCl-concentration is kept within the limits for which 
CsPbClg is stable, the chemical process accompanied by the flow of two 
faradays through the cell

Pt I Pb(Hg) I CsPbClg I Aqueous solution of CsCl | Hg2Cl2 | Hg | Pt (7) 
is :

Pb( Hg) + Hg2Cl2 + CsCl (aq.) -> 2 Hg + CsPbClg . (8)

Hence the difference in electromotive forces of the two cells, 7r6-7r8, is a 
measure of zl G for the process

PbCl2 + CsCl(aq.) —> CsPbClg (9)
and

% = ?r6-7r8 = — {//(CsPbClg)—//(CsCl,aq.) — //(PbCl2)}, (10)
or
//(CsPbClg) = 2F% + RT log*,{a(CsCl,aq.)}  + //(PbCI2) + /z0 (CsCl,aq.), (11)

1 Cf. Ref. 1 on page 7. 
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where /z0(CsCl,aq.) is independent of the CsCl-concentration. Hence it is 
not possible in this way to obtain absolute values of the chemical potential 
for CsPbClg unless we know the activity of CsCl in aqueous solution and 
the chemical potential for PbCl2. However, we shall not be particularly 
interested in absolute values of the potentials, but only in the changes of the 
chemical potential of CsPbClg as a function of temperature. It seems safe 
to assume that //(PbCU) and /z(CsCl,aq.) vary only slowly with temperature 
so that any sharp or rapid variation of jc or, as experiments show that 
is a linear function of temperature within the temperature interval for the 
investigation, of tt8 is produced by similar changes in the chemical potential 
of CsPbClg.

The changes in G-function and in entropy of CsPbClg(cryst.) at 47°C. 
may therefore be obtained from the temperature variation of n8 measured 
above as well as below 47°C.:

If the CsCl-concentration in (8) is kept so high that a Cs4PbC16-electrode 
may be used instead of the CsPbCb-electrode the reaction expressed in (1) 
can be examined in the same way. Furthermore, as Cs4PbCl6 is stable in 
a solution saturated with CsCl, the activity of CsCl in aqueous solution with 
concentration m can be related to the chemical potential of CsCl in crystalline 
CsCl from measurement of the electric potential difference of such cells 
of which one contains a saturated CsCl-solution, the other a CsCl-solution 
of concentration m as electrolyte. Unfortunately the Hg2Cl2-elcctrode turned 
out not to be reliable at such high CsCl-concentrations.

The diffusion potential in the cells mentioned above have been neglected 
because the CsCl-concentration in every case is much higher than the con
centrations of Pb++ and Hg2' + around the electrodes, so that they are 
practically “cells without transference’’.

Experimental Details

Rather small electrode vessels requiring about 1 cc. of electrolyte were 
used. They were H-shaped with Pt-electrodes sealed into the bottom. A 
loose plug of cotton wool was placed between the two electrodes. The branch 
with Pb-amalgam also contained a small (glass-covered) magnetic stirrer 
as stirring here sometimes was necessary in order to obtain reproducible 
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measurements. The temperature of the cells was controlled within 0.02°C. 
by an oil thermostat.

'fhe quality of the (“hemicals were as follows: Hg, cleaned in dilute 
nitric acid and distilled in vacuum; Pb-amalgam (always containing solid 
phase) made from distilled Hg and Merck’s Pb pro analyst Other Pb- 
compounds were prepared as mentioned above. Except for preliminary 
experiments, where rather impure CsCl was used, “AnalaR” or Lannung’s 
spectroscopically pure CsCl was used (both giving the same results within 
the accuracy of the measurements).

The electrolyte solutions were made by adding a definite amount of 
water to a weighed sample of CsCl and the composition was checked after 
the often very long experiments by taking out a certain amount of the elec
trode solution, weighing it, and after evaporation of the liquid, weighing 
the residue again.

This final determination is considered to indicate the CsCl-concentration 
in the cells during the measurements, as it is difficult to avoid some eva
poration while preparing the cells.

Measurements of the electromotive forces were made by the usual 
compensation method, using a precision potentiometer, a 2 volt lead accu
mulator, galvanometer, and a standard Cd-cell (E = 1.0184 volt al 20°C., 
checked occasionally by comparison with an International standard cell), 
'fhe uncertainty presumably is not higher than 0.1 mV.

The cells with Cs4PbCl6, which required rather concentrated CsCI- 
solutions, did not give steady potentials (except when saturated with CsCl), 
and when the CsCl-content of the electrolyte solution was examined after 
the experiments it had often changed by 5—10 per cent. It was observed in 
such cases that the Hg2Cl2-electrode became grey or dark grey and had 
developed a hard, solid crust, suggesting the formation of double com
pounds according to the reactions:

Hg2Cl2 —* Hg + HgCI2 I
n CsCl + IlgCk Cs„HgCl„ + 2 . j

However, the cells with CsPbCh and less concentrated CsCI-solutions seemed 
very reliable when stirred now and then. While equilibrium was very 
quickly re-established in the cells when going from one temperature to a 
higher one, they often showed 0.3-0.5 mV. higher potentials at 20°C. after 
cooling from 60°C. than when measured before heating to this temperature. 
This change may possibly be due to slow or irreversible diffusion processes, 
either in the electrolyte solution or in the CsPbCE-crystals. It might perhaps 
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also be due to evaporation even though the cells were well corked and im
mersed in oil; however, they showed no significant variation in potential 
when kept for several days at 60°C. (A change of 0.5 mV. would correspond 
to a little less than a two per cent change of the CsCl-concentration).

Table 2 shows examples of the daily variation of the potentials of some 
of the cells.

The averages of several measurements at each of a series of selected 
temperatures are given in Tables 3 and 4 for a number of cells of Type (7), 
some cells of Type (5), and one having CsPb2Cl5 instead of CsPbCl3.

Results

The variation of the measured potentials with the logarithm of the ionic 
mole fraction, x, of Cs+ or Cl-in the cells (7) is shown in fig. 4 for different 
temperatures. It is seen that for a given temperature, and for the CsCl- 
concentrations considered, the potential rr8 is a nearly linear function of 
log10 x of the form

^8 = ß lo810 æ + b ■ (14)

The relation to be expected is from (8) and (10):

(15)

From Robinsox and Stokes’s tables of activity coefficients1 it appears that 
/'j. should be practically independent of x for the CsCl-concentrations used 
here. Hence, if the process in the cells really is the one expressed in (8) ß 
would be expected to be identical with the theoretical value a—or nearly so. 
The smallness of the relative deviations: 

shown in the graph fig. 5 in fact warrants the correctness of the assumption.
Before discussing the reason why ß and a are not identical it should be 

emphasized that the CsCl-concentrations in the cells have not been deter
mined with any high accuracy—the relative uncertainty may indeed be as 
high as 2—3 per cent. (The original aim was only roughly to check the 
cell process, and hence no correction was made for the possible Pb-contents

1 R.A. Robinson and R.H. Stokes, Trans. Far. Soc. 45, 613 (1949).
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Table 2. Examples of the daily variation in electromotive force of the cells.

Date Temp.
°C.

E.m.f. in mV. of the cells

P R S

30.11 a. in...................... 20.00 577.04 562.30 529.28
- - - - .............. - 577.02 562.30 529.25
- - p. ni...................... 30.00 576.18 560.4S 530.1 g
- - - -.................... - 576.15 560.45 530.40
1.12 a. m...................... - 576.16 560.56 530.35
- - - -.................. - 576.12

stirred
560.52
stirred

530.36
stirred

- - p. ni...................... - 576.13 560.48 530.18
- - - -.................... - 576.18 560.5j 530.18
2.12 a. ni...................... - 576.15 560.5; 530.2.

17.12 a. m...................... 50.50 575.30 558.35 533.3!
- - - -.................... - 575.28 558.34 533.30
- _ p. ni...................... 55.00 575.15 557.95 533.80
- - - -.................... - 575.18 557.93 533.85

18.12 a. ni...................... - 575.15 557.9g 533.85
- - - -..................... - 575.15

stirred
557.98 
stirred

533.88
stirred

- - p. ni...................... - 575.19 558.00 533.90
- - - -.................... - 575.23 558.02 533.90

of the samples taken out from the cells). E. Güntelberg1 has shown that 
even with very pure materials small amounts of Br~ or other unwanted 
ions in the cell solutions may be troublesome when very accurate e.m.f.- 
measurements have to be made. This effect has also been disregarded here.

The observed differences between ß and a would imply that the mean 
activity coefficient /'± for the CsCl-concentrations considered was approx
imately given by:

logio 4 = >? logio x + (7 , (17)

where a may depend on the temperature, but not on .r. This is not quite 
in accordance with the results given by Robinson and Stokes, but the 
the electrometric measurements by Harned and Schupp2 arc in fact com
patible with (17), and the value obtained for r/ for this concentration interval 
is nearly the same as found here at 25° C., when regard is paid to the rather 
large uncertainty on ± 0.01.

1 E. Güntelberg, Studier over Elektrolyt-Aktiviteter i vandige Opløsninger. Dissertation, 
Copenhagen 1938.

2 H.S. Harned and O.E. Schupp, J. Am. Chem. Soc. 52, 3886. (1930).
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If we neglect the temperature variation of o in (17) an estimate of the 
partial molar heat of transfer, Q, from an infinitely dilute solution of CsCl 
in H2O to the CsCl-concentralions considered may be obtained from

d logio f±
= 2.303 • log10 (.r) (18)

We find Q 22 — R 2.303 • 135 • log10(.r) which for a 2 molal CsCl-solution 
becomes Q 00 900 cal/mol.

The potentials :t8 for given CsCl-concentrations are shown as functions 
of the temperature in fig. 6; for comparison the results of measurements

Tables 3, 4, and 5. Electromotive forces of cells with different electrolyte 
concentrations at a scries of temperatures from 18°C. to 60°C.

Table 3.

Cell K L M

g CsCl/100 g H2O 41.5 64.0 52.2

Temp. °C. E.m.f. in mV.

18.02........................................ 576.1, 585.74 581.52
25.00........................................ 575.4, 585.4, —
32.05........................................ 574.92 585.2, —
39.00........................................ 574.4, 585.14 —
40.00........................................ 574.4, 585.13 580.3,
41.00........................................ 574.3, 585.1 j 580.2,
42.00........................................ 574.3, 585.22 580.3J
43.02........................................ 574.3a 585.24 580.2,
44.00........................................ 574.33 585.24 580.3,
45.00........................................ 574.3, 585.28 580.33
46.00........................................ 574.2, 585.33 580.3,
47.00........................................ 574.2, 585.3, 580.32
48.00........................................ 574.2, 585.4, 580.3,
49.00........................................ 574.3, 585.4j 580.43
50.00........................................ 574.2, 585.5, 580.4,
52.00........................................ 574.2, 585.84 580.5,
55.00........................................ 574.22 585.9, 580.6,
60.00........................................ 574.1, 586.34 580.7,
20.00........................................ 576.30 585.1 581.8,

/d^8\ _
\ dT />47° \ <97’/<425 0.075 0.100 0.080 mV/°C.
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Table 4.

Cell P T R U s

g CsCl/100 g h20 42.4 31.4 21.9 11.0 NaCl, unsat.

Temp. °C. E.m.f. in mV.

20.00 .... 577.0, 569.8, 562.33 552.75 529.2,
30.00 .... 576.1, 568.93 560.53 551.1, 530.2,
40.00 . . . . 575.49 567.8, 559.1, 549.6, 531.60
43.50 . . . . 575.2g 567.66 558.73 549.33 532.02
47.03 . . . . 575.29 567.40 558.52 548.9, 532.7,
50.50 .... 575.30 567.26 558.3, 548.62 533.30
55.00 . . . . 575.23 567.19 558.06 548.2, 533.90
60.00 . . . . 575.28 567.19 557.90 547.8, 534.5,
20.00 . . .. 577.4, 570.2 562.83 552.2 529.20

\ df />47°
/07l8\

' dl / < 42°
0.085 0.085 0.095 mV/°C.

Table 5.

Cell. A NaCl, sat.

Temp. °C. E.m.f. in mV.

18.60 529.Oo
25.60 530.Oo
30.00 530.5,
36.98 531.50
44.92 532.5,
46.40 532.7,
47.05 532.83
47.40 532.8,
49.00 533.0,
54.62 o33. /g
56.40 533.9,

B NaCl, sat

18.40 529.03
26.45 530.0,
35.40 531.2,
41.26 532.0,
50.26 533.18
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on cells of Type (5) and on one cell with CsPb2Cl5 instead of CsPbCl3 are 
also reproduced in this graph. The potentials of the latter cells show a 
smooth or linear dependence on the temperature without irregularities, but

Fig. 4. The potential 7te as a function of log10 x, for given temperatures; x is the ionic mole 
fraction of Cl- or Cs+.

the former exhibit a rather sharp (though continuous) change in the tem
perature region from about 40°C. to about 50°C. As the slope, too, changes 
continuously it is seen from (12) that the entropy function is continuous 
throughout the transition region as required for a second-order transition. 
It is interesting that the maximum variation of G and S appears to lie about
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44°C., whereas from the crystallographic investigation one gets an impres
sion that the maximum changes occur just below 47°C.

From the slopes of the linear parts of i.e. below 42°C. and above

47°C., values are obtained for for some selected CsCl-\d//>47o \ör/<42»
concentrations in the cells. They are given in the last line of Tables 3 and 4 
and do not seem to vary systematically with the CsCl-concentrations. Nor 
would such a variation be expected on the assumption that the changes in 
yrs have to be referred Io changes in the chemical potential of the crystalline 
CsPbClg. From the mean value of these numbers we calculate the total 
change in entropy for the transition (3):

z1.S = 4.0 ± 0.3 cal/mol. degree (19)

Discussion

The entropy change for a transition in the crystalline phase may be 
divided into two parts,1 one of which originates from the changes in the 
configuration of the crystal, the other, called the “thermal entropy change’’, 
from changes in the frequency spectrum of the lattice vibrations. The X-ray 
analysis of CsPbCl3 and CsPbBr32 reveals practically no changes of the

1 See e.g. A.J. Dekker, Solid Stale Physics, p. 63. MacMillan 1958.
2 Ref. 1 on page 4.
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p

565.0

Fig. 6. Temperature variation of the electromotive forces for a number of cells with different 
electrolyte compositions. The letters refer to cells in the Tables 3, 4, and 5.
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local atomic arrangements in these crystals during their respective transitions 
at 47°C. and 130°C., so that the lattice frequencies would be expected not 
to change very much here, and the vibrational or thermal contribution to 
the entropy may be considered unaltered. However, a superstructure which 
exists below the transition temperature, disappears above it, so that there 
must be a change in the configurational entropy. This change can be estim
ated as follows.

The axes of the primitive tetragonal unit cell all appear, from the X-ray 
analysis, to be twice as long as those of the cubic cell. As there is only 
one CsPbX3-“molecule” in the latter, there must therefore be 2x2x2 = 8 
“molecules”—having different relative orientations—in the former. These 
eight situations for a CsPbX3-unit in the tetragonal lattice become equivalent 
in the cubic structure because of transformation from one to the others, 
thus giving the latter an eight times larger thermodynamic probability than 
the former. (For a certain CsPbX3-unit, which in the tetragonal crystal can 
have only one stable “configuration”, there exist eight equivalent possibilities 
in the cubic crystals).

From Boltzmann’s relation we therefore get:

AS = h log 8 = 4.11 cal/mol. degree. (20)

The agreement of this with the experimental value obtained above lends 
some support to the interpretation given here.

Similar considerations would seem to apply to the transition observed 
in BaTiOs at 120°C.1. However, as the primitive, non-centrosymmctric unit 
cells below this temperature all have the same orientation, a strong electric 
polarization results, which gives a temperature-dependent, electrical con
tribution to the free energy. Above the transition the additional field is 

destroyed. It then follows that the observed entropy change AS = — 

0.12 cal/mol. deg. may not be entirely due to change of the “configurational” 
entropy, but contains other contributions as well.

If in BaTiO3-crystals the ions could occupy several close-lying potential 
minima these would be so close together that the barriers separating them 
would be very low and much narrower than in the CsPbX3-crystals. Trans
itions to vibration states above or close to the barrier height may then 
easily occur at temperatures as low as 120°C., these minima thus losing 
their individuality, and there will be practically no configurational entropy 
change. (Compare the fact that the entropy of mixing for gases becomes

1 Ref. 1 on page 3.

dT I
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zero when the molecules to be mixed become identical). Nor will the vi
brational entropy change drastically.

If the transition observed at 47°C. in CsPbCl3 corresponded to a change 
from vibrational rotation to free rotation of the Cl- or Cs-ions, then, follow-

ing Frenkel immediately after the transition should be

lower than before it sets in. This would imply that the second derivative 
of the 718-versus-71 curves after 47°C. should be smaller than before, say, 
42°C. No such change is indicated in the curves, but our measurements 
may not be accurate enough to show it. Further investigations of the trans
ition by means of Raman- or infrared spectroscopy would appear interesting.
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Synopsis
The moment of inertia and the collective gyromagnetic ratio of even-even 

nuclei are calculated on the basis of wave functions that take a pairing interaction 
into account through the quasi-particle formalism. The results obtained theo
retically are found to be in reasonable agreement with experiments. The strength 
of the characteristic pair-correlation matrix element to be employed is estimated 
on the basis of data on odd-even mass differences. The dependence of the cal- 
culational results on the central-field parameters, as e. g. the eccentricity and the 
single-particle energy scale, is discussed. Other possible effects with particular 
relevance to the odd-even mass difference and the experimentally occurring energy 
gap are also surveyed.



Introduction

The regions of deformed nuclei are empirically characterized by the oc
currence of rotational bands in the nuclear excitation spectra. The charac
teristic energy spacings within these bands exhibit the well-known /(Z+l) 
dependence. The occurrence of such collective rotational states is largely 
independent of the detailed character of the intrinsic motion.

If one writes the rotational energy in the form

^rot = 0» (1)

the magnitude of the moment of inertia 3, entering in the proportionality con
stant, provides, however, more of a test of the detailed nuclear model. For 
even-even nuclei two more intrinsic constants determine most of the proper
ties of the low-lying states. One is the intrinsic quadrupole moment which 
determines the E2 transition strengths for gamma decay and for Coulomb 
excitation. The other constant, gR, the gyromagnetic ratio of the collective 
tlow, enters, for instance, when one measures the magnetic moment of a 
higher member of the ground-state rotational band. While 3 measures the 
mass of the collective Ilow, gR is associated with the magnetic properties of 
the flow.

For odd-A nuclei, magnetic moments and decay probabilities within a 
rotational band also depend on some of the details of the odd-particle orbital 
in addition to the said quantities connected with the even-even ground-state 
band.

The present work is based on the “cranking model”(1). This model cor
responds to the approximation that the self-consistent field determining the 
single-particle orbitals is cranked around externally. The rotational energy 
of the system is then calculated as the extra energy necessary for the nucleons 
to follow a slow rotation. The cranking model applied on the basis of a 
completely-independent-particle description gives a value of the moment of 
inertia approximately equal to that of rigid motion, provided one chooses 

1*  
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the equilibrium value of the deformation of the nuclear field(2,3). The em
pirical values amount, however, to only 20-50 °/o of the rigid moment of 
inertia.

Boiir and Mottei.son(2) gave general arguments to the effect that a re
sidual short-range attractive interaction between the particles—the latter 
being assumed in the first approximation to move independently in a com
mon field—would decrease the value of the moment of inertia. They also 
studied the effects explicitly in terms of a very simplified “two-particle mo
del’’. The strength that such an additional interaction must have to reproduce 
the empirical situation was found to be of the order usually attributed to the 
short-range inter-particle force. It remained, however, to treat such an inter
particle force in the case of a large number of particles outside of closed shells.

Such an additional inter-particle force, the pair-correlation force, which 
allows a complete treatment even when many particles are involved, has 
recently been introduced into nuclear physics by Boiir, Mottelson and 
Pines(4,3’5), by Belyaev(6), and by Soloviev(7) and other authors of the 
Bogolubov school. These authors employ and adapt to nuclear physics the 
elegant and powerful methods developed by Bardeen and others(8) to ex
plain the phenomenon of superconductivity. Such a pairing interaction is first 
of all capable of explaining the empirically encountered energy gap in the 
spectra of even-even nuclei. For an example of the empirical occurrence of 
such a gap, take for instance the region of rare-earth nuclei 150 <A< 190. 
The empirical average energy spacing of intrinsic excitations appears to be 
of the order of 150 keV (which seems to indicate a single-particle level 
density of about one level per 300 keV). In even-even nuclei in this region, 
however, there exist experimentally no excited states that are not of collective 
character below ~ 1000 keV. Such an energy gap cannot be explained by 
the mere assumption of an additional diagonal pairing energy, effective be
tween the pair of particles filling the degenerate orbitals K and — K. This 
would indeed forbid the breaking of such a pair, hut could not prevent low- 
lying two-particle excitations; the latter would occur with an average level 
density of one state per 300 keV or so, where about half the states would 
correspond to excited proton pairs and half to neutron pairs.

As pointed out, the pair-correlation interaction is capable of explaining 
this very conspicuous feature of even-even spectra. Expressed in terms of the 
single-particle slates of the average nuclear potential, the pair-correlation 
interaction thus scatters pairs of particles from the originally filled lower- 
lying, doubly degenerate single-particle orbitals into the higher-lying levels 
which are left unoccupied according to the earlier description. The new 
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total intrinsic wave function that most effectively utilizes this additional type of 
interaction and represents the ground state is then a state with a diffuse Fer
mi surface. In this state there exists a particular correlation between all the 
scattering pairs of particles within the region of diffuseness of the Fermi 
surface. Any excited state which thus involves the formation of a state ortho
gonal to the ground state then necessarily spoils some of the correlation and 
is therefore associated with an excitation energy of at least about the width 
of the diffuseness of the Fermi surface.

The investigation reported in this paper appears to bear out the contention 
that the introduced pair-correlation interaction in the regions of deformed 
nuclei is capable of explaining quantitatively at the same time the occur
rence and magnitude of the energy gap in the spectra of even-even nuclei, 
the even-odd-mass difference, and the magnitude of the moment of inertia 
associated with the collective rotation. A computation of the moment of 
inertia rather similar in scope to the one reported here has been carried 
through by Griffin and Rich(9). Also the investigations by Migdal(10) and 
by Hackenbroich (11) contain some numerical results largely in line with 
the results obtained in the publication cited above as well as with those of 
the present paper.

A preliminary report of the present calculations was presented at the 
Conference of the Swedish Physical Society in June, 1 959(12).

1. The Hamiltonian Describing the Intrinsic Motion 
of Deformed Nuclei with the Inclusion of the Pair Correlation

The application of the quasi-particle formalism in the nuclear case 
is described in detail in the paper by Belyaev(5). For the reader’s convenience 
we shall, however, give a short account of the most important results.

Let the Hamiltonian of the (static) self-consistent nuclear field be denoted 
Hs. The corresponding single-particle eigenfunctions are first characterized 
by the eigenvalue K of the angular-momentum component along the nuclear 
axis. This component is a constant of the motion provided Hs exhibits cy
lindrical symmetry. Furthermore, under the condition that the system is 
invariant under time reversal there always exist two states degenerate in 
energy, each of which is the time reverse of the other. Under the additional 
requirement of cylinder symmetry these may be labelled by the components 
of angular momentum K and — K.
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We define such a single-particle state as |r>, where v denotes both the 
7i-value and the additional quantum numbers necessary for the complete 
specification of the state, ft is sometimes convenient to consider such a state 
expanded in terms of eigenstates of the angular momentum j as follows:

\v> = X cj%K ■ (2)
j

We then define the conjugate | — v ) state, which corresponds to the nucleonic 
orbit with a completely reversed direction of motion compared with |v>, as*

* By redefinition of the spherical harmonics as Yim = il F/m, where Y[m is the conventional 
spherical harmonic defined in accordance with the Condon-Shortley<13> phase conventions, 
the parity sign in (3) or (—)l may be absorbed into | -v) (see Edmonds*14)). This parity sign 
is furthermore unimportant in our calculations.

(3) 
7

where the phases of/JÄ and %LK are defined in accordance with the conventions 
of Condon and Siiortley(13). As already pointed out, this definition of the 
conjugate state makes it equal to the time-reversed state 7’|v>, possibly 
apart from a conventional phase. In the following we shall employ the 
relation

T|r> = |-r>, (4)

which then fixes the arbitrary phase of T. W’e denote the eigenvalues of 
Hs by ev. Furthermore we assume that both ev and |v) can be taken with 
sufficient accuracy from the calculations by Mottelson and Nilsson(15, 16). 
The remaining, most important features of the inter-particle forces, which 
correspond to the very short range components of these forces, may now 
(cf. references 3, 5, 6) be simulated by the said pair-correlation interaction. 
In its simplified form this interaction may be written in second-quantization 
language . „ , L

//pair = (itr, a_vav . (5)
vv'

Eq. (5) represents the limiting assumption that the residual force acts only 
when two particles move in a J = 0 state. The said force displays the main 
features of the ô-force, although the latter has minor but non-negligible ef
fects on pairs of particles in states of non-vanishing but small angular 
momentum.

In this notation a one-particle state is expressed as follows in terms of 
the creation operator a„ :

|v> = a+|0>. (6)
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With the inclusion of Hs the total Hamiltonian takes the form

H = JT Ev(a^av + atva_v) — G a^atv>a_vav. (7)
v vv'

The great advantage of the second-quantization formalism is that it au
tomatically ensures compliance with the Paidi principle. This principle is 
built into the formalism by the usual anti-commutation relations which the 
av:s are required to obey.

The obvious aim is now to find an eigenfunction of the Hamiltonian (7) 
that is in addition an eigenfunction of the number operator

N = £ (av av + a-v a-v) ■ (8)
V

Bardeen et al. lind a convenient but approximate eigenfunction of (7) at 
the cost of weakening the latter condition*  and replacing it by a condition 
for the average value of AL

* A method for obtaining wave functions which fulfil this condition exactly has recently 
been discussed by B. Bayman<17).

<y/|;V|^> = n. (9)

In conformity with the fact that the number of particles is conserved only 
on the average, the solution corresponds physically to an ensemble of nuclei 
having slightly different numbers of nucleons. The procedure for treating 
this new simplified problem is then to introduce an auxiliary Hamiltonian H' :

H' = H—XN, (10)

where Â, treated as a Lagrangian multiplier, takes the role of the chemical 
potential. Thus Â represents the energy of the last added particle.
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II. The Bardeen-Cooper-Schrielïer Trial Function and the 
Canonical Transformation of the Hamiltonian Considered to a 

Hamiltonian Describing Independent Quasi-Particles

Bardeen et al. employ a trial wave function of the following type to 
minimize H':

I ° >• (li)
V

In eq. (11), uv and vv are free parameters, subject only to the normalization 
condition, which can be fulfilled by the requirement

u2v + v2v=\, (12)

and to the auxiliary condition (9), which takes the form

n = 2^X (13)
V

in terms of the parameters introduced.
The variational calculation leads to the equations(3, 6)

(sr- Â) 2 uvuv - uv>vv> (u2v -v2r)-2G v2uvvv = 0. (14)

The last term in (14) is small compared with the second (except in a region 
near the Fermi surface) and is usually neglected or assumed to be included 
in the self-consistent field energies er*.

If one chooses to neglect the third term, one obtains for uv and vv the
simple expressions

(15a)

(15b)

and for the energy of the ground state the expression

<H'> + A<V> = 2’e,2i'»-7^-GZ4.
y y

Concerning a method of accounting for this term by perturbation theory, see Appendix I. 
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where the third term is again of self-energy origin and is usually neglected 
as small compared with the second term (see the discussion below).

In eqs. (14) and (15) we have used the definitions

|/<XT-A)2+J2 (17)
and

J = (18)
V

Provided the ev:s (the single-particle energies of the deformed field) are 
given and G is known, the auxiliary parameters À and A can be determined 
from eqs. (18) and (13). The interpretation of as the probability of the 
state v being populated by a pair is borne out by eq. (13).

An equivalent way to obtain the ground-state energy given by eq. (16) 
and the corresponding wave function is provided by the Bogolubov-Vala- 
tin(8) transformation to quasi-particles (the creation operator of a quasi
particle is a linear combination of the corresponding particle operator and 
the operator creating a hole of opposite angular momentum)

ocv = uvav-vvatv, (19 a)

ot_v = ßv = uva_v + i’vaf. (19b)

In terms of ocv and ßv the transformed Hamiltonian H' is

H' = U' + H'1 + H'0+H[nt (20)

when written in its normal form, i. e. with a+, ß+ in front of ß, oc. In terms 
of the quasi-particle operators, U' is then a constant, is an operator 
that can destroy and recreate one quasi-particle at a time (and, furthermore, 
contains only the particular combinations otv and ß^ßv), while H2'o can 
either destroy or create two quasi-particles. The operator H(nt contains 
products of four-quasi-particle operators and can be split up into the terms 
ff22, -H31 and H^o (the notation should be obvious from the above). It is 
discussed in more detail by Belyaev(6) and in Appendix I of the present 
paper.

The imposed condition that vanishes identically leads to eq. (14), 
whereby uv and vv are determined. As is a function only of the occu
pation number of the quasi-particles, we are then left with a system of 
non-interacting quasi-particles in the approximation that may be 
neglected. Indeed, as far as the ground state, i. e. the no-quasi-particle state, 
is concerned, only //4'0 of the neglected term has non-vanishing matrix 
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elements connected with this state'. The magnitude of this coupling is thus 
a measure of the lack of generality of the trial function (11). In this respect
the quasi-particle formalism forms a complement to the variational proce
dure. 'fhe effect of H4'0 on the ground-state wave function is fundamentally

small of the order G
2d ’ One may take the quantity*

(21)

as a measure of the accuracy of the approximation. The definition may 
be less suitable in cases where the level density of single-particle states 
is very different above and below the Fermi surface. It is quite satisfactory 
for our purposes as the single-particle levels are rather evenly distributed 
in the cases treated here.

It should be noted at this point that the neglected term in (14) is also 

small of just this order -
G
2'

The ground state Vy0 of an even-even nucleus, given by (11), thus de
fines the quasi-particle vacuum; it will be denoted |0» in the following 
and is characterized by the condition

= 1° » = °- (22)

We now turn to the ground state of an odd-A nucleide. fhe odd particle 
here occupies, say, the orbital ev-. This particle is entirely unaffected by 
the pairing force, which only scatters pairs of particles. The trial function 
of the ground state of such an odd-particle system is obviously

V/odd = (uv +
v + v'

Now uv and i>v are still given by eqs. (15), but the sums over states in eqs. 
(13) and (18), which determine A and 2, now exclude the “blocked” v’ 
state; furthermore, n in (13) has to be replaced by (n —1).

The effect on 2 is a trivial one; if v' lies near the Fermi surface (as it must 
for the ground state of an odd system), 2 is not appreciably changed with 
respect to the “even” case of n/2 pairs. As -Qet{ terms in fact contribute to (18), 

the exclusion of one term appears again to imply an error of the order , the

* The formula (21) gives values of ^eff about 5-10 for the actual calculations we have per
formed.
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fundamental inaccuracy of the BCS-solution. If we neglect this blocking 
effect for the moment, we end up with the same uv and vv as in the “even” 
cases. Therefore we still have the same quasi-particle vacuum, and we may 
write lJJ0dd in a form identical with (23):

= <,|() ». (23')

The additional energy of this one-quasi-particle state compared with the 
vacuum state (the “even” case of n/2 pairs) is most easily obtained from

Hn = X x (£v - ( uv - l%) + 2 uv dv - G v2 (u2 - v2) ) (a*  ar + ß+ ßv). (24)

* i. e. a system described by eq. (11) treated formally as if n were an even number.
** A comparison with the results of an exact diagonalization performed for a particular 

case of six levels and three pairs (corresponding to a 20 x 20 matrix) clearly bears out this con
tention.

*** This effect has also been studied recently by Soloviev^8).

V

The last term in (24) is small, again compared with the

sum of the first two terms, and often much smaller because of the factor 
(Up — v2). The neglect of this term thus amounts to an approximation of the
same order a
relation

s that due to the neglect of etc. We then arrive at the simple

H'n - Ev (xv av + ßv ßv) ■ (24')
V

The odd-even mass difference, which we have here defined as the dif
ference in mass between an odd-system and the “even” system*  having 
71/2 pairs and thus no orbital blocked, in this approximation simply equals 
Ev. This quantity is in turn very near to A for flic ground state of the odd-n 
system, as (ev - E)2 is very small compared with A2 (usually of the order 
of a few per cent).

The spectrum of excited states of an odd-A nucleus is given in this 
approximation by the quasi-particle energies Ev. As the single-particle level 
density is of the order of one state per 300 keV on the average, compared 
with an average A of between 500 and 1000 keV, this would lead to a level 
density in odd-A nuclei of the order of one state per 50-100 keV for exci
tation energies smaller than A, which is contrary to experience(16). It appears

Q
that of the approximations made, involving terms of the order of ~ the 

neglect of the blocking effects described on page 10 may be the most se
rious**,  ***.



12 Nr. 16

One may estimate the change in A between the even and the odd case 
due to the blocking of one level by the odd particle as*

jodd ~ je (25)

In obtaining this formula we have neglected terms of the type (ev - Å) E^n
V

as being small compared with A E~n. As is obvious from (25), the difference
v y- i J

(Ae - Aodd) depends somewhat on the cut-off of the sum over v in 5 —= 
EyV

The change in A, leading to a change in uv and also for v + v , also 
affects the odd-even mass difference. If one makes the same approximations 
as in deriving (25), one obtains for the odd-even mass difference P the 
expression

In deriving (26) we have included the “self-energy” terms from (16). They 
give as a result the third term in (26). While the neglect of these terms leads 
to the relation PyAe to first order inôA, the inclusion of these and of terms of 
higher order results in a P smaller than Ae by a magnitude of the order of 10 °/o 
in the present cases (see table II). The results of table II correspond to an 
exact inclusion of the blocking effect, but are generally in line with eq. (26).**

Of interest to us here are finally the lowest excited states in an even-even 
nucleus, which correspond to the excitations of two quasi-particles. Take 
as an example a state reached from the ground state by the jx operator 
considered in section III. Such a state is e. g.

= 71 (uv + vvajatv)\0>. (27)
V + v', v"

* On account of the rapid convergence of the sum in eq. (25) the choice of the cut-off energies 
Å±D is not very critical provided D))zf. Assuming a constant level density q and furthermore 
zl )) —, one obtains the estimate Aodd ~ Ae----- . The actual calculations, in which the

Q 2 Q
“blocking” effects have been included exactly, indicate a difference in A between systems with 
even and odd numbers of particles of the order of 20 °/0, as exhibited in table II. These results 
are roughly in agreement with eq. (25) and the estimate above.

** The arbitrariness in the choice of the cut-off energy enters (26) through the relation 
between G and A, which depends more critically on the cut-off energy than does eq. (25). 
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In the approximation implied by this equation (where, for v + v' v", uv and vv 
are the same as in the no-quasi-particle ground state) the excitation energy 
is given simply by application of H'rl as

^V'^-  ̂= EV. + EV^> 2z1. (28)

As the reduction in the effective A, i.e. in the diffuseness of the Fermi surface, 
is considerable in this two-quasi-particle state, owing to the blocking of two 
levels, one might be tempted to correct for this error in line with what is 
done above for the one-quasi-particle state, and write as an alternative to 
eq.(27)*

TI („;rr') + iy<)<4a^)|0>, (27')
v + v', v”

where and are thus calculated from (14) with two single
particle levels blocked. The excitation energy of this state (27') must be 
calculated via the total energies (16) obtained from variational calculations 
applied to the excited state, respectively to the ground state. It is obvious 
that a quasi-particle description has no advantage if one wants to include 
the effects of blocking, as we should then be forced to assume a vacuum for 
the excited state different from that of the ground state.

III. General Formula for the Moment of Inertia and the 
Collective Gyromagnetic Ratio in Terms of the Quasi-Particle 

Formalism

A derivation of the formula for the moment of inertia based on the 
cranking approximation has already been given in the quasi-particle for
mulation by Belyaev(6\ The exposition of ref. 6 appears not explicitly to 
include the case of the single-particle angular-momentum component being 
equal to 1/2. Although the explicit inclusion of this case only amounts to a 
minor modification, we shall repeat the general lines of the derivation.

We first express jx, the operator associated with the rotation of the field 
of an individual particle, in terms of creation and annihilation operators a+ 
and a. By the indices v, v' we denote combinations of states for which Kv

It is easily verified that this state is orthogonal to the ground state. 
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and Kv> do not both equal 1/2. The indices /<, // are then reserved for com
binations of orbitals that both have K = 1/2.

JXP = S {<v\Jx I > (lv(lv’ 
vv'

+ atva_v> } + y

+ <-/<

(29)

Employing the phase convention implied by eq. (4), one can readily prove 
the relations

< v I jx > = -<-v \jx\ -v) (30)
a nd

<P\jx\-E> = <-f{\Jx\l“>- (31)

To prove (30) one may for instance use the fact that the time reflection 
operator T is a product of a unitary operator and the complex conjugation 
operator, to obtain

<>IÀI ^ > = < I TjxT-11 Tv' >*.  (32)

To arrive at (30) one has then only to employ the facts a) that jx is a Her
mitian operator, b) that it changes sign under time reversal. To derive eq. (31 ) 
one must in addition use the fact that the matrix elements of jx are real in 
the representation employed here.

The next step is to transform eq. (29) by the canonical transformations 
(19 a, b), using (30) and (31). We may then write

Jx (.//r)ll d" (7/1)20 > (33)

where (ja.)11 thus first destroys and then creates a quasi-particle. It can there
fore have no matrix elements with the ground state of an even-even nucleus, 
which is just the quasi-particle vacuum. On the other hand, (7^)20 creates 
a two-quasi-particle state from the quasi-particle vacuum |0»:

7°P I 9 » = y < V \jx I v' > (uri>r, - uv Uv.) 0$ ß^ I 0 » 
w'

+ \Jx I - h > ("fi »p- - »fi Ufr) I («J' + ß^ßp') 10».
fifi’ -

Now the two-quasi-particle states a£ß£|0» and a^/^IO» both corre
spond to an excitation energy Ev + Ev>, measured with respect to the energy 
of the quasi-particle vacuum. These two states differ in their sign of the
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angular-momentum component. Similarly, aJ'aJI°» and ß+ßj, |()>> both 
have the energy E^ + E^, but have K = 1 and -1 respectively. Thus the 
contributions from these transitions do not interfere. Although in eq. (34) 
the v - and // - sums do not at first glance appear quite symmetrical with 
respect to one another, their contributions to the moment of inertia are quite 
analogous. We finally obtain the following formula for the moment of inertia :

1/2).

(35)

Indeed the second term can be formally included in the first, provided one 
remembers to take also the matrix elements between K = 1/2 and K' = - 1/2 
into account. Really there is no asymmetry between the v and // terms, as 
to every <v| | v'> transition there corresponds a < -v | jx\ - v' > transition,
of which only the first is counted formally in (35); further, to every <//1 | - ^'>
transition counted in (35) there corresponds a ( — //1 jx | ft' > transition which 
is not written out explicitly in (35).

The collective rotation takes place perpendicularly to the nuclear sym
metry axis and is associated with the collective angular momentum R. In 
an odd-A nucleus R couples with the angular-momentum component K of 
the odd particle to form the total angular momentum I, the nuclear spin. 
On the other hand, in the ground state of an even-even nucleus we have 
simply R = I. The collective flow of protons and neutrons building up the R 
also gives rise to an instantaneous magnetic moment associated with the 
operator

Jeon = =2? (stâ + dï k)> <36)
I i

where the sum runs over the paired nucleons. One may express this mag
netic moment in terms of a collective gyromagnetic ratio gR defined by the 
relation

/“coil —Ô'r^- (37)

(The definition is of course limited to matrix elements of the operator /zcoll 
that are diagonal with respect to the intrinsic nuclear wave function.)

In the cranking approximation the gyromagnetic ratio gR takes the 
form(2)



16 Nr. 16

Å2 \ "'<øal^|ø^><ø/?|./Jøa>
911 ~ ty /

\5 ß £ß £a
(38)

where Jx = 2^jx i-s the angular-momentum operator associated with thero- 
i

tation. As fix transforms under time reflection in the same way as jx, the 
inclusion of the pair-correlation interaction is completely analogous to the 
procedure employed on pp. 13-15. We just give the final expression

where

V-7 </<IsxI -/> (-/IA I //>

(39)

(40)

Thus, apart from the spin contributions (given by the last two terms of (39)) 
to the magnetic moment of the collective flow, gR is just the relative fraction 
contributed by the protons to the moment of inertia or, in other words, the 
effective charge of the collective flow. Of the last two terms of (39), Wp 
is the sum over all proton states and Wn the sum over all neutron states of 
the expression (40). The contribution from the terms containing W is small 
and is largely cancelled, as (g^-1) is very nearly of the same magnitude 
as g™ and of opposite sign.

It has already been pointed out that the quasi-particle description used 

here involves the neglect of terms of the order G
2d at various stages. The

errors connected with the neglect of H'w for the ground state and with the 
neglect of H4'o, and in calculating the excited two-quasi-particle 
states enter in a fundamental way, and they are also the errors that it is 
most difficult to correct for. On the other hand, the errors associated with 
the blocking effects may, in many respects, be the most severe. We have 
therefore attempted a programme taking this blocking fully into account 
through the use of (27') instead of (27) as the form of the two-quasi-particle 
state. Including the said corrections, one obtains the following expression 
for the even-even moment of inertia :
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^)u^0) +v )p^0))2 + (terms involving p,' and /z").
V + v'v"

(35')

In this formula the superscript 0 refers to the ground state, while the super
scripts v' and v" refer to the states in which the single-particle orbitals v' 
and v" are blocked.

The modification of eq. (40) is completely analogous to that of (35).

IV. Numerical Calculations of the Moment of Inertia and the 
Collective Gyromagnetic Ratio

a. Energy scale of the single-particle energies ev and determination 
of the deformation Ô

The relative order of the single-particle energies is probably rather well 
represented by the calculations of ref. 15. A minor readjustment of the 
energy differences within a shell, as may be suggested by the analysis of 
experimental nuclear spectra by Mottelson end Nilsson*16), does not very 
significantly affect either 3 or 9r °f an even-even nucleus. Even though the 
level order is fairly well established, the total energy scale 7ico0 is determined 
from a condition on the extension of the nuclear matter which is somewhat 
arbitrarily formulated(15) as 5/3<r2> = Rq, where, furthermore, the nuclear 
radius Ro has been set equal to 1.2 x A1'3 fermis. This then corresponds to 
choosing ho>0 = 41 xA_1/3 MeV. As the uncertainty of Ro must be regarded 
as being, say, of the order of 10 °/o, the inaccuracy of hco0 is probably 
larger than 20 °/o- Now the scale /io0 enters first of all in the energy denom
inator, so from this effect alone there appears at first glance to be an un

certainty in 3 of, say, 20 °/o- However, the ratio -—-, which determines na>o
the u and v values, obviously decreases when hœ0 is increased, and vice 
versa. This effect largely cancels the first effect. Indeed, as seen from figs. 22 
and 23, a lO°/o decrease of ha>0 results in a net change of 3 by only ±2 °/o 
or less in the range of parameters used in these calculations.

Furthermore, the single-particle energy parameters ev are also connected 
with the eccentricity parameter ô. Indeed, for the use of the energy diagram 

Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 16. 2 
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of ref. 15 it is necessary to know <5. To obtain values of 5 we have employed 
the empirical values of the quadrupole moments as determined from Cou
lomb-excitation data. We have made use of the measurements and com
pilations*  of Qo recently made by Elbek et al.<19) in the mass region 150 <A< 
190 (often denoted region I in the following) and by Bell et al.(20) in the 
region A>220 (region II). The experimental values of the quadrupole mo
ments in region I exhibit an estimated accuracy of the order of 3 °/o com
pared with one another(19). The absolute uncertainty may be greater, how
ever. In particular the values of Elbek et al. appear systematically to be 
a few per cent lower on the average than those of most other authors, as 
pointed out in ref. 19.

Assuming a homogeneous charge distribution, one obtains the well-known 
relation between the intrinsic quadrupole moment and ô

Q0-ïôZ^(l+i«+... j. («)

flic main uncertainly connected with the use of this formula probably lies 
in the specification of the parameter Rz. We have, in using formula (41), 
put Rz equal to the average nuclear radius 7?0, which, as pointed out, is 
related to the energy scale ha>0. Also the analysis by Ravenhall(21) of elec
tron scattering data indicates a proton charge distribution such that the 
charge radius Rz defined as [5/3<r2>]1/2 equals about 1.2xA1/3 fermis.

It turns out that <5 is a most critical parameter in the calculation of the 
moments of inertia. The very large uncertainty in its determination is thus 
due mostly to the inaccurate knowledge of Rz, furthermore to the experimen
tal inaccuracies in the ()0 determination, and finally to the approximate 
assumptions underlying formula (41). Indeed, as the nucleonic wave func
tions are known in the pairing approximation, they may be used to calculate 
an expectation value of the quadrupole operator. For the quasi-particle 
vacuum, one obtains the simple relation(6)

(42) 
V

where

As the population numbers of the single-particle states as well as c/9r 
are functions of Ô, eq. (42) provides a relation between Qo and Ô in which,

* We are grateful to the authors cited for access to their values in advance of publication. 
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however, ha>0 (and thereby 7?0) enters as a parameter. Formula (42) should 
be considered somewhat of an improvement on (41). However, the pre
liminary calculations by Szymanski and Bes(22\ until now limited to region 
I, indicate that the approximation (41) is accurate to within a few per cent 
in the entire region. This corresponds to a matter distribution displaying 
approximately the same eccentricity as the potential shape.

Szymanski and BÉs go further to seek the equilibrium deformations heq. 
Using the relation (42), they then compare the magnitude and trend of the 
calculated Qo corresponding to <5eq with the empirical Q0-values. The pre
liminary results indicate deviations from the experimental values of the 
order of 20 °/o.

As pointed out, the use of formula (42) instead of (41) does not remove 
the uncertainty in the specification of the nuclear charge radius. The ô 
obtained from equilibrium calculations appears rather sensitive to details 
of the model, and therefore uncertain.

b. The gap parameters An and zl

The moment of inertia is very sensitive to the choice of An and Ap, 
the energy-gap parameters of neutrons and protrons. Thus a 10 °/o increase 
in the magnitude of An and Ap results in an average decrease in 3 °f the 
order of magnitude of 10 °/0 (cf. ligs. 20 and 21).

Now, An and Ap are determined from the average pair-correlation matrix 
elements Gn and Gp and the single-particle level density. The exact relation 
is given by eq. (18). A separate and independent treatment of neutrons and 
protons, which we have implied here, appears to be adequate in the two 
regions of deformed nuclei to which the calculations have been conlined, 
as neutrons and protons fill different shells. The assumption that the pairing 
matrix element can always be set equal to a constant, G, is of course also 
approximate. Indeed, as the single-particle states on the average become 
less and less similar as they get more distant from one another in energy, 
it appears that the overlap of two such wave functions should on the average 
decrease with increasing energy difference. The contribution from the states 
far below and above the Fermi surface to the sum in (18) is thus effectively 
limited. This we may approximately simulate by including in the sums only 
a certain number of states nearest above and nearest below the Fermi sur
face. The effect of the arbitrariness in the choice of a cut-off point is less 
severe as outside of a certain region the inclusion of some extra terms beyond 

2*  
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the cut-offs in many respects corresponds only to a renormalization of G 
(cf. refs. 5 and 6)*.

In our calculations we have included all states of the iV = 3, 4, 5 shells 
(N is the total number of oscillator quanta) for protons in region I (56 levels). 
Furthermore, we have taken into account all states of the N = 4, 5, 6 shells 
for protons in region 11 and neutrons in region I (64 levels), and finally all 
states of the shells N = 5, 6, 7 (85 levels) for the neutrons in region II. 
Compared with an earlier calculation in which only altogether 20 levels 
near the Fermi surface were taken into account, the inclusion of this great 
number of levels implied an increase in 3 by an amount of the order of 
10 °/o for nuclei at the beginning and the end of region I, provided and 
Ap were kept the same in the two calculations. In the middle of region I 
the effect was even smaller. On the other hand, to obtain the same d-value 
in the two cases we had to use G-values 30-50 °/o larger in the calculation 
in which the fewer levels were taken into account.

Kisslinger and Sorenson(23) have analysed systematically sequences of 
isotopes and isotones of single-closed-shell nuclei, such as the Pb and Sn 
isotopes, in terms of the known shell-model states with the inclusion of the 
pair-correlation interaction and a long-range P -force. They conclude that 
the strength of the pair correlation that best fits the data corresponds to

const . ,
G = —-— with A GxA = 17-28 MeV when they lake single-particle levels of

one shell into account. They do not explicitly point out any systematic dif
ference between the G x A values for neutrons and protons. Similar cal
culations by Bro-Jørgensen and Haatuft(23£1) in progress, treating nuclei 
that exhibit low-lying vibrational states, also indicate that the values of G x A 
that best reproduce the experimental material lie between 20 and 25 MeV. 
Szymanski and Bes(22), taking always the 24 levels nearest to the Fermi 
surface into account, give GpxA~ 32, GnxA~ 25.5. Previously Mottel- 
son(3) had suggested a value of G x A ~ 25-30 MeV, based on an analysis 
of nucleon-nucleon scattering data.

In the present calculations we have first attempted to obtain a direct 
estimate of the energy-gap parameters An and Ap, based on empirical 
evidence other than the rotational-band spacing. We have then studied how 
well one value of Gn x A and one value of Gp x A can reproduce the empirical 
An and Ap values in both regions. The result of this analysis (cf. figs. 7-14) 
is discussed below.

* On examination of the effects of “blocking” it appears that the choice of the cut-off limits 
is much more critical e. g. in the determination of the odd-even mass difference (see section II).
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Table I. Parameters Defining the Single-Particle Level Spectrum Employed 
in the Calculations.

N: S. G. Nilsson [1955] ,ref. 15
MN: B. Mottelson and S. G. Nilsson [1958], ref. 16 
* : S. G. Nilsson, unpublished calculations.

Re
gion

Treated 
shells X

Ener
gies 

to be 
found 
in re

ference :

Additional shifts in units of ftco0 
(in line with reference MN)

Case A Case B Case C

N = 3 0.05 0.45 N _ _
Protons 4 0.05 0.55 N — — The same as

I

62<Z<74 5 0.05 0.55 * (h 11/2: — 0.075 
pothers: +0.1

(—0.075 case A (plus 
some very small

N = 4 0.05 0.45 N — — shifts of a few
Neutrons 5 0.05 0.45 N — — individual

90 < A< 112 6 0.05 0.45 N Ji 13/2: unchgd. 
pothers: +0.15

f
1

levels)

N = 4 0.05 0.55 N —0.38 — 0.15 -0.20 =
Protons 5 0.05 0.70 MN h 11/2: —0.2 — -0.05 £ >

II

Z>88 6 0.05 0.45 N fi 13/2: —0.35
1 others: unchgd.

J—0.35
1 -

z ' ! *-0.35i h

N = 5 0.05 0.45 N — 0.38 0.15 -0.225 £ « -
Neutrons 6 0.05 0.45 N i 13/2: —0.23 — -0.075 £ *5  £
N> 138 7 0.05 0.40 MN fj 15/2: —0.06 

(others: unchgd.
(—0.06
1

J-0.06 § g -2
I S 1

Regions I and II refer to the so-called rare-earth region (150<A<190) and the actinide 
region (A > 220) of elements respectively. The parameters k and g of columns four and five are 
defined in ref. 15. Note that we have employed only one x-value (x = 0.05). A few ad hoc changes 
have been made in the level scheme obtained on the basis of the parameters listed. These are 
indicated in columns seven, eight and nine for the cases A, B and C, which are discussed in the 
text. Case C should correspond to the level scheme that is in best agreement with the empirical 
data on level spectra of odd-A nuclei (cf. ref. 16).

When searching for empirical information from which estimates of An 
and Ap may be obtained, one first thinks of the empirical energy gap in the 
excitation spectra of even-even nuclei and of the odd-even mass differences. 
As pointed out on p. 13, the quasi-particle description gives an energy gap 
>2/1, where zl is the smaller of Ap and An. Indeed, the gap should be very 
nearly ecjual to 2d, as pointed out in section 2. In region I the lowest ex
cited states clearly identified as two-quasi-particle states occur in Ilf178 and 
Hl'180 at about 1150 keV, in Er168 at about 1100 keV, in Dy162 at about 
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1450 keV, and in (id156 at about 1500 keV. One would, however, be inclined to 
regard the empirical identification of such lowest-lying states merely as selting 
a lower limit on 2d. The neglected additional interactions, as for instance the 
fluctuating part of the long-range P2-force which is not already included in the 
spheroidal field, would split apart the two-quasi-particle states lying very 
densely just above the energy gap. Furthermore, the inclusion of the H22 term 
of would tend to pull some of these slates down below 2d. An estimate of 
the magnitude of the depression due to this term is rather difficult as a large 
part of its effect is spurious (see Appendix I) and related to the fluctuations in 
the number of particles introduced by the BCS wave function. A somewhat 
better measure of the energy gap is probably provided by spectra in which 
a great number of higher-lying two-quasi-particle states are identified, as 
is the case in W182. Here the level density becomes very high at ~ 1400 keV, 
which seems to indicate a gap of such magnitude for this nucleus*.  Finally 
there are also the effects associated with the effective reduction of d in the 
two-quasi-particle case due to “blocking”, as discussed in section 2.

Thus a more detailed experimental study of even-even spectra above 
one MeV would be very informative. In particular one should be able to 
see whether the lowest-lying two-quasi-particle excitations correspond to 
broken neutron rather than broken proton pairs, as the evidence from mass 
differences suggests**.

Probably the best available information on the gap parameters can be 
obtained from the study of even-odd mass differences. The mass measure
ments by Johnson and Bhanot(25) are the main source of empirical knowl
edge in region I, while the extensive compilation, based on many empirical 
sources including beta and alpha systematics, by Foreman and Searorg(26) 
covers region II. We have also exploited systematics of beta-decay energies 
in region I, where more extensive binding-energy data are available for 
neutrons only.

The total binding energies of, for instance, a series of isotopes having 
an even value of Z, exhibit a smooth variation with TV for all even-even 
nucleides and a parallel smooth variation with TV for the odd ones. 
According to the present theory, the displacement should correspond to the 
quasi-particle energy of the last nucleon.

Consider first the neutrons. We have defined the empirical odd-even 
mass difference Pn by the formula***

* We are grateful to Professor B. R. Mottf.lson for an enlightening discussion of this point.
** Indeed a recent analysis by C. Gallagher!24) of beta-decays populating higher-lying 

states of even-A nuclei in region I appears to lend support to this supposition.
*** This quantity would more correctly be labelled Pn (Z, N—1/2).
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Fig. 1. The odd-even mass difference parameter Pn for neutrons in region I (150 < A < 188). The 
squares refer to mass-spectroscopic measurements by Johnson and Bhanot(2S\ while the circles 
refer to beta-decay energy data. The dashed curve represents averaged values used in the moment 

-of- inertia calculation.
Added in proof: Recently published more complete mass-spectroscopic measurements by Bhanot, 
Johnson and Nier(30) give 100-200 keV lower P -values in the region N = 108-112; see further

more flg. 28.

Pn(Z, A’) = -E(Z, .V+1) ; 3E(Z, .V)-3Z:(Z, N-1) + E(Z, N-2)}

= | { - Sn (Z, N + 1) + 2 Sn (Z, N) - Sn (Z, N - 1 ) },
(44)

where the neutron separation energy Sn(Z, N) is related to the total binding 
energies E(Z, N) by the formula

Sn(Z,N) = E(Z,N)-E(Z,N-l). (45)

Analogous relations hold for the proton binding energy. Eq. (44) thus cor
rects for a second-order A^-dcpendence of the mass valley. In fig. 2 of the 
present paper the values of Pn have been extracted from Foreman and 
Seaborg’s binding energies by means of eq. (44). This figure may be com
pared with fig. 3 of ref. 27, where the same data have been exploited, but 
the following relation has been used :
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Fig. 2. The odd-even mass difference parameter Pn for nuclei in region II (A > 224). The circles 
correspond to data collected by Foreman and Seaborg<26>. The dashed curve represents the 

smoothed-out values of Pn on which the calculations were based.

(Z. V) - i (S.(Z, A') - S.(Z, V- 1 )}, (44-)

which allows only for a first-order N-dependence of the masses. The use 
of (44) appears to give smaller fluctuations. In region I, where the data 
are meagre, the difference between (44) and (44') also appears significant. 
The values of Pn derived from (44) turn out usually 50-100 keV higher 
than those obtained by the use of eq. (44').

In region I, as already pointed out, the beta-decay energy systematics 
are a valuable complementary source of information. From a comparison 
of sequences of odd isobars connected by beta decay or electron capture 
one obtains an estimate of ÇPp-Pn), as an odd-Z isobar corresponds to 
a proton quasi-particle state and an odd-V nucleide to a neutron quasi
particle state. In addition to using beta-decay energies from isobars it turns 
out to be advantageous to study also elements having (N - Z) = constant 
(isodiaspheres(28)) or (3N-Z) = constant. Indeed, one could employ any 
systematic cut through the mass valley other than those mentioned. For iso
bars, usually only a few energy differences are known. In particular, electron 
capture energies are very uncertain; furthermore the elements soon get very 
shortlived as one moves away from the stability minimum. Contrary to iso-
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Fig. 3. The odd-even mass difference parameter Pp for nuclei in region JI. For further explanation 
see flg. 2.

bars, which correspond to lines of elements almost perpendicular to the 
direction of the mass valley, isodiaspheres, as well as elements corresponding 
to (32V—Z) = constant, represent cuts exhibiting a small inclination to the 
direction of the valley. Such lines thus contain many more studied nucleides. 
On the other hand, for instance isodiaspheres also correspond to an aver
aging over a larger region of elements.

A collection of such available data on (Pp —Pn), mostly taken from 
Nuclear Data Sheets(29) and ref. 16, is given in fig. 4. The diagram shows 
clearly that Pp is rather consistently much greater than Pn in region I. This 
is also the case in region II, where the evidence is more complete (cf. figs. 2 
and 3). The difference is of the order of 100 keV in region I and about 
150-200 keV in region II. Fig. 4 also indicates a trend in the value of (Pp - Pn) 
from 0-50 keV around A = 155 up to 150-200 keV around A = 175, and 
then a decline towards zero again beyond A = 180. However, it must be 
borne in mind that the uncertainty of these energy differences is probably 
more than 50 keV. If the mass valley were exactly parabolic in shape, the 
beta energies would lie on straight lines. There is, however, a systematic 
curvature, especially conspicuous for isodiaspheres, which we have in some
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Fig. 4. The difference Pp~Pn f°r nuclei in region I from beta-decay energy systematics. The circles 
correspond to cuts through the mass valley characterized by (N—Z) being constant (isodia- 
spheres), the triangles to series of isobars, and the squares to series of elements with (3.V—Z) 
equal to a constant. Uncertainties associated with the points are of the order of 50-100 keV.

166 168 170 172 174 176 178 180 1

measure taken into account graphically by drawing smooth curves through 
the points. This deviation corresponds to a higher-order (tV—Z)-dependence 
of the mass-valley*.

Furthermore, a study of beta decay energies of even-A nucleides gives 
a measure of (Pp + Pn). However, a study of the available wealth of mass 
data in region II indicates clearly that there is an additional coupling ener- 
gy(27,28) j)etween pie 0(pi neutron and the odd proton that makes the mass 
difference between the odd-odd and even-even nuclei smaller than Pp + Pn. 
We define such an empirical coupling energy Pnp as

* The somewhat astonishing conclusion that empirically P is greater than Pn is suggested 
already by the fact that of the stable odd-A elements the odd-N nucleides are more numerous 
than the odd-Z ones in the mass regions of interest here. For instance, among the elements 
A = 153, 155, . . ., 185 there are 10 odd-N nucleides and seven odd-Z ones. If we assume the 
distribution of masses to lie on the parabolic surfaces 

where 1 = N—Z, the probability of the odd-N nucleide being stable is apparently

For the elements mentioned above one then obtains the estimate (Pp-Pn)~100 keV as an 
average for the whole region.
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Fig. 5. Coupling energies Rnp between the odd proton and the odd neutron in odd-odd nuclei. The 
experimental binding energies of series of nucleides, as given in ref. 26, are exploited by means 
of eq. (46) of the present article for a determination of Rnp. The uncertainty in the obtained 
values of R is at least of the order of 50 keV. The squares in fig. 5 correspond to parti- np

cularly uncertain points.

flw(Z,V)-l{ [-Sn(Z+l,N) + 2S„(Z,X)-S„(Z-l,V)] (<6)

+ [ - Sp (Z, V + 1 ) + 2 .Sp (Z, V)-S„(Z,N-I)]},

where (Z, N) refers to the odd-odd nucleus. Values of Knp are collected 
in fig. 5. As expected, there are great fluctuations (to some extent probably 
indicating a difference between the overlaps of the neutron and proton or
bitals in the different cases). However, Rnp appears to be greater than zero 
in almost all the cases. On the inclusion of the data from other regions of 
elements, as collected e. g. in ref. 28, one might conclude that, on an average,

7? ~±vnp —
20-30 .rMeV A

(47)

This correction has been employed in region 1 in obtaining the values of 
Pp + Pn from beta-decay systematics. The corrected energies have then been 
used together with the smoothed-out (Pp — Pn')-values of fig. 4 in obtaining 
the Pre-values exhibited in fig. 1.
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MeV
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Fig. 6. Average empirical values of the proton odd-even mass difference parameter Pp in region I 
used in the calculations. This dashed curve is obtained by addition of the smoothed-out (P -PA- 

function of fig. 4 to the averaged PM-values of fig. 1.
Note added in proof: The recent mass-spectroscopic measurements by Bhanot, Johnson and 
Nier(30) allow more accurate P -values as displayed in fig. 29. The deviation from fig. 6 is 

notable only for A > 180.

The main problem now concerns the relation between P and A. 11 has 
already been discussed in some detail in section 2, where it is pointed out 
that, if one assumes the same quasi-particle vacuum for the odd and the 
even case, this leads to P = A. The results of a calculation that allows for 
the fact that the odd particle blocks the scattering of the pairs by its presence 
and thereby changes the occupation numbers also of the other single-particle 
levels, are exhibited in table II. This calculation gives the result that P 
is smaller than A by a magnitude of the order of 10 °/o on the average, both 
for neutrons and protons. The relation between P and z1 is unfortunately very 
uncertain as, first, the correction is somewhat dependent on the cut-off, sec
ondly, an important contribution comes from the “self-energy” term displayed 

in eq. (26), thirdly, still other effects of the order are neglected, some 

of which are discussed in Appendix I. In the calculations presented in this 
article we have simply started from the assumption An = P®xp and Ap = /J®xp 
(or rather some smoothed-out experimental values of P®xp and P®xp).

Smoothed-out A-dependence of "experimental’P

A
152 154 156 158 160 162 164 166 168 170 172 174 176 178 180 182 184 186 188
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Fig. 7. The relation between values of /I and Gn in region I obtained in the calculations. For de
tails of the single-particle spectrum employed, denoted as “case A”, see table I. The points 

exhibited for comparison refer to the Pn-values of fig. 1.

In figs. 7-10 and 11-14 we have compared the values of An and 
obtained in the detailed calculations corresponding to constant values of 
Gn and Gp with the empirically given values of Pn and Pp. It is found that 
values of Gn x A ~ 18 MeV and Gp x A ~ 25-26 MeV both in region I and II 
and for a given set of ev:s, denoted case A, reproduce rather well the “em
pirical” trends. For an alternative set of £v:s, denoted case B, we lind in
stead that x A ~ 16-17 MeV and Gn x A ~ 23 MeV give the best fit. It 
seems plausible that case A represents rather well the situation in region I, 
while region II is presumably better described by a set of ev:s intermediate 
between case A and case B and probably closest to case B (cf. case C of 
table I). Still the similarity of the G-values used in the two regions appears 
encouraging*.

* One might also point out in connection with figs. 7-14 that the illustrated relation be- 
1

tween G and A appears to be described rather well by the expression A ~ e Q®, where p is the 
single-particle level density. The conditions for this relation to hold are that the level density 
is roughly constant, that there is approximately the same number of levels above and below 
the Fermi surface, that pG«l, and furthermore that A ))d, which is implied by the replace
ment of sums by integrals in obtaining the expression above (d is the magnitude of the cut-off 
energy above and below the Fermi surface).
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Table II. The Odd-Even Mass Difference Parameter P when the Effect of 
Blocking due to the Odd Particle is Included, Referring to Odd-N Nuclei in 
Region I (Table Ila) and Region II (Table lie) and to Odd-Z Nuclei in 

Region I (Table lib) and Region II (Table I Id).

Table Ila

Nucleide

(MeV) (keV)

j odd

(keV)

ptheor.

(keV)

Ae_ptheor.
ZJn 1 n

pexp 
n

(keV)(7o) (7o)

17 1047 895 15 977 7
9*Gd 155 18 1215 1068 12 1122 8 1145

19 1396 1247 11 1294 7
17 958 796 17 868 9

93/^ j15764GC1 18 1122 960 14 1028 8 990
19 1303 1134 13 1232 5
17 895 744 17 874 2

95Dv161
66 «y 18 1050 887 16 1046 0 904

19 1231 1049 15 1276 —4
17 809 643 21 837 —3

I’Dy163 18 965 802 17 986 —3 846
19 1141 969 15 1150 —1
17 711 516 27 618 13

HEr167 18 859 677 21 730 15 787
19 1030 846 18 903 12
18 783 557 29 733 6

lOlyi 171
70 1 ° 19 946 732 23 881 7 732

20 1121 914 18 1048 7
18 699 397 43 531 24

103y v. 173
70 1 U 19 869 604 30 736 15 684

20 1049 811 23 926 12
18 677 374 45 503 26

105t Tfl77
72111 19 845 581 31 704 17 659

20 1022 786 23 892 13
18 677 375 45 488 28

19’Hf179 19 846 585 31 701 17 690
20 1021 790 23 893 13
18 733 529 28 700 5

109-y^T83 19 883 692 22 849 4 788
20 1040 858 18 997 4
18 686 452 34 613 11

109x17183
74 19 839 623 26 785 6 788

(1-1 <5) 20 997 796 20 945 5
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Table lib

Nucleide G xA 
P

(MeV) (keV)

a odd 
P 

(keV)

je.jOdd 
p P

ptheor.
V

(keV)

*e_ ptheor.
P

pexp 
P

(keV)
4 
c/.)

AP

(°/o)

24 1270 1041 18 1149 10
esEu153 25 1421 1185 17 1320 7 1309

26 1586 1337 16 1532 3
24 1098 854 22 982 11

65Tb159 25 1244 991 20 1157 7 1013
26 1409 1133 20 1399 1
24 985 713 28 834 15

67Ho185 25 1127 856 24 1001 11 925
26 1285 1000 22 1226 5
24 917 613 33 742 19

MTm“9 25 1060 771 27 918 13 883
26 1220 922 24 1151 6
24 883 644 27 821 7

,iLui’9 25 1025 770 25 1015 1 809
26 1208 895 26 1369 — 13
24 839 632 25 830 1

Ta18173 i a 25 951 733 23 945 1 869
26 1078 844 22 1100 — 2
25 822 496 40 715 13

75Re195 26 948 661 30 860 9 937
27 1090 815 25 1040 5
25 803 476 41 718 11

75Re187 26 923 638 31 854 7 961
27 1057 790 25 1012 4

Column one identifies the nucleide; column two lists the chosen G-values; columns three, 
four and five give the corresponding zl-values for the even and the odd case, and the relative 
difference in per cent. Column six shows the calculated P-value, which is compared with the 
corresponding Zl-value of the even case in column seven. The last column gives the averaged 
experimental P-value corresponding to the first diagrams of the present article. (Note that 
here the so-called “even” case corresponds to a nucleide having n/2 pairs and no single-particle 
state blocked.)

The result that Gp conics out considerably larger than Gn is in agreement 
with the fact that near the Fermi surface the velocity of the protons is smaller 
than that of the neutrons owing to the Coulomb repulsion. Now the S-wave 
phase shift, with which the pair-correlation force is directly associated, falls 
off rapidly with increasing relative energy because of the increasing im
portance of the repulsive core. This in turn follows from the fact that par
ticles of higher velocity may penetrate closer to each other*.

* The authors are indebted to Professor B. R. Mottelson for valuable comments on this point.
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Table ile

Nucleide GnxA 
(MeV) (keV)

jodd

(keV)

ptheor.

(keV)

a e _ ptheor.
1 n

pexp 
n

(keV)(°/o) (7o)

16 639 534 16 627 2
139Th229

90 1 17 781 666 15 746 4 777
18 935 810 13 909 3
16 587 410 30 504 14

141Th231
90 1 17 732 585 20 642 12 737

18 890 758 15 791 11
16 573 400 30 491 14

141t t233
92 U 17 714 570 20 625 12 687

18 869 738 15 777 11
16 532 351 34 438 18

143t j235
92U 17 669 519 22 568 15 639

18 825 687 17 723 12
16 488 311 36 397 19

145Pu239
94 17 615 464 25 514 16 561

18 767 620 19 680 11
17 576 416 28 473 18

147Pu241 18 725 573 21 626 14 543
19 927 734 21 976 — 5
17 529 351 34 440 17

‘>245 18 665 505 24 558 16 574
19 839 669 20 777 7

Table Ild

Nucleide Gpx A
(MeV)

P
(keV)

<dP 
(keV)

ae _ ^odd
'P 7'

ptheor. 
P

(keV)

^\e — ptheor.
Z P P

pexp 
p

(keV)
4

(°/o)

^P

(%)

22 846 713 16 782 8
91Pa231 23 949 814 14 887 7 896

24 1059 919 13 1008 5
22 742 593 20 676 9

93Np237 23 841 690 18 779 7 821
24 949 792 17 904 5
22 615 400 35 579 6

»Am»1 23 718 526 27 693 3 745
24 832 648 22 827 1
22 601 383 36 563 6

„Am“’ 23 702 508 28 676 4 745
24 813 630 23 802 1
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Fig. 8. The relation between and Gp in region I (case A). The “empirical” dashed curve refers 
to the averaged P curve of fig. 6.

Fig. 9. The relation between An and Gn in region II (case A). The exhibited points refer to the 
Pn-values of fig. 2.

Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 16. 3
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Fig. 10. The relation between Ap and Gp in region II (case A). The exhibited points refer to the 
Pp-values of fig. 3.

Fig. 11. The relation between An and Gn in region I as obtained in the calculations (case B). For 
details about the single-particle spectrum employed in these calculations, denoted as “case B”, 

see table I. The points exhibited for comparison refer to the revalues of fig. 1.
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Fig. 12. The relation betiveen Ap and Gp in region I (case B). The “empirical” dashed curve cor
responds to the Pp-values of fig. 6.

220 222 224 226 228 230 232 234 236 238 240 242 244 246 248 250

Fig. 13. The relation betu>een An and Gn in region II (case B). The exhibited points refer to the 
Pn-values given in fig. 2.

3*
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Ap

MeV

G- 22 MeV 
» A

0.250
Theoretical A p corresponding to 
Gp = -^- and-ÿ- MeV respectively 

(case B)

—s' Experimental Pp from <*■  and ß- systematics

0 000 220 222 224 226 228 230 232 234 236 238 240 242 24 4 246 248 250

A
Fig. 14. The relation between d and Gp in region II (case B). The exhibited points refer to the 

-values given in fig. 3.

V. Details of the Numerical Calculations

The numerical calculations were performed on the SMIL electronic digital 
computer of the University of Lund. In the first programme used*  the ev:s 
were stored in the computer for three different eccentricities, ô = 0.20, 0.25 
and 0.30, in region I and for ô = 0.20 and 0.25 in region IL Furthermore 
the computer was provided with a set of four different zln and Ap values, 
covering the whole region of variation of these parameters. For each value 
of Ô and A the computer was instructed to find the correct Z fulfilling the 
condition (13) for the sequence of given Z and Ar values of the elements 
of regions I and II. About 1000 different matrix elements of sx and were 
also stored, connecting all single-particle states up to and including the 
xV = 7 shell in terms of the wave functions of ref. 15 and computed for 
three, respectively two, different values of the eccentricity. When the u:s 
and u:s had been determined for each z, A and ô, SMIL went on to compute
X. wp, Gn, Gp, the total energy, the fluctuation in the number of
particles, etc. All this information was printed. A subroutine was then used

* The programme was constructed by Dr. C. E. Fröberg, Director of the Institute of 
Numerical Analysis of the University of Lund.
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to interpolate 3 an(l f°r specific values of ö and A, by means of all the 
points computed, and also to find the relation between Zl and G for the 
given eccentricities, as exhibited in figs. 7-14.

In a later programme designed also for the treatment of moments of 
inertia of odd-A nuclei (see Appendix III), where the correct position of 
the chemical potential with reference to the level populated by the odd 
particle is very critical, we employed a different procedure. According to 
this latter programme the interpolation between ev;s, stored in the memory 
for a few deformations, to the correct deformation is performed first.

VI. Results of the Calculations

a. Moments of inertia of even-even nuclei
'the values of the calculated moments of inertia of even-even nuclei, 

corresponding to the sets of single-particle states ev as given in table I (cases A 
and B), as well as to the eccentricities exhibited in figs. 15 and 16, and to 
the A-values equal to the P-values of figs. 1, 2, 3, and 6, are displayed in 
fig. 17 (region I) and in fig. 18 (region II). All the empirical and some of 
the calculated values are listed in table III, where the appropriate references 
of the former are also given. A correction to the empirical values for the 
rotation-vibration interaction is not employed for the plotted values of 
figs. 17-25. Information on this point is incomplete, but the effect is of 
some importance at the beginning of regions I and II, and its inclusion 
amounts to a depression in $of a few per cent, as can be studied in table III, 
thus very slightly improving the agreement with the theoretical calculations.

2
In region 1 the quantity in case A lies consistently ~ 10 MeV 1 below

the experimental values. The calculations corresponding to case B (which 
case implies that the ad hoc raise of the shells above Z = 82 and N = 126, 
assumed according to case A, is very largely diminished) give values of 3 
above those of case A, particularly at the end of the region. Nevertheless, 
the overall variation over the nueleides is probably less favourable than in 
case A. Furthermore, in case B the single-particle states of the above-lying 
shells are allowed to come down further than is tolerable on the basis of 
the detailed knowledge(16) about the odd-A nuclear excitation spectra at the 
end of region I. Thus case A appears more realistic*.

* The interest in including case B lies, however, apart from its giving an estimate of the 
effects of the inaccuracies of the single-particle level scheme, in the fact that fewer ad hoc changes 
in the single-particle spectra are made in that case. Such changes are dangerous as they lead 
to violations of the sum rules otherwise fulfilled by any consistent model.
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Fig. 15. Values of the eccentricity parameter ô in region 1 used in the calculations. The values of 
ô are obtained by means of eq. (41) from the quadrupole moments given by Elbek et. al.<10), 
assuming Rz = 1.2 /. Note that the dashed line ending at Yb178 represents a slight ad hoc

correction of the Yb178 point. Such a correction is in line with the level diagram of ref. 15.

222 224 226 228 230 232 234 236 238 240 242

Fig. 16. Values of the eccentricity parameter ô in region II used in the calculations. For references 
to the experimental data see Bell et al.<2°) and Strominger, Hollander and Seaborg<44) : 
The detailed fine structure of the A-dependence of <5 appears less regular than in fig. 15, and 

some of the variations may be due to experimental uncertainties.

In region II both the calculations, corresponding to case A and case B, 
give results very much below the empirical energy moments, particularly 
at the beginning of the region, even when the vibration-rotation correction 
for the empirical values is applied.

Unfortunately, however, both <5, and d;) are known too inaccurately 
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Table III. Experimental and Theoretical Values of the Moment of Inertia 
and the Collective Gyromagnetic Ratio in Region I (Table Illa) 

and Region II (Table Illb).

The nucleides are identified from columns one and two. Column three shows the experi
mental values of the moment of inertia based on the excitation energy of the first rotational 
states as found, e. g., in refs. 44 and 46. Column four gives the inertia values that include the 
correction for the rotation-vibration interaction. These values have been taken from ref. 45. 
Columns five, six and seven show the values of the parameters <5, and A assumed in the cal
culations. The values of (5 given in parentheses are extrapolated. Of the quantities listed in the 

o
last columns, the theoretical quantities 3 and W are defined from eqs. (AII-10) and (40). The 
indices n and p refer to neutrons and protons respectively. Columns 10 and 13 (respectively 14) 
give the final theoretical values of the moment of inertia and the collective gyromagnetic ratio. 
In table III a, columns 8-13 refer to “case A”, only column 14 to “case B”. For experimental 
values of gR see refs. 33 and 40.

Table Illa

(a) J. O. Rasmussen and K. S. Toth, Phys. Rev. 115, 150 (1959).
(b) from B. Elbek, unpublished.

Nucleide -3*2 ^exp

(MeV)-1

2 tvcorr 
jp. X’exp 

(MeV)-1
<5

Case A 9r

2 å
7*2

2 Å
ft»3?

2
ft»3

2 Case A Case BxIiwq x/i co0
A

Sm 152 49.2 47.3 0.254 3.254 3.502 22.98 13.20 38.9 0.619 0.327 0.341 0.344
154 73.2 0.289 2.720 3.329 33.67 16.41 53.9 0.951 0.436 0.295 0.299

Gd 154 48.8(a) 46.8 0.242 3.269 3.329 21.28 13.19 36.9 0.567 0.361 0.367 0.378
156 67.4 66.7 0.277 2.731 2.886 32.45 17.83 53.9 0.949 0.553 0.333 0.339
158 75.5 75.0 0.297 2.479 2.705 38.38 20.10 62.9 1.160 0.654 0.319 0.326
160 79.7 0.303 2.320 2.651 41.42 20.82 67.0 1.273 0.687 0.307 0.311

Dy 160 69.0(a) 68.5 0.263 2.489 2.651 34.18 17.98 55.5 1.064 0.584 0.318 0.325
162 74.4 74.0 0.277 2.330 2.574 38.54 19.09 61.6 1.208 0.634 0.311 0.310
164 81.8 0.287 2.176 2.501 41.09 19.99 65.4 1.183 0.677 0.304 0.309

Er 164 66.7 0.266 2.339 2.501 37.26 18.93 59.9 1.168 0.601 0.306 0.324
166 74.5 74.1 0.279 2.185 2.448 40.59 19.92 64.7 1.181 0.640 0.303 0.313
168 75.2 75.0 0.278 2.046 2.403 41.85 20.30 66.4 1.079 0.658 0.309 0.315
170 75.6 0.269 1.905 2.358 44.25 20.38 68.7 1.118 0.665 0.296 0.298

Yb 170 71.2 70.9 0.265 2.053 2.358 41.07 20.48 65.4 1.066 0.627 0.313 0.329
172 76.2 76.0 0.270 1.913 2.289 44.35 21.59 70.1 1.119 0.661 0.308 0.322
174 78.5 0.268 1.806 2.224 45.15 22.10 71.4 1.236 0.687 0.305 0.303
176 73.1 0.265 1.788 2.190 41.41 21.62 67.1 1.163 0.700 0.324 0.305

Hf 176 67.9 67.5 0.248(b) 1.812 2.190 43.88 16.95 64.3 1.228 0.578 0.245 0.301
178 64.4 64.1 0.235(b) 1.795 2.250 39.74 15.34 58.2 1.149 0.553 0.245 0.285
180 64.3 64.1 0.224(b) 1.997 2.338 33.14 14.30 50.1 0.876 0.517 0.280 0.292

W 182 60.0 59.6 0.213(b) 2.004 2.455 32.67 11.65 46.8 0.850 0.412 0.231 0.254
184 54.1 53.6 0.202(b) 2.358 2.558 25.12 10.81 38.1 0.610 0.375 0.284 0.285
186 49.0 0.194(b) 2.659 2.651 18.41 10.23 30.6 0.434 0.340 0.352 0.334
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Table III b

(a) Van den Bosch, Diamond, Sjöblom, and Fields, Phys. Rev. 115, 115 (1959).

Nucleide
2 3 
fit vexp

(MeV)-1

2* cveorr 
ft2'1

(MeV)-1
<5 A

x/l(O0
A
z/i a>0

Case B
2 o—y(2 x’n

2 o "s
h2 n

2 W h2 P OrA

Ra 226 88.5 86.2 0.176 2.377 SAIS 35.14 9.14 46.5 0.841 0.041 0.14
228 102 0.188 2.354 3.188 41.84 11.55 56.1 1.033 0.141 0.16

Th 226 83.2 81.1 0.195 2.377 2.665 40.24 18.98 62.2 0.990 0.389 0.29
228 103.6 103.1 0.199 2.354 2.673 43.55 19.82 66.5 1.097 0.428 0.28
230 113.2 112.9 0.205 2.281 2.681 48.82 21.11 73.3 1.217 0.487 0.27
232 120.5 0.214 2.134 2.689 55.96 23.05 82.9 1.321 0.576 0.26
234 125 0.206 1.990 2.696 58.33 21.27 83.2 1.337 0.495 0.23

U 230 116.1 0.215 2.281 2.673 51.25 24.58 79.7 1.341 0.666 0.30
232 127.1 126.8 0.224 2.134 2.680 59.08 26.15 89.6 1.510 0.728 0.28
234 137.9 137.9 0.219 1.990 2.687 62.32 25.23 91.8 1.499 0.691 0.26
236 132.5 0.229 1.860 2.695 68.44 26.99 100.2 1.545 0.759 0.26
238 133.9 0.232 1.741 2.703 73.76 27.48 106.2 1.662 0.778 0.25

Pu 236 134.4 (0.230) 1.860 2.252 70.04 35.25 110.3 1.703 1.072 0.32
238 136.1 136.1 0.236 1.741 2.258 74.92 36.25 116.5 1.707 1.103 0.32
240 139.9 139.5 0.240 1.652 2.264 79.50 36.85 122.0 1.777 1.124 0.30
242 134.8 (0.242) 1.642 2.271 78.83 37.14 121.8 1.723 1.132 0.31

Cm 242 142.5 (0.243) 1.642 2.259 80.80 36.88 123.6 1.793 1.003 0.30
244 (0.243) 1.698 2.265 76.82 36.87 119.6 1.655 1.001 0.31
246 139.9 (0.243) 1.804 2.271 71.02 36.85 113.7 1.349 0.999 0.34
248 138.3 (0.225) 1.891 2.277 69.94 36.48 112.2 1.221 0.990 0.34

Cf 248 (0.240) 1.891 2.332 68.03 34.30 108.0 1.277 0.894 0.33
250 142.2(a) (0.225) 1.922 2.339 69.09 34.28 109.1 1.200 0.893 0.33

to admit any further definite conclusions. An increase of ô by about 20 °/o 
corresponding to the use of an Rz = 1.08 xA1/3 fermis in eq. (41) raises 
the curves by amounts that can be studied in tig. 19. A decrease in An and 

by 10-20 °/o is certainly admissible within the inaccuracy of the experi
mental data, particularly in view of the uncertain relation between Pand A*.  
The effect of choosing 20 °/o smaller A-values may be studied in figs. 20 
and 21.

* The recent very detailed and inclusive study of relative nucleidic masses by Everling, 
König, Mattauch, and Wapstra<31), based on all relevant information available, indicates that 
a few per cent smaller Pn-values should be chosen at the end of region I.

Added in proof: The recent more complete mass-spectroscopic data published by Bhanot, 
Johnson and Nier(30) lowers the values of An and A to be used for 74W by up to 10-20°/0 
as exhibited in fig. 28. The adoption of these new zl-values would considerably improve the 
agreement with theory for the W-isotopes.
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(m«v)

150

100

Fig. 17. Moments of inertia of even-even nuclei in region I. The figure exhibits by the crossed 
line the rigid moment of inertia corresponding to 7?0 = 1.2 x A113 f. The empirical values given 
as filled circles do not include any correction for the rotation-vibration interaction. The dashed 
and dot-and-dash lines refer to calculations corresponding to the choice of J = P and A = P

... p p n n
with an assumed single-particle level spectrum ev as given according to the alternative cases 

A and B of table I.

200

150

100

0 —
224

50.

Theoretical (case A )
---- «— - (case B)
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Fig. 18. Moments of inertia of even-even nuclei in region II. For explanation see fig. 17.
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— » — C- .-)i

Ro* 1.2" A1/3 f

Ro’ loeÄÄ^f
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—i-------- 1-------------- 1------>
182 184 186 A

Fig. 19. The dependence of the calculated moment of inertia for nuclei in region I on the eccentricity 
parameter ô. Note that the dot-and-dash line corresponds to ô as obtained from the experimental 

Q0-values of eq. (41) with the charge radius Rz chosen equal to 1.08 x A1'3 f.

It may also be of interest to note the great dependence on the type of 
wave functions employed in calculating the matrix elements of jx and sx. 
Thus the use of “asymptotic”(15) matrix elements, i. e. the employment of 
nucleonic wave functions corresponding to the limit of very large eccentric
ities, gives values considerably above the experimental points in region I 
and of the same order of magnitude as the experimental values in region II. 
As can be seen from fig. 25, the variation with (2V, Z) is much less favourable 
than in the calculations where the more accurate nucleonic wave functions 
have been employed.

It may be argued that the use of the more detailed and realistic wave 
functions is consistent with the fact that we employ the level scheme of 
ref. 16 and the empirical estimate of the eccentricity parameter ô.

The greater magnitude of 3 when the asymptotic wave functions are 
employed corresponds to the fact that while a very large fraction of the 
whole jx coupling strength lies between nearby states in the representation 
of the detailed wave functions, some of this strength and the strength con
necting very far-away states is collected in states 2-3 MeV distant in the 
asymptotic case. W hen A 0, the results are not very different in the two 
cases. In the case treated here the factor containing it and v cuts down the 
contribution from the very close-lying states most drastically (by a factor of
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Fig. 20. The dependence of the calculated moment of inertia for nuclei in region I on the chosen 
values of An and zl.

Fig. 21. The dependence of the calculated moment of inertia for nuclei in region II on the chosen 
values of zln and Zl .

five or so). This cancellation therefore affects the asymptotic case less than 
the other.

In summary, we can only conclude first that, compared with the inde
pendent-particle value, the agreement in the magnitude of 3 is rather good; 
in particular the “fine structure’’ of the A-dependence of 3 is well reproduced.
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Fig. 22. The dependence of the calculated moment of inertia for nuclei in region I on the choice of 
the energy scale parameter ft co0.

Fig. 23. The dependence of the calculated moment of inertia for nuclei in region II on the choice 
of the energy scale parameter hco0.
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T T--------r r0
224 226 228 226 228 230 232 234 230 232

Fig. 24. Correction of the moment of inertia due to the inclusion of the otherwise neglected H'2O terms 
in the calculation of u and v (cf. (A 1-6) etc.).

Fig. 25. The theoretical values of the moment of inertia when the asymptotic wave functions are used, 
compared with the case in which the more detailed wave functions of ref. 15 are employed.
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The fine-structure variation appears largely a function of <5*,  which latter 
in the calculation is taken in turn from the accurate quadrupole determina
tions of refs. 19 and 20. The systematic deviation between the results of 
the present calculations and the empirical values may very well lie within 
the inaccuracies of the parameters Ô and J and may also depend critically 
on the insufficient accuracy of the nucleonic wave functions**.

* This is also concluded from an analysis of experimental data in ref. 19.
** The effect of the usually neglected terms in (14) and (24), largely taken care of by eqs. 

(A I-6)-(A 1-8), was included in one calculation. It was found to increase 3 by only a few per 
cent, however (cf. fig. 24). Note added in proof: Calculations employing the expression (35z) for 
the moment of inertia so far performed for neutrons of Sm152, Gd156, Dy160, and W182 render 
a moment of inertia 6, 3, 2, and 16 per cent, respectively, lower than calculations on the basis 
of eq. (35), under the assumption of the same value of Gn. According to table Ila calculations 
that take blocking into account in addition require slightly larger G-values to fit the odd-even 
mass difference. The preliminary results thus indicate that, all in all, the inclusion of the com
plicated „blocking effects” leads to values of the moment of inertia of the order of 10°/0 lower. 
The disparity with empirical findings is therefore increased.

*** 'jhg present calculations by PrangeI32) appear to support such a supposition.

There are, however, also other effects which might be responsible for 
the deviation. They are connected with the limitations in the form of the 
interaction Hamiltonian assumed and with the approximate character of 
the BCS solution**  corresponding to the given Hamiltonian.

As pointed out in connection with eq. (5), the assumed type of nucleonic 
interaction, given by that equation, admits scattering of pairs solely in 
Æ = 0 states. In particular, the scattering in the K = 1 state, that is the inter
mediate two-quasi-particle state in the cranking formula, is neglected. The 
inclusion of such an interaction would probably lend to depress somewhat 
the lowest-lying K = 1 states. By that effect alone the energy denominators 
of eq. (35) would be somewhat cut down and $ correspondingly increased.

The inclusion of such effects is of interest also for the following reason: 
In the limit of an infinite nucleus, A->°o, the level density of single-particle 
states increases proportionally to A. As G, owing to the decreasing overlap, 

tends to zero as thus A in this limit goes towards a constant(6). Finally, 

all the contributing states ev are swallowed up by the energy gap, and the 
term containing u and v makes 3 vanish identically in this limit. This con
sideration of the limiting behaviour of the solution appears to bear out the 
contention that some terms are missing in the Belyaev expression which 
would contribute the irrotational moment in the limit considered^ . It 
remains to be shown, however, whether the terms present e. g. in the d-force, 
but neglected in the pairing interaction, can bring about the expected be
haviour in the limit of A->°o***.
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b. The collective gyromagnetic ratio gR

The calculated value of gR for even-even nuclei is exhibited in figs. 26 

and 27. As gR is approximately equal to it is less sensitive to e. g.

an increase in ô, which affects and in very much the same way. That

the value of //„ comes out smaller than the ratio ——— is largely due to 
jr Z + N J

the fact that we have employed a value of Ap considerably larger than Zlw. 
Furthermore, “fine structure” effects in figs. 26 and 27 are due in particular 
to the fact that it is mainly the nucleons outside of closed shells (z, n) that 
contribute to and $n, whence the relevant ratio of comparison should 

z Z
be ------rather than —— -. The former ratio exhibits a much faster variation

z + n Z + N
within a sequence of isotopes at the beginning and the end of shells. At 
the end of the shells the holes play the parts of the particles at the beginning 
of the shells, and so the trend of gR within a series of isotopes is reversed. 
Fig. 26 also exhibits a comparison with experimental values of gR for even
even nuclei, taken from a recent compilation by Bodenstedt(33) *.  The ex
perimental errors are very large, as indicated in the figure. The values to 
the left correspond to measurements by Goldring and Sharenberg<34>, 
involving an angular-distribution measurement of the E‘2 gamma radiation 
emitted in the decay of the first rotational state. This state has been reached 
by Coulomb excitation and, during its very short lifetime, it is under 
the influence of a strong external magnetic field. Owing to paramagnetic 
effects connected with the unfilled atomic 4/'shell the strength of this field 
is very much increased at the nucleus, which enhances the angular effects 
studied. However, as the atomic configurations are not known with sufficient 
accuracy, the interpretation of the angular-distribution measurements in 
terms of gR becomes very uncertain. Indeed, on the basis of new atomic 
wave functions calculated by Kanamori(35) and Süssmann(36), Bodenstedt 
et al(33) have adjusted the values of gR originally given* 34*.  The experimental 
points on the right side in fig. 26 arc based on very similar experiments* 37*,  
involving, however, a population of the rotational state by beta decay in
stead of by Coulomb excitation.

* We are very much indebted to Dr. Bodenstedt for his kind permission to quote his 
values of gR in advance of publication.

In view of the uncertainties of the experimental values, the agreement 
with the present calculations cannot be considered unsatisfactory.
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Fig. 26. Collective gyromagnetic ratios of even-even nuclei in region I. The theoretical values cor
responding to the single-particle level scheme of “case B”, An - Pn, A = P , and Ii0 = Rz = 
1.2 x 10—13/., are represented by the solid line. The measured (/^-values, with experimental 
errors as listed by BodenstedtI33), are exhibited for comparison. (The calculated values of 
gR corresponding to “case A”, which can be found in table III b, show rather slight deviations 
from those of “case B”.) Note added in proof: A recent measurement by Bodenstedt et al. on 
Er168 renders, with employment of the new(r_s) values for 4 f electrons calculated by Judd and 
Lindgren (UCRL-9188, unpublished), a very accurate value of gR = 0.32 ± 0.02. This is in 
excellent agreement with the theoretical results. (Private communication from D. Shirley.) 
Furthermore, a recent measurement by Stiening and Deutsch (Phys. Rev. Letters 6,421 (1961)) 

gives gR = 0.36 ±0.06 for Gd154.

Turning now to odd-A nuclei, many data are available from magnetic- 
moment measurements and Ml branching ratios within the ground-state 
rotational bands. From such information gR and gK may be determined. 
In the limit in which the Coriolis coupling (and furthermore the difference 
in d between the odd and the even nucleide) may be neglected, this gR 
is simply the same as that of the adjacent even-even nucleus. The effect 
of the Coriolis force, coupling the near-lying one-quasi-particle states, can 
now be accounted for in first approximation by a renormalization of gK 
and gR with respect to their adiabatic values<38). An analysis of the experi
mental material in terms of the simple unperturbed formulae therefore 
yields the renormalized values g'R = g°R + ögR and j7k = <7# + where
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Fig. 27. Collective gyromagnetic ratios of even-even nuclei in region II. The theoretical values re
presented by the solid line correspond to the single-particle level scheme of “case B”, and An = 
Pn, = Pp. The dashed line represents the ratio Z/A corresponding to “homogeneous flow’’.

<53(1)o) <w>)
—£— (9i - 9r) +----- --------(9S - 9i) ■ (48)

In eq. (48) is the contribution of the odd particle to the moment of 
inertia connecting the one-quasi-particle state v with other states of the 
same kind. If the quasi-particle formulation is sufficiently accurate to 
estimate this difference, <53(1)(v) should be very nearly equal to the odd-even 
difference in moments of inertia^39). Some of this difference, however, might 
be due to the effects of blocking. Blocking effects contributing to ôgR may 
also be included in eq. (48) through Similarly, <5W(1)(v) is the con
tribution to the expression W of the odd particle occupying the orbital v.

Now <5Q(1) is always a positive quantity. This is normally the case also 
with As the first term always dominates, in all cases of practical inter
est ôgR is positive for protons (gt= 1, gs = 5.56) and negative for neutrons 
(<7; = 0, gg=- 3.83). Indeed, in their analysis of the empirical values of 
gR and gK for odd-A nuclei Bernstein and de Boer(40) find values of gR 
for odd-N nuclei on the average 0.1 magneton lower than those for the odd-Z 
nuclei. This is qualitatively in agreement with (48). One might now at
tempt to apply (48) as a correction to the values found by the straight
forward analysis, in order to obtain the unperturbed values g°R. If one inserts

Mat. Fys. Medd. Dan.Vid. Selsk. 32, no. 16. 4 
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in this formula for the empirical odd-even differences in the moment 
of inertia and estimates the somewhat smaller second term by its “asymp
totic” expression(15), one usually linds too large corrections ôgR. Now, the 
spin matrix elements empirically turn out to be systematically much smaller 
(about 50 °/o) than those calculated from the single-particle wave functions. 
This is evidenced e. g. by the plots of magnetic moments (theoretical and 
experimental) exhibited in ref. 16. This reduction may be explained in 
terms of the spin polarization elfect(41) whereby e. g. in the case of an odd 
proton the spin-dependent part of the two-nucleon interaction tends to align 
the spins of the neutrons parallel to, and the spins of the other protons anti
parallel to, the direction of the odd-proton spin. This polarization then ef
fectively diminishes the magnetic dipole strength. Even with a 50 °/o reduc
tion of the latter term the correction factor ögR still appears somewhat too 
large. In view of the uncertainty of the correction ögR, clearly one cannot 
point to a definite disagreement with the theoretical values. One might 
tentatively say, however, that the experimental p^-values are on the whole 
10-20 °/o smaller than the calculated ones(42).
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Fig. 28 (added in proof). Represents a revision of fig. 1 by the inclusion of recently published 
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of fig. 28 in obtaining the dashed curve of this figure. The latter curve may then be compared 
with the six points of the figure which are based directly on masses of isotones as listed in ref. 30.



52 Nr. 16

Appendix I

On the Quasi-Particle Approximation

The calculations reported in the main text rest on various approximations 
leading up to the simple quasi-particle formulation employed. We will start 
the discussion from the Hamiltonian (7) as given, including its diagonal 
parts. The trial wave function (11) and, analogously, the canonical trans
formation (19) introduce a non-conscrvation in the number of particles, 
leading to wave functions describing an ensemble of nuclei rather than a 
specific nucleide. Some problems, in particular the occurrence of spurious 
states, are associated with the resulting fluctuations in the number of par
ticles. We will defer till later a few remarks on the relevance of these fluctu
ations to our present problems. First we will discuss the various approx-

G . ,
imations of relative magnitude — that have to do with the neglect of Hint etc.

The Hamiltonian (7) after the canonical transformation (19a, b) takes 
the form (20). Of interest here are the explicit expressions of the 4/-nt-terms 
H'22, H31 and H'4O. These have all been listed by Belyaev( , but we give 
them here for the sake of completeness and in a form that is particularly 
simple as we have limited ourselves to the case of a constant matrix element G.

We first consider the problem of odd-even mass differences. The ground 
state of the odd system is affected by H'31 in contrast to the even ground state. 
This interaction is of the form

H3i = (uv~ uv) xv ßv iiV'l’v'(xv' av’ + ßv’ßv') + c- c- (A i’1) 
V v'

The effect of H'zl on a one-quasi-particle state is therefore

^31 xv’ I Ü > = + G (Up - pj) uv, l>v, x+ß+ a+ I 0 >.
V

(A 1-2)

The depression — ôEw of the ground state v' due to H'2l is given in iowest
order perturbation theory by

ÔE™ (H^)~ (Al-3)

Using (18), one easily obtains an upper limit to

4
(A 1-4)
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This perturbation estimate is actually rather accurate as the close-lying 
lower levels have small matrix elements because of the factor (zz2 —p^)_ 
We have computed (A 1-3) numerically for some nuclei scattered over region I 
and have there obtained results between 50 and 80 °/o of the upper limit 
in (A 1-4).

Furthermore, the //40-term is of the form

//4'0 = llvl>v"xv ßv *v"ßß  + c- c- (A 1-5)

This couples the quasi-particle vacuum with four-quasi-particle states and 
the one-quasi-particle state with five-quasi-particle states. In both cases W40 
thus creates four new quasi-particles. Therefore, the first-order contribution 
is the same in the two cases within this formalism, except that in the second 
case the state v, with which one quasi-particle is associated, is excluded in 
the sum. An estimate of the difference in depression due to W40 indicates

Gthat this energy difference is less than or of the order of —, i. e. a few tens 
‘ 4of keV.

Furthermore, there is the effect of the neglect of the last term in eqs. 
(14), leading to the expressions (15) for uv and uv, which approximation 

Q 
is also of the order —.

2d
It is of course possible to take the neglected term in eqs. (14) into account 

in an approximate way by treating it as a perturbation. The modified form
of the population parameter z>2 is then

= (A 1-6)

where

(«V - Â) = («V - Âo) M + —o-) (AI-7)

and

^• = ]/(ev~ å) +d2. (AI-8)

The quantities of the unperturbed case, given by eqs. (15a, b), (17) and 
(18), are denoted by an index zero in the relations above. Obviously, i\, 
is not at all affected at ev = Xo, and the correction also tends to zero for | er-Â0 | 
very large, while the largest correction occurs for | ev— z{) | ~ G. On the assump
tion that the unperturbed solutions uv and vv fulfil (13) exactly, the perturbed
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in the number of

(A 1-9)

the expression for

(A I-10)

formally identical with (24') although the last terms of

(AMI)

(A 1-12)

which is just twice the uncorrected value of the odd-even mass difference. 
Most important among the neglected Hj^-terms is here probably H^, which 
we write out explicitly below :

Thus (A I-10) is
(14) and of (24) have been included to obtain (A I-10). The energy gap is 
still associated with the same A. This A, however, now corresponds to a 
somewhat different value of G according to eq. (18), as uv and uv are slightly 
changed. It may also be pointed out that the modification of v2 brought 
about by this perturbation method is largely equivalent to a small renormal
ization of G. The effect on the moment of inertia of the inclusion of the 
perturbation terms discussed may be studied in fig. 24.

As far as the odd-even mass differences are concerned, the total result 
of the effects discussed should normally not exceed an order of magnitude 
of 50 keV. There remain effects due to fluctuations in the number of par
ticles (see below), and the effects of the change of the quasi-particle vacuum 
due to the blocking by the odd particle, discussed in the main text.

It may be appropriate in this connection to make a few comments on 
the two-quasi-particle states and the empirical energy gap in even-even 
nuclei. The W^-term gives an excess energy of the lowest two-quasi-particle 
states compared with that of the ground state:

d£(2>(W1'1)-2£1„

which error may easily be compensated for ad hoc. 
Furthermore,
is simply

in terms of this same approximation,

Hii ocv + ßt ßv) ■
V

ev ~ A)
ê;

uv and uv given by (A 1-6) correspond to a small error 
particles: □

ôn ~ -—A22
V

It gives rise to matrix elements of the following type (we here denote the 
two-quasi-particle state*  by |v—v»):

* We here limit ourselves to two-quasi-particle states in which the two-quasi-particles 
refer to the same orbital v.
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«- w|H22|v-V» = - G

«-//|//22|v-v>> = -G^u^ + v^u^) (v' + v).

55

(AI-13)

(AI-14)

. It has a value close
EVEV-

There is thus lirst a negative diagonal element which is of the order of 5-lO°/o 
of the energy gap in our case. Even more important, however, appears the 
effect of the non-diagonal matrix elements (A 1-14) connecting the rather 
dense-lying two-quasi-particle states with one another. The factor + 

2 2x > i 1/1
VyVp’) can also he written as -I In

to 1/2 when ev and sv> refer to single-particle levels near the Fermi surface, 
as one would expect to be the case with the lowest-lying two-quasi-particle 
states. Thus the factor containing u and v causes no considerable reduction in 
the matrix elements. Furthermore, there are a number of states that are rather 
close-lying. The effect of the W22 terms therefore at first sight appears disastrous 
to the whole concept of the energy gap; in fact it is very largely spurious, 
however. To illucidate this point it is useful to refer to the “degenerate model”, 
where all the single-particle states ev are degenerate in energy(5). In this 
case all u:s and v:s are equal. Therefore, all off-diagonal matrix elements

Q
of /f22 are equal, and their value lies between — and G; let us call them

Gh, where x depends on the shell-filling parameter :

(A I-15)

If we diagonalize the //^-matrix with respect to the two-quasi-particle states, 
we find that the state 10 > > exhausts the strength of the matrix

V

apart from what is associated with the difference between the terms (AI-13) 
and (AI-14). The contribution to the energy in the state Ws is [ — G — (£? — l)xG]. 
The depression due to the H%2 interaction should thus amount to something 
of the order of half or more of the energy gap*.  This state Ws is, however, 
just the lowest spurion occurring in the degenerate model, as is demonstrated 
by Bohr and Mottelson in ref. 5. Its occurrence as a BCS state is con
nected with the extra degree of freedom introduced through the ensemble 
of states having slightly different numbers of particles. In the non-degenerate 
case, to the extent to which there is an energy gap at all, there must be a 
certain number £?' of states ev lying within a distance d above and below Ä.

* Indeed the exact inclusion of couplings in higher orders brings this state all the way down 
to the ground stated) (communication from B. Mottelson).
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The K = 0 quasi-particle states associated with these levels now all fall 
densely above the energy gap. In between them, all matrix elements given 
by eq. (A 1-14) are roughly constant. With respect to these states we have 
a matrix representation of of the same type as that with respect to the k? 
two-quasi-particle states in the degenerate case. The state that absorbs most 
of the strength of the coupling of between the near-lying two-quasi- 
particle states is largely spurious in analogy with the degenerate case.

There also remain to be discussed effects that have to do with the number 
of particles of the BCS wave function. The first effect, which is related to 
the variation in the average number of particles in the quasi-particle ap
proximation, is of very small magnitude, and we include it only for the 
sake of completeness. The relative difference in the number of particles 
between a two-quasi-particle state |r—and the ground state is

<< r_v|Af|_vr>>-<<0|N|0>> = 2(u2-p2) = 2^—. (AI-16)

Similarly, comparing the ground state of an odd-A nucleus with the even
even nucleide corresponding to the vacuum state, one obtains for the dif
ference in the average number of particles

<<*■]  JV | »”>> — << 012VJ 0 >> — • (AI-17)

* It is thus apparent that in comparing odd-even mass differences of e. g. isotopes one 
should compare the odd-A nucleide with the average of the two adjacent even-even nucleides; 
this average is the appropriate quasi-particle vacuum in the odd-A case.

Provided ev lies near the Fermi surface, as is the case for the ground odd-A 
state and the lowest excited even-even state, the deviation ôn is rather small*.  
Now the solutions of H' = H—ÅN are stationary with respect to variations 
in the number of particles. That is to say, the quasi-particle solution corrects 
for the error in the number of particles ôn by subtraction of an energy 
ônxÀ0, where Zo refers to the quasi-particle vacuum. However, a small 

increase in the number of particles raises 2 by —xôn. A good estimate 
of the error due to this effect should be

1 (I /
<5E(1)(<3n) = ±~—(<5n)2, (AI-18)

2 dn

where the plus sign corresponds to and the minus sign to ev) Â. In 
the cases treated in the present investigation the error from this source in 



Nr. 16 57

odd-even mass differences should be of the order of ± 5 keV. This effect 
obviously concerns also the energies of the two-quasi-particle states. The 
effect on the lower-lying excitations, according to eqs. (AI-16) and (A I-17), 
is twice that in the odd-A case, i. e. of the order of 10 keV. The higher- 
lying two-quasi-particle states are shifted by amounts of the order of a few 
hundred keV owing to this effect.

Furthermore there is an effect that is due to the fluctuations in the number 
of particles of the Bardeen wave functions. We introduce a mean square 
deviation defined by

<4 = <A2>-<2V>2. (AI-19)

For the ground state we have

<<0|A2|0>>-<<0|ïV|0>>2 = 214^^- (A 1-20)
V

In the calculations performed for the regions of deformed nuclei a typical 
value of crN is 3. The fluctuations are somewhat smaller for a one-quasi
particle state, where

<< v|A2|v>>-<<r|ïV|v>>2 = ^4 u2n2, (A 1-21)
v + i»'

which for the odd-A ground state is smaller by about one than the expression 
(A 1-20). In the actual cases this leads to a cr^-value about 5 °/o smaller, 
'fhe actual wave function thus corresponds to an ensemble of nucleides 
with slightly different numbers of particles. Thus, for instance, the BCS wave 
function corresponding to U236 contains a very large fraction of U234 and U238 
and also of Th234 and Pu238*.  Now on the average the variation in the total 
energy of nucleides, as one moves between the shells, is expected to be 
somewhat concave upwards (at least if An and Ap are kept constant over 
the Bardeen ensemble). This effect in the Bardeen approximation would 
therefore cause a greater reduction of the binding energy of the state that 
displays the larger mean square deviation in the number of particles. An 
estimate of the influence this will have on the odd-even mass differences 
requires, however, a somewhat more detailed study of the parameters of 
the self-consistent field as functions of N and Z.

* One would think that this effect would iron out in the theoretical results the rather detailed 
dependence on Z and N exhibited by the experimental moment of inertia. That this is not the 
case is due to the fact that the mixed-in components correspond to fictitious nuclei having all 
parameters except 2 in common with the (Z0N0)-nucleus in question, such as Jn, and in 
particular the eccentricity parameter <5. As the dependence of 3 on A alone is weak, the fluc
tuations are therefore unimportant in this respect.
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Appendix II

Single-Particle Matrix Elements of j

As pointed out in Appendix A of ref. 15, the interactions between the 
(spherical) harmonic oscillator shells N and N+2 due to the quadrupole 
deformation of the potential can easily be taken into account if one first 
transforms to the slightly distorted coordinates £~.'r|/coa. etc. as defined in 
eq. (A5) of the reference cited. The wave function given in the tables of 
that reference should then be considered as expressed in these distorted 
coordinates, in terms of which we have

where

and*

- It
't

X

A similar relation holds for the {/-component, while

(AII-1)

(AII-2)

(AII-3)

The exact expressions for a and b are given in (A 13) of ref. 15. The 
expansions up to the lowest order in ô are

a = 1 + - <52 + . . . (AII-4)
8 7

5=1<5+... (A 11-5)

The operator lx now connects states only within the A7-she II of these new 
coordinates, while fx connects the shells N and N+2. This is most easily 
seen if we express lx and fx in terms of the operators Pz, and S defined 
in ref. 43. Thus

z| = |/2 [sr;-R*r z]

zi = |/2 [S*r z-Rr* z]

* Such an operator f is encountered e. g. in the theory of elasticity.

(AII-6)

(AII-7)
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/■+-|/2[fi*r;_srj  (A 11-8)

r',]. (AII-9)

We have defined f+ as fx — ify and f_ as fx+ify\ f+ is then associated with an 
increase in A by one unit. The operator r*  gives rise to an increase in nz 
by one unit, R*  and S*  both raise n± by one unit, but R*  also raises A by 
one unit while S*  lowers A by one unit. From these relations it is obvious 
that I connects states with the same N while f has elements only between 
states with N values different by two. The matrix elements in the asymptotic 
representation are also trivially obtained from these relations.

In evaluating the contribution from I to the moment of inertia it proved 
essential, however, to employ the exact wave functions of ref. 15, as is 
discussed in the main text.

On the basis of eq. (AII-1) one may write the expression for the moment 
of inertia in the form

3-S(i +j<52) + 3/. (aii-io)

o
where 3 is the moment of inertia obtained when the coupling of the quad
rupole part of the nuclear potential between the shells N and N+2 is 
neglected. The term 3/ represents solely the contribution of the term f 
in (AII-1). It only amounts to about 5 °/o of the whole moment of inertia. 
As the states connected by /' lie two shells apart, the pairing effects are 
negligible. The detailed level order within the shells is also unimportant 
for an estimate of this small correction term. In the case of a pure-harmonic- 
oscillator model one finds

3/ = J^3rlg'j31rrof (AII-11)

In addition, the effect of the coupling between the shells is manifested 
1 °in the correction term — This term is associated with the extra nodes 
4

in the wave functions of one shell that are due to this coupling; it is smaller 
'vthan 3/ by a factor ——.

brig
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